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1. INTRODUCTION 

In Chapter 3 of his second notebook [1, p. 165]9 Ramanujan defined numbers 
a (ft, k) such that a(2, 0) = 1 and for n ̂  2, 

a(n + 1, k) = (ft - l)a(ft, fc - 1) + (2n - 1 - k)a(n9 k). (1.1) 

He defined a (ft, &) = 0 when fc<0or/c>ft-2. The numbers were used in the 
following way: Fix a > l/e and for real In define x > 0 by the relation 

Then i t can be shown [1, pp. 164-165] that 

where |/z| is sufficiently small, i4x = (1 + log a ) " 1 , 

^n -*]£ a(n, fc)(l + log a)1 + / c " 2 n , n > 2 . 
fc=o 

The values of a(ft, &) for 2 < ft < 7 are given in the following table. 

Table 1 

|NJ: 
ft \ 

2 
3 
4 
5 
6 
7 

0 

1 
3 
15 
105 
945 

10395 

1 

1 
10 
105 
1260 
17325 

2 

2 
40 
700 

12600 

3 

6 
196 

5068 

4 

24 
1148 

5 

120 

The purpose of this paper is to show how a(ft, k) can be expressed in terms 
of Stirling numbers of the first kind and associated Stirling numbers of the 
second kind. We prove in §2 that 

a(ft, ft - 2) = (ft - 2)! = (-l)ns(ft - 1, 1), 

a(ft, ft - 3) = (~l)n(ft - 2)s(ft - 1, 1) + (-l)n-l2e(n - 1, 2), 

and in general, for k ̂  2, 
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k- 1 
a(n, n - k) = E (-l)n~ * ~ ̂  t (n)s(n - 1, t) , 

where Pfe> t (n) is a polynomial in n of degree k - 1 - t and s(n - 1, t) is the 
Stirling number of the first kind. A recurrence formula for the coefficients 
of Pkvt(n) is derived and the values of Pktt(n) for 2 < k < 6 are computed (see 
Table 2). In §3 we show that 

a(n9 0) = M2n - 2, n - 1), a(n, 1) = &(2n - 3, n - 2), 

and5 for k > 1, 

a(n, k) = E Sfe(n9 r) U " 2 ~ _ ^ j ; (* ~ D M 2 r - 3, r - 2), 

where the Qk(n9 r) are rational numbers, 

1.3 ••• n if n is odd, 

^2.4 oB* n if n is even, 
(1-2) 

and b(n9 k) is the associated Stirling number of the second kind. A recurrence 
formula for Qk(n9 r) is worked out and the values of Qk(n9 r) for k = 2 and 
k = 3 are given. In §4 we prove an identity for the Stirling numbers of the 
first kind. This identity, interesting in its own right, is used in the proof 
of Theorem 2.1. 

2. STIRLING NUMBERS OF THE FIRST KIND 

Throughout the paper we use the notation 

(x)n = x(x - 1) ••• (x - n + 1) . 

The Stirling number of the first kind, s(n9 k), can be defined by means of 

k = o 

These numbers are well known and have been extensively studied; a table of 
values for 1 < n < 15 can be found in [2, p. 310]. In particular, 

s(n9 1) = (-ir-Hn - 1)!. 

By (1.1) and the fact that a(n9 k) = 0 for k > n - 2, we have 

a(n9 n - 2) = (n - 2)a(n - 1, n - 3) = (n - 2)!a(2, 0) = (n - 2)!, 

and therefore 

a(n9 n - 2) = (-l)ns(n - 1, 1). 

Theorem 2.1: For k > 2, 

k- l 
• E • a(n, n - k) = E Pfti t <«) (-1)"" ' " *s(n - 1, t) , 
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where Pk t(n) is a polynomial in n of degree k - 1 - t. The coefficient of 
nk-i-^is tl/(k - t - 1)!. If we write 

k - l - t k - \ - t 

j = o j' = o 

then, for k > 2, dk(l, 0) = 0, dk(t9 0) = (k - l)cfel(t - 1, 0) for t > 1, and 

k - 1 - J . / 1 \OT - t + 1 

rffc(*. J ) - E (~1) I"?) Wfc.^TTZ, J " 1) + (fc " l)efc.1(777,..j)) 

for £ > 1, j > 0. 

