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1. INTRODUCTION

We will enumerate the different m x m matrices B,(n), n =1, 2, 3, ..., r =1,
2, 3, ..., &,, having elements from the set [0, 1], where the allowed column
vectors B; and some conditions between elements b;; are specified. That is,

Cl: sz = 1$bi,j—1=0’
b =0
-1,
C2: by;; = l=>{ ¢ J
bi+l,j =0, m > 7> 1,
and
blj = lész 0,
bmg =1 =>bm—1,j= O.

The number of different matrices Br(n) is called x, and is the general term of
a combinatorial sequence {x,:7 =1, 2, 3, ...}. The vector B; = P; is one of
the p distinct column vectors in an m X p matrix P called the primitive matrix.
The vector P; is named in accordance with the following rules:

1. The name of the zero vector is 0; the remaining vectors may be identi-
fied by the positions of 1l's in them.

2. The numbers in these names, if more than one, are conveniently given in
increasing order with a bar placed over them.

3. The dimension m of Bj; is greater than or equal to the largest number
in its name.

EXAMPLES

Name of b P;
0 000 ... 0
1 1 00 ... 0
2 01 0 ... 0
12 110 ... 0
13 1 010 ... 0
123 1110 ... 0
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Some Primitive Matrices P

m Under C2 Unrestricted

1 (0 1) (0 1)

2 012 (01712 2)

3 (0 113 2 3) (0112 12313 2 23 3)

4 (0113714 27254 3 4) (0112 123 1234 124 13 134 14 2 23

234 24 3 34 4)

s m
Size mXx Fpyo mx 2

Any figure consisting of a succession of 1like segments each of which is
divided into m cells which can be occupied by either a 1 or a 0 under given
conditions may be represented by a matrix B,(n) in which n is the number of
segments in the figure. The cells in any segment must be numbered in a given
way (1, 2, 3, ..., m) and correspond to the row numbers in Br(n). Figures in
which only cells of like number in adjacent segments are adjacent are said to
be regular. This adjacency condition (4C) is symbolized by b; =+ b;. Figures
in which at least one cell b;; in the jth segment is adjacent to more than one
cell in the (j + 1)St segment (bs,j+1> bt,j+1s --.) are said to be <rregular.

This AC is symbolized by b; > by, b,, ... (see Fig. 1).
Segment Segment
J Jg+1 J Jg+1
1 1 11 1 1 1+1, 2
2 2 2> 2 \\\;\\\ 2 2+2,3
3 3 3+3 \\\;\\\\\\;\\\ 3~+3
(a) Regular (b) Irregular
Figure Figure
Figure 1

Consider a prism of #n segments formed of segments of unit height on bases
A or B (Figure 2). If the segments have equal bases 4 or B, P= (0 1 2 3) is
a possible primitive matrix and b; + b;. If the successive segments have bases
that alternate between 4 and B, P may be unchanged but 1 -~ 2, 3; 2 »~ 1; 3 = 1.

Condition 1 may be replaced by the more general condition C3: any two ad-
jacent cells, each from a different segment cannot both contain the number 1.

The matrix P has a companion matrix P in which the column P; has a coun-
terpart P; in P obtained by applying the given AC, b; + bgs bys ..., to each
number { in the name of P; and ordering the resulting numbers without repeti-
tion. A bar is placed over these numbers to distinguish the columns of P.

That is, if P = (1 12 13 2 3) in Figure 1(b), then P = (12 123 123 23 3).
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Base 4 Base B

Figure 2

Define the (p+ 1) X 1 set matrix M(l) with elements consisting of sets of
matrices such that m;(l) = @, the empty set, and m;(l) = [P-_l], where p + 1 2
2> 1 and L is the (p+1) x (p+1) partitioned matrix

where O is the p x 1 zero vector, U is (p+1) x 1 with u; =0, and u; = 1 if
p+12<>1. A matrix K, called the kernel, is p x p with K;; € [0, 1] and
is a function of P and the given AC as described later.

A special product is defined for [ and a conforming set matrix generating
another set matrix as a product.

LeMn-1) =Mn), n>1, (1.1)
hence

(ZH"*" ML)

]

M(n). (1.2)

The expression L;;m;(n-1)(P;_,) represents the result of augmenting each
member of the set m;(n- 1) by appending the vector Pj_l on the right if #;; =
1. If &;; =0, this expression represents §.

p+1
ml(n) = lzjﬁ,limi(n - 1)

p+1
mj(n) = laj Ligmy(n = 1)(P; 1) § > 1.

