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1 . INTRODUCTION 

I t i s known, see [ 1 , p . 7 7 ] , t h a t 

F F = F 2 - F 2 
2a In a + n a- n 

and, see [ 2 , p . 4 3 ] , t h a t 

FF F =F3 + (-l)a + 1L F3 + (-l)n + 1F3 
£a£ 2a£ 3n £a + n ^ K L) ^a1n ^ \ L) £a-n 

for arbitrary integers a and n. These identities suggest the possible exist-
ence of a general identity of the form 

wFm = £btlF£+n + (-1)*+1^.„] + b, (1) 
t= 1 

where m9 n, and a are integers with 777 > 0, and where w and b-t* I ^ t ^ k9 are 
integral expressions free of the variable n9 and b is an integral expression. 
Gladwin [3] has given existence proofs for some general identities of a similar 
type. An example of the kind of identity that we shall obtain is 

F2F2 F F F F F = F F F FB + (~l)a + 1F2 F F6 

£a£2a£3a ha 5a 6a 6n £a£ 2a£ 3a n + 3a K J 2a 6a n + 2a 
+ (-l)aF F, Fc Fs + (-l)a + 1F FK Fa Fs 

v / a 5a 6a n + a ' a 5a 6a n-a 
+ (-l)aF2 F Fs - F F F F6 

2a 6a n-2a a 2a 3a n-3a 

for arbitrary integers a and n. In the sequel we shall use the following well-
known results: for all integers a and n9 

(Ln ± /5Fn)m = 2m'1(Lmn ± ^ „ ) (2) 

where m i s a p o s i t i v e i n t e g e r , 

F.n = C-l)n+1F„ and L.n = ( - 1 ) " £ „ , (3) 

L2
n = 5F\ + ( - 1 ) " 4 , (4) 

2Fa+n = FaLn + LaF„, (5) 

2La + n= 5FaF„ + LaLn. (6) 
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EXPANSION OF THE FIBONACCI NUMBERS 

2. PRELIMINARY LEMMAS 

Lemma 1: L2
m/F2 - L2

n/F2 = (~l)n + HFm+nFm_n/F2F2 for m * 0 and n * 0. 

The proof of Lemma 1 follows from equations (3) and (5). 

In the sequelj let a be a nonzero integer. 

Lemma 2: For m > 05 

2 - 2 i 
Pr1] 

en) 2 - ^ ^ = £ (u
m_ 2)5*-^-2Lr 

( i i i ) 2 m - 1 [F; + K + ( - 1 ) ™ + 1 F ^ J = £ ( 2 / _ J j f - i ^ + i - 2 l ^ + i - 2 l £ 2 , - i 5 

dv) ^ t c + H r c i ' £ (Hm_ 2)F^-2ir2""^+2_2^"-2. 
Pr1] 

(v) 2m-1[£a
ffl

+„+(-l)mLQ
m_J = £ (2/_ J s 2 ^ 2 ^ - 2 ^ 2 " 2 ^ " " 2 ^ " " 2 ' ^ £ = 1 

Pr1] 
( V i ) 2 m - 1 [ £ a

m
+ n + ( - l ) W " + X m - n ] » E ( ^ " J s ^ - ^ - ^ r 1 " 2 ^ ! * " 1 ^ 1 " " -

£ = 1 

Proof:: We s h a l l prove formulas ( i ) and ( i i i ) . The remaining formulas have 
s i m i l a r p r o o f s . By equa t ion ( 2 ) , 

2 m - 1 (L, m + /5Fm) - 2^1(Lm - SFm) = (Ln + j5Fn)m - (Ln - v/5F„)m. 

That i s , 

2m^Fm = £ ( ' ^ - V M ' J M I + (-Di + 1l 

2P^K x 
= 2 E j tr^)1 

i - 1, i odd ' 

= 2^(2/_1)i:r2i + 1 ( ^ n ) 2 i - 1 . 

Formula ( i ) can now be ob t a ined by d i v i d i n g through by 2 / 5 . 
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Mow, by equations (5) and (3), 

2m[Fa
m

+n + ( - l ) " » + 1 f » . „ ] = (FaLn + LaFn)m + i-l)m+l(FaL_n + LaF_n)n 

= (FaLn +LaFn)m - (FaLn - LaFnr 

%?10f""fi»"^[1 + (~1)i+1] 

^ = 1 , i odd 

["H/ m v . . . 
- 2 . ^ ^ - ir» L * Fa La • 

Formula (iii) is obtained by dividing through by 2. 