Proof: We showed above that the theorem is true for a{n9 n -2); assume it is 
true for a(n9 n - (k - 1)), so we can write 

k-2 
a(n9 n - <k - 1)) - £ p X m(n) (-if ̂ " ^ ( n - 1, m), (2.2) 

7 7 7 = 1 

fc-2-m k-2-m 
Pfe-i,m(n) = E ^ - i ^ * «/)(" - !)j = E dk_£m, j)(n - 2)̂ . . (2.3) 

j = 0 ,7=0 

By (1.1), we have the recurrence 

a(n9 n - k) = (n - 2)a(n - l , n - l - f e ) + ( n - 3 + k)a(n - 1, n - k). 

(2 .4 ) 
We d e f i n e t he formal power s e r i e s 

4*0*0 = E a(n> n - feh ifcW'/ ~ Zw ^ ^ - 9 " ~ *W ^ _ 2 ) ! 

xn~1 

and sum on both sides of (2.4), after multiplying by , 9. t, to obtain 

00 ^ . n - 1 

4*0*0 = xAk(x) + E (̂  " 3 + fc)a(n - 1, n - fe) , _ 9, t . n=k \n 1.) . 

Therefore, 

Ak&) = T T V E (n - 2 + k)a(n9 n - (fc - 1)), *"nt'- (2.5) 
1 X n=k-1 ^ 1;. 

Comparing coefficients of x n _ 1 in (2.5), we have 

a(n9 n - k) = £ -^ ~ 9^ 't a(r, r - (k - 1)) 
r.fc. 1 v* z'* 

+ (* - 1 ) ntl 91 z ?}! *(*•» * - <* - 1 » . (2.6) 

We now substitute into (2.6) the formula for a(r9 r - (ft - 1)) given by (2.2) 
and (2.3). Then (2.6) becomes, after some manipulation, 
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k-2 k-2-m n-2 , o\ ? / i\n~r 
<*.'*- *) = L E (-Dw-ndfc.1(m, j) E (I V n « S(P9 m) 

m= 1 j = 0 r= j+1 v Z <? i ; ' 
k- 2 k- 2-m n- 2 , o\ , / n n - r 

+ (fc - 1) E E ("ir-^.^m, j) E ( n ~ y - ^ i a(r, ra). (2.7) 
J = 0 p=j 

At this point we need the following lemma9 which we prove in §4. 

Lemma 2.1: We have 

£ nl(-l)n'r 
-7 .. , S(P, 772) 

JL / I \m- t+ 1 

"(»)jE s ( n + i» *)(-?) if J > o* 
I £ = 1 Xt/ / 

Ks(n + 1 , m + 1 ) if j = 0. 

= E Pfctt(n) (-l)n'^^(n - 1-, t) 

We now substitute the formulas of Lemma 2.1 (with n replaced by n - 2 and j 
replaced by J 4- 1) into (2.7) and change the order of the m9 t summations. We 
have 

k-2 k—1-t 
a(n9 n - k) = E E A < £ , «/)(* - 2),-(-l)"" *" *s(n - 1, *) 

t = I j = o 

'+ ̂ k(k - 1, 0)(-l)n-ks(n - l9 k - I) 

fc- i 

t = 1 

where dk(l, 0) = 09 <^(t* 0) = (k - l)^_1(t - 1, 0) for t > 1 and 

d*<*. <?) = E <-Dw (7) (dk i(w, j - 1) + (fc - D^.ito* J*)) 

for t > 1, j > 0. It follows that P^ t(n) has degree & - 1 - t and the coeffi-
cient of n&-l-* £s 

dk(t, k - 1 - t) = ̂ -. 1 _ t d k . x(t, fc - 2 - *) 