Define N(1) as the vector with n;(1) =0 and n;(1) =1 if p +1 Z 4> 1. Let
ILN(n - 1) = N(n), n > 1. (1.3)

The sets mj(n), p+ 1 >J >1 are disjoint, and their cardinality is un-
changed by appending columns to their matrix elements. It can be shown by
mathematical induction that N(n) is a vector with n,(n) = z,_; and that n; (n)
is the number of matrices B,(n) having P;_, for the nth column.

Let Ny be the p x 1 matrix with n;(n) =#n, (), p 2 < > 1, then

p+1

p
z,=n,n+1) =Y n,mn = yn . (1.4)
2 1
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Example: Let B,(n) represent a 2 X » matrix with P = [0 1]. If Cl holds,

L1 ¢ 0 0o 1 1
k = ., M(1) = [0} |, WN(1) = 1], and L = |0 1 1
10 [1] 1 1 0
IM(n -~ 1) = M(n) and IN(n - 1) = N(n),
-4 o
so ‘M(1) = | [0]1, () = [ 1],
L [1] L L]
" [0, 1] 2]
M(2) = | [00, 107 {, N2y = | 2], x =2,
[o1] L1
[00, 10, O1] 3]
M(3) = | [000, 100, 0101 |, N3) = |3, x, =3,
L [ool, 101] L2 ]
L, =F,,-
Equation (1.3) implies
KN(n) = N(n + 1) (1.5)
50
K"™N(1) = N(»n + 1). (1.6)

Let kernel X, yield a value n;(n + 1) = .y, then if X; and X, yield x;, =
Z,, they are said to be virtually equivalent and Ky = K,. Virtual equivalence
is an equivalence relation.

Let &, represent a p X p permutation matrix, i.e., a square matrix whose
elements in any row or column are all zero except for one element which is one.
There are p! such matrices and since QPQ£'= I, Qf = Q;l. From Equation (1.6),
K" IN(1) = N(n) and, if X is replaced by ,kQ.',

(Q,KQ; 1" TIN(L) = @ K" 1QIN(1) = QK" IN(1) = @,N(m).

From Equation (1.4), x, =§:fni(n) for X and for QPKQE; the n;(n) are summed in
possibly a different order. The result is the same, so

Q. kQl ~ K. (1.7)
Let K, be a P, ¥ D, kernel, » = 1, 2, 3, and define the direct sum
k, ©

K, ®K, =
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Permutation matrices ¢, and Qg can be constructed so that
Q, (K, ®K,)Q =k, ® K.

If qij S QS, then q:5 = 1 4if

7 1 2 s P, p, + 1 |p, + 21 |p, +p;

Jlilpy +1|py +2) - |p, +pP, 1 2 s p1

and 95 = 0 otherwise. Let p, = 2 and p, = 3, then

0 0 1 0 0
0 0 0 1 0
QS = 0 0 0 0 1
1 0 0 0 0
0 1 0 0 0
From Equation (l1.7),
K, ®K, = K, ® K. (1.8)

Define the direct product X; X X, as the partitioned matrix

k111K, ki1oKy e klllezT

ky,1K, k10K, klzlez
K, X K, =

klplle klplsz klpJHKZ

in which k,,; € Ky and k,;, € K,.

Let
kl € K, XK,
klrsk2tu = " 4
kjw € K, x K,
then
i:(r-l)pz-l-t (a)
and
Jj= (- Dp, +r. ()

From Equation (a),
t-1=(i-1) mod p, (c)

7z -1
[ - ] @)

in which [x] represents the greatest integer in the number x. Substituting
Equations (c) and (d) in (b),

and

r -1

J = pl((i ~ 1) mod pz) + [il; IJ + 1. (e)
2
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If <, J, rs, and t are replaced by v, w, 8, and u, respectively, Equations (a)-
(e) still hold and Equation (e) becomes

w=p,((v-1) mod p,) + [vp; lJ + 1. (£)

Consider a matrix ¢ where Qi = 1 if Equation (e) is satisfied and g;,; = 0
otherwise. From Equation (a) if < is given, »r and t are uniquely defined, and
from Equation (b) J is uniquely defined. Conversely, if j is given, then 7 is
uniquely defined. This implies that every row and column of § has just one
element 1 and all other elements are zero. & is then a permutation matrix.