Let 7fc = (̂ t"1) f° r 1 ̂  ^s t ^ k9 denote the Vandermonde matrix. From [4, 
pp. 15, 16] it follows that for k > 1 and t = 1, 2, ..., k9 

Wkht IT (** - *,;). (7) 
i= 1 

where ( 7 ^ ) ^ i s t h e c o f a c t o r of x^1 i n | 7 f e | . 

Lemma 3-' For k > 1 and any c o n s t a n t c $ xt9 t = 1, 2 , . . . , & , 

Proof: Let Ck = [c^t]9 where oit = 1 i f i = t» cit - -c i f i, = £ + 1, and 
<?££ == 0 o t h e r w i s e . Then, 

\ck\ • \vk\ = \ckvk\ 
k k 

Z «Wlt = z 
t= 1 t= 1 

II (o - *,) E ( ^ k , / ( c - * . ) . 

n (̂  - ^ ) 
i = 1 

L if t 

(Vk) fc'fc* 

i = l £= 1 "fc'to 

In t he s e q u e l , l e t xt = I>\alF\a fo r t = 1, 2 , . . . , & . 

Lemma 4: For & > 1 and t = 1, 2 , . . . , fc, 

( -1) ta+ l02k - 2 
& + t 

(7fc)fe4 n F. = L t Pi •2 fc-2 I 
k 

n F 
Proof: By equation (7) and Lemma 1, for k > 1 and t = 1, 2,...., &, 

196 

\Vk\/(Vk)kt = n ^ t - ^ ) = n [(-ira + 1Wta+iaFta-ia/FtZaFial 
^ = 1 ^ = 1 
i^ t i±t 
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EXPANSION OF THE FIBONACCI NUMBERS 

( - l ) * + l ( 4 * - i F 3 / £ > 
t+k 

n F. 
i-t+i *• 

n K 

• Fta 

' k 

n? OF, 
£ = 1 

= ( - l ) t a + 1 ( 4 f c - 1 / I t a ) n F-
t = t 

v # 

(-D 

^ - { n F .1 

t - i 

^ = 1 

k 
TlFt 

i = l 

ta+ In2k -2 
k+ t 

n -̂
^ = k + 1 

LtaFta 
2k-2 

ta - ia 

k- t 

n ^ 
^ = 1 

n F_ 

n F i= t+ 1 t a - ia 

i = k - t + 1 

s i n c e , by equa t ion ( 5 ) , Flta = FtaLta< 

Lemma 5: For k > 1, 

t= 1 ^ = l 

k 
II F_ 

Proof: For t = 1, 2 , . . . , k, 

** = ^ V ^ a = <5Fta + ( -Dt a4) /^a = 5 + (-l)*M/*£ . 
I t fo l lows t h a t {-l)ta+1Fla = 4 / ( 5 - xt). T h e r e f o r e , by Lemma 3 , 

A: 

I 
£= 1 

k 

E 
t= 1 

E (-i)ta+1^2
a (^),t = £(4/(5 - *t)>(V*t = 4KI / n (s - * 

k 

n 
i= 1 

4 | F J / n ( ( - D M + i 4 / ^ ) 
i= 1 

Q / 4 * " 1 ) 7, 
" k 

i = i ^ 

k 

n F . 
Lemma 6: Let w be a positive integer and let st be a real number for t 

k . . k 
£ s^x^ = 5%Y^ zt for each £, 1 < i < u, 
t= l t= l 

if and only if 
k k 

E 
t= 1 

S 2txl = 5 ̂  st^t 1 for eacn '̂ 1 < i < u. 
t= l 

Proof: Let 
k . . k 
S ztXi ~ ̂ 5Z %t ^or eacn »̂ 1 ̂  t ̂  W = 
t= 1 £=1 

Then, for i = 1, 
k k 

E w = 5 E s t 
t = i t= i 
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and, for 2 ̂  i ^ u9 

