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A Fibonacci binary sequence of degree ft is defined as a {0, l}-sequence 
such that no ft + 1 l?s are consecutive. For k = 1, we have ordinary Fibonacci 
sequences [2]. Let G(k9 n) denote the number of Fibonacci binary sequences of 
degree k and length n. As was given in [2], it can be easily verified that for 
ft = 1, we have £(1, 1) = 2 = F 2 , G(l, 2) = 3 = Fs, and G(l, n) = G(l9 n - 1) + 
£(1, n - 2)=Fn + 1 for n > 3, where Fn is the n t h Fibonacci number. In general, 
we have 

G(k9 n) = 2n for 1 < n < ft, (la) 

fe + i 
£(ft* n) = E G0<9 n - j) for n > fc + 1. (lb) 

j-i 

Thus, for any k > 1, the sequence {£*&,„ = G(k9 n - I ) 9 n > 0} Is the ftth-order 
Fibonacci sequence, where we set G(k9 -1) = G(k9 0) = 1 for convenience. 

Let W(k9 n) denote the total number of lfs in all binary sequences of de-
gree ft and length n. Then, 

W(k9 n) = nl"'1 for 0 < n < ft, (2a) 

k 
W(k9 n) = E t̂ (ft» n - j - 1) + jG(k9 n - j - 1)] for n > ft + 1. (2b) 

j-o 

The ratio q(k9 n) = W(k9 n)/nG(k9 n) gives the proportion of l's in all the 
binary sequences of degree ft and length n. It was proved in [2] that the limit 

q(k) = lim q(k9 n), 

which is the asymptotic proportion of lfs in Fibonacci binary sequences of de-
gree ft, exists for ft = 1, and actually the limit is q(l) = (5 - \o)/10. It is 
interesting to extend this result and solve the problem for all integers ft ̂  1. 

Let {A(n), n>-(ft + l)} be a sequence of numbers with A(j) - 0 for 
-(ft + 1) < j < -1. If we define a sequence 

B(n) = A(n) - A(n - 1) - ••• - A(n - ft - 1) for n > 0, 

similar to the result in the case ft = 1, we have the inverse relation 

k 
A(n) = £ G(k9 j - l)B(n - j) for n > 0, (3) 

j-o 

where the sequence {£(ft, n ) , n > -1} is defined above. From ( 2 ) , we obtain 
k k 
E >7?G(ft, n - m - 1) = J/(fc, n) - E W(k, n-j- 1) for n > ft + 1. 

m = 0 j = 0 
The inverse relation (3) then implies that 

W(k, w) = E \G(k9 d- 1) f E rcG(Zc> w - j - m - 1)1) for n > ft + 1, (4) 
j =o \ L w = o J/ 
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where we set G(k9 n) = 0 for n < -2 for convenience. 
The characteristic equation for the recursion (I) is 

h(x) = xk+1 - xk - ... - . 1 0. (5) 

Let r19 ..., rk+i ^e its solution. We have the expression 
fe + i 

£(&»• «) = E *,•*.?» for n > 0S (6) 

where Cj are constants [1]* It is known that (5) has exactly one solution9 say 
r19 whose norm is not less than 1 [3]. Using Cramerfs rule9 we obtain an ex-
plicit form for c1 from (6): 

(2 - r2)(2 - r3) ... (2 :+1)(r2 - r3) ... (rk - rfc+1) 

'* (rx - P ^ C P , - r3) ... (r1 - rfc + 1)(r2 - P 3) 

1_ 

) " (2 - rjh'lrj ' 

(rk " *fe + i> 

(2 - r 2 ) . . . (2 - P7 ) 
7 v fc + l ' 

( r i " r
2> • • • ( r i " r * + i> 

From t h e e q u a l i t y ( 4 ) 9 we ge t 
• / fe + 1 . \ / k 

Since |z»J < 1 for 2 < £ < n + 1 and £(fc9 n) = 0 ( P " ) , we have 

-Jlx £ -p^p 

•'%^VX'% P p ^PP x"£ ' K±'P "-'i [mc0cnr0 v 
l)(rv p.)"1 = o(nG(k9 n)) for r + r 

o(nG(ks ri)) for r£ = p ^ P1. 

Thus9 
/7 x ,. w(k9 

» r/.; n-+°°j = 0 \m=l il 

m = 1 

We have established the rollowing result. 

Theorem: Let r be the solution of (5) in the interval (19 2). 

?<fc) = (.^jr"^"2)/[< 
r 
(2 -

L 

/ 
- r) ((fc + l )r* 

\ 

fc 
- E 

J = ] 
^•r-7'-1) 

Finally9 three numerical examples are presented below. 

For k = 29 P = 1.839299 q(2) = 0.38158. 
For k = 39 P = 1.92756, q(3) = 0.43366. 
For k = 49 P = 1.96595, <?(4) = 0.46207. 
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