Consider the matrix §' where g; =1 if Equation (f) is satisfied and g, =
O otherwise. By a similar argument, @' is also a permutation matrix and since
J and 7 may replace w and v, respectively, in Equation (f) to produce Equation
(e), then we let @p = &' = @ so that

Q) x K,)Q] = K, X K.
From Equation (1.7),
Ky x K, ® K, % Ky (1.9)

For example, if p, = 2 and p, = 3,

1 0 0 0 0 0
0 0 1 0 0 0
Q. = 0 0 0 0 1 0
p 0o 1 o 0o o of
0 0 0 1 0 0
0 0 0 0 0 1
Let
kK, 0 N, (1)
K, =K, ®K, = and N, (1) =
0 K, N, (1)
then
n-1
- K7 0
K3 = N
0 Kg'
and, by Equation (1.6)
N, (n)
N3 (n) =
N, ()
Applying Equation (l.4),
Xy, =%y, T2, if K, =K @ K,. (1.10)

Suppose K3 = K; x K, with Ng(1) = Ny (1) x N,(1), a p;p, x 1 matrix of 1's.
Then, by Equation (l.4), 2, = x,,%,,. Assume that Na(r) =N, () x N,(r) for
any r > 0, then

Py
K Ny(r) = (K X K,) (N, () x Ny(»)) = }:lklﬂjnlji(P)KzNz(r)’ =1, 2, ..., P1>»
Ji=
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or KaNs(r) = K,N, (r) x KN, (r), and by Equation (I1.5),
Na(r + 1) = Nl(r + 1) x Nz(r* + 1).

It follows by mathematical induction that N, (n) = N, (n) x N, (n) for all n and,
from Equation (l.4),

Ty, = X9,%,, 1if Ky =K, X K,. (1.11)
From definitions
(K; @ K,) X Ky = (K, X K3) ® (K, X K,), (1.12)

32 virtual equivalences may be deduced using the commutative laws for @ and x.

2. EVALUATION OF K

Theorem 2.1: 1If C3 holds, and if ?i and P; have one or more numbers common in
their names, then kij = 0; if Pi and PJ- have no numbers common in their names,
then k’LJ = 1.

Proof: From Equation (1.1), Le*M(n - 1) = M(n), and by renumbering elements,

0 1 1 cor 1 men = 1] [me@m)]
0 ki1 ki, . klp my(n - 1) my (n)
0 k,, K,y cen kzp my,(n - 1) _ m, (1)
0 kpy  kpy .- kpp— _mp(n - 1)_ _mp(n)nJ

Through multiplication,
P P
my(m) = Umetn - D@ = Umin - 1,
P .
mij(n)y = UYkjm;(n - D(@;), J=1,2, ..., p,
1

where m;(n - 1) (P;) represents the set m;(n - 1) in which each element B.(n - 1)
has P; as the terminal column and is augmented by the vector P; to form a
matrix B/(n). The last two columns of Bj(n) are P; and P;. If P; has one or
more elements of value one adjacent to a like element in PJ-, the name of P;
must have one or more numbers in common with the name of P;, and C3 implies
Bj(n) ¢ mj(n), hence K;;=0. 1If Pg has no elements of value one adjacent to a
like element in Pj, the name of P; and the name of PJ- must have no numbers in
common and C3 implies BT',(n) € mj(n), so K= 1. m

Let R = ?iTPj = (ry,)> a 1 x 1 matrix. Then

Corollary 2.1: If €3 holds and r;; =0, k;; = 1; if r;; > 0, ky; = 0.
Corollary 2.2: 1If Cl holds, X is symmetric.

Proof: If Cl holds, P; = P;, so R = (r,,) = R” and B;P; = BfP; = PiP, = BjP,.
By Corollary 2.1, if ry; =0, k;; = k;; = 1; if »y3 > 0, k;; = Kj; = 0. Since
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ry, 20, kKjy = kj; and K is symmetric. ®

%
Corollary 2.3: 1If C3 holds and P; = 0, then kij = 1 for all j; P; # 0 implies
k;s = 0.

Corollary 2.4: 1If C3 holds, then X can have at most one row of 1's.

Let X =[ax;:7 =1,2,3, «v., ], m2r > 0, be the set of all the differ-
ent numbers appearing in the names of the columns of P and in the AC, and let
Y=1[y;, =:71=1,2,3, ..., r] be any other set of r distinct numbers, then

Corollary 2.5: X is unchanged by replacing x; by y;» 2 = 1,2,3, ..., r, in P
and in the AC under C3.