£= 1 £= 1 t= 1 

Conversely, we use mathematical induction on u> The case u = 1 is true. For 
q ̂  1, assume that 

k . k 
53 st^t = ^ S^t^t"1 ^or e a c n »̂ 1 < i < C7, 
t= l t= i 

implies 
k . . k 
J3 ztx\ = 5Z 53 zt for each i9 1 < i < g. 
t= l t= l 

Now let 

Y*ztxt = -> E ^ ^ t " 1 f o r e a c n ^ ' 1 < i < ^ + 1. 
£= 1 t = 1 

Then 
k k 
53 ^ ^ t = 5 S^t^t"1 f o r e a c n ^5 1 < ^ < 7̂ 

t= l t= l 
and 

* +1 k 9 
L, z

t
xt ~ ^ dLz>txt* 

t= 1 t= 1 

Therefore, by the induction hypothesis, 

k . . k 
53 stx^ = 5"̂  53 s t for each i , 1 < i < <7 

t= 1 t= 1 
and 

k + k 

53 ztxt = 5 53 z t x t* 
t= 1 t= 1 

Hence 
& . . k 

53 St^t = ^ E 2 £ f ° r e a C n *̂ 1 < ^ < (̂ s 
t= 1 t=1 

and 
t=1 t= 1 t= 1 

Thus 
k . • fe 

53 s t x t = ^ Y,%t f o r e a c n ^» 1 < £ < g + 1. 
t = 1 t= 1 

The proof is complete by mathematical induction. 
Lemma 1'. Let st be a real number for t = 1, 2, ..., fc, and let J be a fixed 
integer. 

k k k 
53 i~l)ta ztx{-x lFla = 0 if and only if £ 2 ̂ / = 5 E3***"1-

t= 1 t= 1 t = 1 

Proof: E *,*/ = £ 2i 0 4 /*£, J*'"1 
t= 1 t= 1 

= iU((52& + (-D'*a4)/^)^-1 
£ = 1 

= 5 E s ^ f ' + 4 E (-1)*°  3t^-VFt
2
a . 

t= 1 *= 1 
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Corollary 1: Let zt be a real number for t = 19 2, *„., k. 

k 
E (-^•)taztxi"1/Fla = 0 for each i, 1 < i < w 
t= l 

if and only if 

7c . . k 
E st^t = ^ E st for eacn 9̂ 1 < i < u. 
£= 1 £= 1 

Proof: Apply Lemma 6 and Lemma 7. 

Corollary 2: Let /c > 1. Then 

t= 1 £= 1 

for each -£, 1 ̂  i ̂  fc. 

\ta rp2 Proof: In Corollary 1, let zt = (-1) Fta (Vk)kt for t = 19 2, 
u = k - 1. Then 

fc9 and let 

Ec-D^^r1/^ = E ^ ; - 1 ^ ) ^ =o 
£= 1 t= 1 

for each £, 1 < £ < /c - 19 since a determinant with two identical rows has nu-
merical value zero. By Corollary 19 

k . k 

t= 1 £= 1 

is true for each i s 1 < i < fc -- 1, and clearly is true for i = 0. Therefore 9 

t= 1 t= 1 

for each i9 1 ̂  -£ ̂  k. 

3 . THEOREMS 

Theorem 1: For any p o s i t i v e i n t e g e r k9 

( i ) S^'"1 
" 27c 
UFia 

i = l 

k 

n F • 1 = 1 

k 

= E t = i 

Ik 

n ^ _L= k + t + 1 

k 

n F i=k-t+ 1 

for 1 < j < k9 and 

( i i ) 5 

and ( i i i ) 

' Ik 

n *v 
^ = 1 

k k 

n F.ia = E 
-z- = 1 t = 1 

2k 

n F. 
i = l 

k k 

n ^ = SE 
^ = i t=*i 

2k 

n ** 
i = k + £ + 1 

2k 
O F • 

^ = k+ £+ 1 

n F.ia 
i = k - t + l 

k 
n F-ia 

i=k-t+ 1 

p2k+2-2jT2j-l 

•£ = k+ 1 

hta Lta 

+ ( - l ) * 2 2 k 
k 

^ = 1 

" 2k k 
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Proof: The three i d e n t i t i e s are eas i ly ver i f ied for ft = 1. Assume that ft > 1. 
Denote 

[2k 
A - [£A II F . and 4 , 

i = l 

2ft 
n pia 

*=fe+*+1 

ft 

n * 
£ = fc-t+ 1 for £ = 1, 2, . . . , ft, and 

/ 2ft 
1 ^ = ft+ l 

By lemma 5 , 

ft 

I 
t= l 

and, by Lemma 4, 

KA -.'L(-»taFL(Vk). ta v• k'kt (8) 

JMt = ( - l ) t o ( F J , + / ^ ^ 2 f c - 2 
ftyft£ ' ^ta2- ta (9) 

for t = 1, 2, . . . , ft. Now, by Corollary 2 and equations (8) and (9) we have, 
for each j , 1 <i j ^ ft, 

£= 1 t= 1 

Therefore, for each j, 1 < j < ft, 

5J-I 
2ft 

n *, i = l 

ft 

£ = 1 

ft 

t= i 

' 2ft 
n Fic 

i = k+t+ l 

ft 
n F • 

t= ft- £+ 1 

jp2k-2j+2r2j - 1 

The proof of (i) is complete. 