= (fc _ 1 _ t)! <*t+i<*» °>-

Since 

Pk,k-i^ = dfe(?c - 1. 0) = (k - D ^ . ^ k - 2S 0) 

= (fc - lMfc_i(k - 2S 0) = (k - 1)!, 

the coefficient of nk~l^t±n Pk t(n) is /*,_•.*_ ,yt « This completes the proof 
of Theorem 2.1. ' l 

From Theorem 2.1, we have the following special cases? 

ck(t, J) = 0 = rffc(£, J) i f j > fc - 1 - *, 
<?k(£ - 2S 1) = dfc(fc - 2, 1) = (fe - 2 ) ! 
ck(k - 2 , 0) - (fc - 1 ) ! + ( » l ) f e - 1 s ( k 9 2 ) , 
dfc(fc - 29 0) = k(k - 2 ) ! + ( - l ) * - 1 * ? ^ . 2 ) , 
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ck(t, k - 2 - t) = [t\(k - 2) + (-1)*(£ + l)s(t + 1, 2)]/(k - 2 - t)!, 

dk(t, k - 2 - t) = [£!(& - 1) + (-l)t(t + l)s(t + 1, 2)]/(k - 2 - £)!. 

It follows that 

Pk9k-2^ = V< - 2) In + (k - 2)(k - 2)! + (-l)*"1^*, 2). 

We have already pointed out that 

The evidence seems to indicate that 

(2.8) 

(2.9) 

_ , . in + k - 5\ 

but this has not been proved. 
Since (n - l)j = (n - 2)j + j(n - 2). x, we have the relationship: 

dfc(*» j) = ck(£, j) + (j + l)cfc(£, j + 1). 
Since j 

( « - 2 ) . -
we have 

L (-l)J"rJ!(n - l)r/r!, 
r= 0 

efc(*. J) = (-I)' E (-Drr!dfc(t, r)/j!. 

(2.10) 

(2.11) 

Using (2.10) and (2.11), we can obviously write the recurrence for the coeffi-
cients Pfrit(n) in several different ways. 

The following values of P^ t(n) have been worked out using Theorem 2.1. 

Table 2 

\ t 
k \ 

2 
3 

4 

5 

6 

1 

1 

n - 2 

( » ; • ) 

( 3 ) 

c:1) 

2 

2 

2n - 7 

(n - 2) (n - 4) 

2(- ; ' ) - ( • ; ' ) 

3 

6 

6n - 32 

3n2 - 29n + 61 

4 

24 

24n - 178 

5 

120 

3. ASSOCIATED STIRLING NUMBERS 

The associated Stirling number of the second kind, b(n9 k), can be defined 
by means of 

(ea x - i)k = k\ £ b(n, k)~. 
n=2k n l 
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We are using the notation of Riordan [3S pp. 74-78] for these numbers. They 
are also discussed in [2S pp. 221-222], where the notation Sz(n9 k) is used. A 
recurrence formula is 

b{n + 1, k) = kb{n9 k) + nb(n - 1, k - 1) (3.1) 

with b{09 0) = 1 and b{n9 k)= 0 if n < 2k. A table of values for b{n9 k), 
1 < n < 18s is given in [29 p. 222]. It follows from (3.1) that 

b{2n9 n) = 1 -.3 • 5 • ••• • (2n - 1) = {In - 1)!!, 
with the notation of (1.2). 