Definition: A proper X is a K in which there is at most one row of 1's.
Theorem 2.2: Every proper X may be derived from some P under (3 and AC.

Proof: Given kij € [0, 1]. If a row K; consists only of 1's, it is named O
and the remaining rows are named 1, 2, 3, ..., p - 1. If no such row exists,
name the rows 1, 2, 3, ..., p. Then P consists of columns P; which are in the
same sequence as the named rows of X and have the same names. Suppose K; has
an element k;; =0, then the AC must include % + J; if k;; = 1, then 7 # j.
Since K is proper, there is at most one row of 1's which is named 0. All col-
umns of P have names which are unique. ®

The AC under C3 may sometimes be simplified by changing the columns of P
without altering K. Let d, e, and f represent three distinct cells in a seg-
ment Bj of Bp(n) and let r, 8, and » U s represent sets of cells in Bj+1 adja-
cent to d, e, and f, respectively. The adjacency conditions are represented by
the set [d +r, e s, f > r U ¢l, and f may be replaced by de in the names of
P; and in AC forming P' and the set AC = [d + r, ¢ + s] which, by Theorem 2.1,
yields the same X.

Example: Let

>

1]
R OOOO
O OO0OO0OOO
[eNeoNoRoNoNoNe)
CO—~=OO OO
—O O ~OO
[=NeNeleNe Nl
OO~ OO K =

By Theorem 2.2, K may be derived from P = (1 2 3 4 5 6 7) under C3 with the AC

1 -1, 2, 3, 4

2+1, 2, 3, 4, 5, 6
3+1, 2, 3, 4, 5, 6, 7
4~1, 2, 3, 4, 6, 7
5+2, 3, 5, 6

6 >2, 3, 4, 5, 6, 7

7 >3, 4, 6, 7

The AC may be simplified as follows:
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Consider:
1+2, 3,1, 4
2>2,3,1, 4, 5, 6
5+2, 3, 5, 6

We can then replace 2 by 15. _Similarly we can replace 3 by 24, 4 by 17, and 6

by 57, so P becomes P’ = (1 15 157 17 5 57 7). By renumbering in accor-
dance with Corollary 2.5, P' =

(1 12 123 13 2 23 3) with
AC = [1 > 1; 2+ 2; 3 - 31.

Further examples giving P, AC, K, x,, and recurrence relations are:

#1 P =(0 1) _

1 1
AC = [1 » 1] .-
x, = {2, 3, 5, 8, 13, } Lo
Lppp = Tppp ~ Tn =0 L
#2 P=(0 1 2) R
AC = [1 > 1; 2 + 2]
’ =1 0 1
xz, = {3, 7, 17, 41, 99, 239, } K
Tpyp = 2Tpey ~ Xy =0 Ll 1 0
#3 P =(1 2) 0 o
AC = [1 >1, 23 2 > 1, 2] =
z, = {2, 0, 0, ...}
0 0
Zppp =0 -
# P=( 1 2) s
AC = [1 >1, 2; 2 > 1, 2] _
@, = {3, 5, 11, 21, 43, 85, ...} K Lo
Lypy = Tppr ~ 22, =0 R 0 0
#5 P=(1 2 3 & 5) _
AC = [1 + 3, 4, 5; 2 2, 3, 4, 5; 1 1 0 0 0
1 0 0 0 0
31, 23 4> 1, 2, 4;
K = 0 0 1 1 1
DT o 0o 1 o0 1
x, = {5, 10, 22, 49, 112, 260, ...} o o 1 1 o
xn.'_u, - 3xn+3 + 3xn+1 + xn =0 (-
fe P =(0 1 2 3) ~
AC = [1~1,3;2~2,3;3~>1,2,3 11 1 1
also P= (0 1 2 12) ¥ = 1 0 1 0
AC = [1 »1; 2 » 2] 1 1 0 0
Ly = {4, 9, 25, 64, 169, 441, ...} _1 0 0 0
Loy ~ Cpyy T M, T Xy, T X, S 0

Example #1 represents the sequence x,=7F,,,. Examples #2 and #4 represent
sequences of Winthrop and Horadam [2], x, = w,(1, 3; 2, -1) and 2, = w, (1, 3;
1, -2), respectively, where w (a, b; p, q) has wy = a, wy; = b, and W, = pw,_, -
quw,_1, n 2 2. Example #5 illustrates K; = K, ® K, with z, = F,,, + w,(1, 3;
2, ~1), and Example #6 illustrates K3 = X; x K, with %, = (F,4+,)? in which two
values for P and the corresponding AC are given.
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3. RECURRENCE RELATIONS

The characteristic function of K is f(y) = |yI - K| and its characteristic
equation is

p
fly) = Teyt =o0. (3.1)
0

Theorem 3.1:
|4
Ly, =0
0

is a recurrence relation for the sequence {x,:n =1, 2, 3, ...}.

