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Let {Un9 n ̂  0} be the ordinary Fibonacci sequence defined by 

U0 = 0 , U1 = 19 Un = Un_1 + Un_2, for n > 2. 

For any integer k > 2, let {7fe (ft) , ft > -k + 2} be the &th-order Fibonacci se-
quence defined by 

M j ) = 0, for -fc + 2 < j < 0, 7k(l) = ls 

and Vk(n) = 7k (ft - 1) + Vk(n - 2) + ... + 7fc (ft - £), for n > 2. 

It is well known that, for any integer m > 29 the sequence /Jn [=72(ft)] mod TT? is 
periodic, and it is easy to see that this also holds for any sequence 7^ (ft) mod 
777 with k ̂  3. For any m ̂  2, let p(fc, TT?) denote the length of the period of 
the sequence Vk (ft) mod TT70 The proof of the next result is almost identical to 
that in [3] for the ordinary Fibonacci sequence 72 (ft), thus is omitted here. 

Theorem 1: The sequence 7̂  (ft) mod m is simply periodic, i.e., it is periodic 
and it repeats by returning to its starting values. If m has the prime factor-
ization 777 = isqfi

9 then p(k9 m) = 1cm [p(k9 qf1)]* the least common multiple of 
the p(k9 q^1) S 

In order to prove Theorem 2, we first state Lemma 1, the proof of which is 
quite simple and, therefore, will be omitted here. 

Lemma 1: Let {W^(ft), ft ̂ 0}, £ = 1 , 2 , 3 , be three sequences such that for each 
l9 Wi(n) = Wi(n - 1) + ..» + Wi(n - k) for all n > k. If the equality Ws (ft) = 
W±(r0 + W2(n) holds for 0 < ft < /c - 1, it also holds for all n > k. 

The following result extends the corresponding result [3] for the sequence 
72(ft) to any sequence 7^ (ft) with k ̂  2. Our proof is quite different from that 
in [3], and we do not have a general formula for Vk (ft). 

Theorem 2: Let q be any prime number. If p(k9 q2) ^ p(k9 q), then 

p(k9 qe) = qe-1p(ks q) (1) 

for any integer e ̂  2. 

Proof: Let r = p(k9 q). For the sake of simpler notation, we shall prove (1) 
only for e - 2. The same proof stands, with obvious modifications, for e > 2. 

Define the fc-tuple 

ô = Wk(-k + 2), ..., vk(i)) = (o o, i), 

and 
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T± = (Vk(-k + 2 + r)9 ..., Vk(l + 2-)) = (0, ..., 09 1) mod q 

= (qsl9 ...., <?sfe_l5 gs^ + 1) mod q2, 

where 0 < Sj < <? for 1 < j < fc, and sx + ••• + s^ > 1. The fc-tuple 2^ is ob-
tained by moving TQ r units to the righto 

T± can be decomposed as follows; 

T± = ̂ ( 1 , 1, 2, .... 2k'2) + q(s2 - Sl)(09 1, 1, .... 2k"3) 

+ q(e3 - s2 - Sl)(0s 09 1, .... 2k'k) + ••• 

+ [?(sk - s ^ - ••- - sx) + 1](0, 0, ..., 09 I) mod q2. 

Applying Lemma 1, one can obtain the fc-tuple T2 by moving T1 r units to the 
right. 

T2 = W8k" <?*_!- s1) + l](qs1, qs29 qs3, ..., qsfc-1, ^ + 1) + • • • 

+ <?(s2- s1)(qsk_lSqsk+ l9q(sk + sk_± + sk_2) + 19 ..., q(...) + 2*~3) 

+ ^ ( ^ H - 1, q(sfe + s^H- sfe_2) + 1, ... , <?(...) + 2fe"2) mod q2 

= (2^slS 2 ^ , ..., 2qsk_l9 2qsk + l) mod q2 * 

Similarly, one has 

Tj = (dqsl9 jqs2S ..., jqsk_l9 jqsk + 1) mod <?2 

for 2 < j < g. Since ^ is a prime number, Tj ^ T0 for 1 < j < q - 1, and since 
Tq = T0 mod ^2, we have p(k9 q2) = qr - qp(k9 q). This completes the proof. 

As a final remark, we note that some simple facts about higher-order Fibo-
nacci sequences can be easily observed. For example9 many moduli m have the 
property that the sequence Vk (n) mod 77? contains a complete system of residue 
modulo m9 while m = 8 and m = 9 are the smallest moduli which do not have this 
property in the case k = 3, and they are said to be defective [2]. For m - 2 
and 777 = 11, the sequence V3(n) mod m is uniformly distributed. (See [1] for a 
definition.) It is interesting to extend the results for ordinary Fibonacci 
sequences to those of higher order. 
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