Since a(n9 0) = (In - 3)a(n - 1, 0) = {In - 3)!!, we have 

a{n9 0) = &(2n - 2, n - 1), n > 2. (3.2) 
Also» 

£(2rc - 1, n - 1) = {n - l)Z?(2n - 29 n - 1) + {In - 2)£(2n - 3, n - 2) 
= (n - l)a(n, 0) + {2n - 2)b(2n - 39 n - 2)s (3.3) 

with b{39 1) = 1. Comparing (3.3) with (1.1), we have 

a{n9 1) = b{2n - 3S n - 2), n > 3. (3.4) 

Let F^{x) be the formal power series 

y. q(n + 1, k) n 
n^0{2n - k - 1)1! X " 

Then from (1.1) we have 

F (x) = 1 f (n ~ 1)a(w' fe " 1} «;n. (3.5) 

Comparing coefficients of a;""1 in (3.5), we have 

a(n, k) = "t1 ffi I \ I ?i 1 i (J - Da(j. * - D- (3.6) 

It follows from (3.4) and (3.6) that 

<"• 2> - ^ n l ~-l\'<\^ ~ ^h{-lT " 3, r - 2). (3.7) a r=3(2r - 3) 

Theorem 3.1: For k > 29 

n- k+ l /jy, _ j . _ o\ t i 

a(n, k) = E «*<«. *0 (2r _ 3 ) M " (r " 1>i,(22> " 3, r - 2), 

where the Q^in, r) are rational numbers such that Q2(n, r) = 1 and 

„ / % "v*1 (2m - k - 2)! !/ .._ , , 
m= r+k-2 v ' 

for 3 < r < w - 1 and n > 4. 
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Proof: According to (3.7), the Theorem is true for a(n9 2); assume it is true 
for a(n9 k - 1). The proof for a(n9 k) follows immediately when we substitute 

aU. k - 1) = L Qk_,<J. y> (2r - 3)!l"(r " 1)i(2r " 3> r ~ 2) 

into (3.6) and change the order of the summations. This completes the proof. 

It is not difficult to evaluate 

n i \ "v*1 (2m - 5) ! ! , 1N 

= (̂2?2 - 5)/2w - 6\ (r + 1) (2r - 3) /2r - 4\ 
3 o 4 n - 3 Vn - 3/ " 3 . 4 P - 2 \r - 2/' 

but apparently the formulas for Qk(n9 r) for k > 3 are complicated. 

4. PROOF OF LEMMA 2.1 

The second equality in Lemma 2.1 is proved in [2, p. 215]. To the writerfs 
knowledge, the first equality is new and is of interest in its own right. We 
shall make use of the generating function 

(1 + t)u = t £s(n, k)uk JJ, (4.1) 
n=0 k=l nl 

which follows from (2.1) and the MacLaurin series for (1 + t)u. We have 

(4.2) 
n-3 fc-1 W - Q). 

„-J p-j \fc- 1 ^ «" ' / "' 

From (4 .1 ) and the b inomia l theorem, 

(1 + t)"-^"1- 1 + f ± Bin, k) t(l)i-d ~ rf-*u*£, 
n= 1 k-l r = 0 w ' " -

t'Mjd + t)"-*-1 

n ]L /Is \ n I $ \-f-n + J 

Comparing coefficients of uktn/nl in (4.3) and (4.4), we have 

A (-l)*-ps(p, fe)wl , x ^ , - N V 

We now obtain the right-hand side of (4.5) in another way. We know 

(4.5) 
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(n)^ (x)n + 1 /(x - j) 

= (n)j (x)j (x - j - 1)„_J-

J w - J 

w= 0 t = 0 

- <">j I««. m)nj?8(n - j9 £)( £ (̂ (-J - 1)*-UW+* (4.6) 

The coefficient of xk on the right side of (4.6) is 

(n)d f s ( j , w) ^ (kimY-* ~ lf'k + ms(n - j, i)s 
w= 1 i = k-m 

which can be compared to the right side of (4.5). The left side of (4.6) can 
be written 

-in). 
(nh (x)n+1/(x - j) = — - . — — £s(n + 1, m)xm, 

so the coefficient of x**- is 

A /l \k-m+ 1 
-in). *£s(n + 1, m)(l

T) . (4.7) 

Comparing (4.7) and the left side of (4.5)s we have the first equality of Lem-
ma 2.1. This completes the proof. 
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