Proof: Apply the Cayley-Hamilton theorem to Equation (3.1), giving
14 .
20: ciKl = 0.
Multiply each side of this on the right by X" IN(1), giving
4 1+
% e KN .
Then, by Equation (1.6),
p
Y ;N + 2) = 0.
0

Multiply on the left by u?, a1 x p matrix with u;; =1, giving

T

OM'U

p

C-an(n+i) =0,
0

and by Equation (l.4),

c.x = 0.

1¥n+1

oM

This is a recurrence relation for the sequence {xn: n=1,2,3, ...}. =
Corollary 3.1: 1If the characteristic equation of K is
p-1 )
(y-d eyt =0
0
and if K - dI is nonsingular, then
p-1

20: Ci%nsys = 0

is a recurrence relation for {x,:n =1, 2, 3, ...}.
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Proof: By the Cayley-Hamilton theorem,
p-1 .
(K - dI) Ye;k* = 0.
0
If K - dI is nonsingular, apply its inverse to both sides of the equation, so

p-1
2 cxt = 0.
0

p-1
Proceed as in Theorem 3.1 to show that }: ¢;%,4; = 0 is the desired recurrence
relation. ® 0
Note that if N(1), in which n;; = 1, were defined as some other vector of

size px 1, the new sequence {x,} would still possess the same recurrence rela-
tion.
Let
Pi
. = X q =
D) 20: coy? =0

represent the characteristic equation for K;: Jg=1,2, 3.

Theorem 3.2: If K, = K; ® K,, a recurrence relation for the sequence {xg, : % =
]-s 25 3, ---} iS

p,t+p,
> ¢,.c,.x = 0.
5 g+ T=14 g~ 2r*3(n+1)
P, ylI - K, 0

Proof: 3 cy;y¢ = |yI - K ||y - &,
0

0 yI - K,

P, P,
Z clqu EGZr‘yr’
0 0

then

Cgy = > C1qCor
q+r=1

and, from Theorem 3.1, the recurrence relation for the sequence {xBn: n=1, 2,
3, ...} is

P *p,
> Y c,c,.x =0. ®
0 qirei g~ 2r*3(n+17)

Corollary 3.2: If K, = 2K,, the recurrence relation for x, is

Py
zo: C1i%p4s = 0.

Consider the direct product K, K, x K,. Let K, be partitioned into four

square matrices.

Ay 4 Ay X K, A, x K,

Ky = A, A, |’ Ky x K, = 4, x K, A, XK,
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Let @ = yI - K5, then
yI - 4, X K, -A; X K,

-4y X Ky yl - 4y, X K,

Multiply the top row of & by (4; X K,)(yI -4, X KZ)_l and add this to the sec-
ond row [1], then
yI - 4, x K, -4, X K,
el - 0 yI = Ay X Ky= (A3 % Kp)(yI-A; x K,) "4, x K,)
If 4, and 4, commute, then

@] = | @I - 4, x K)(yI - A, x K,)) = (4, x K,)(4, x Kz)l =0

is the characteristic equation for K,. This reduces to

|2 - y(4, + A,) x kK, + (4,4, - 4,4,) x k2| = 0. (3.2)
The recurrence relation for the sequence {xan :mn =1, 2, 3, ...} may then be
derived if K, and K, are known.
A, 4, ] 11
Example: Let K, = 4 4 where K, = A4, =4, =4, = and 4, = 0.
3 4] 1 0
From Equation (3.2), the characteristic equation is
1 1 1 1[4 2 2 1
N 2, _ 1 0 1 0|2 2 1 1 _
bl =Kl =" T -y |y 1 o ofl2 1 2 1|[7°
L1 0O 0 O 1 1 1 1
or
y® - y7 - 13y® - 8y® + 20y + 8y - 13y +y + 1 =0.
The recurrence relation for the sequence {x, = (Fn+2)3} is

Lppg = Lpay = 13046 = 82, 5+ 20, + 8Ly 45— 130, , + 254 + 2, = 0.
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