From equation (10), we obtain, for j = ft, 

k k 

t = i * = i 
5k-lA = ZAtF&L*-1 = (1/5) ZM*04 + ( - D ^ H ) ^ " 1 

(10) 

= (1/5) ZAtL%+x - (4/5) £ (-l)taAtLl^ 
t= 1 

ft 
£ = 1 

k 
(1/5) ZAtL%+1 ~ ^ ' ^ t(LZ

t
k
a~2/F^-2)(Vk) 

t = l £ = l 
kt 

by equation (9) . Thus, 
k 

5 ^ = (1/5) £AtLlk
a
+1 - ^/5K)Z^~1(Vk)kt 

k 

t= 1 

(1/5) EAtL%+1 - (4/5Z)|7, 
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= d/5) XAtL%+1 + (22fe/5) n Fia. 
t= 1 i=k+ I 

The proof of (ii) is complete. 

From equation (10) we obtains for j = 1, 

t= 1 

5 J U ^ Z T ^ + 4 J X ( - I ) * * ^ 1 
" t a £a 

5 XX*£*+2-C + (VK)h(Fl/Llo)(Vk)i 
t= 1 

taILjta>^k)kt 

k k 

5 E ^ f f X 1 + (4/X) E(l/a:t)(7fc) 
t= 1 t= 1 

fc£ 

Therefore, by Lemma 3S 

4 = s i v f x 1 + (4/iO(-D|Fj / n (-̂ ) 
t = 1 ' ^ = 1 

fe02/c 5Y.AtF^Ll} + i-Dk2 

t = 1 

The proof of (iii) is complete. 

2& 

n Fu 
i= k+ 1 

"2k 

n F. 

i - i ^ 

" k 

n ^ 

/ 0£2 

Lemma 8: Let a and n be nonzero integers9 let k and 777 be positive integers9 
and let E = 0 or £ = 1. 

r2k 1k 

( i ) F o r ^ 2 ^ + 2 + 2e5 2 ^ ^ I O F{a 0 / _ i a 
|_z- = 1 J ^ = 1 

2?c 
. / 777 \{-E02kTP2k+l + 2£Tm-2k-l-2£ FT P 

+ \2k + 1 + 2 E j 5 2 Fn Ln ijLl ia' 

( i i ) For m < 2k + 2 + 2e, 5k+e2m-1Fmn 

Ik 

n ^ i = l 

k 
ft ^ • 

^ = 1 

= 2m_1 I F m - l V T?l-2eT2k -m + 2e 
t= 1 £a ta 

2k 

ft F. 
t = k+t+ 1 

2fc 

n F-i 
i = k-t+ 1 

[>£•„+(-i)""1^-,,] 

(con t inued ) 
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, / i\fc/ ^ \t-2k + 2er)2kT?2k+l+2£Tm-2k-l-2£\ n s 
+ ( _ 1 ) \2k+l + 2eP 2 F" L" [/=i 

2k 
O F -
i = l ^ = 1 

( i i i ) For 77? < 2k + 1 + 2e, 5k-i+e2^-ir 
2£ 

t = 1 
n F . 

nm-l V Z72-2G r 2 k -W7-1 + 2E 
2
 t t i ** ** 

2£ 

2& 

n ^ 
k 

n »̂ 
C=fc- t + 1 

[c*»+(-i)"cj 

X I' 1">fc/ m \c2k-lJt-2£02kw2k+2zTm- 2k - 2 £ n ̂  2k 

n ^ 
^ = 1 

•& = l 

(iv) For w < 2k + 1 + 2e, 2m~1Ln 

2k 

n ^ OF 
i = l 

5e . i171'1 T* p2k-m + 2£J-1-2E 
t=l ta ta 

2k 

n ̂ c 
" fc 1 
n F-t' = 1 J 

r 2/c 
n F-1-z. = 1 J 

k 
\Fm + (-D^F171 1 

P 
by 

Thus, 

So 

r 2* i 
roof: ( i ) Let ^ + 1 - + 2 e L - t a

2 e . II ft J 
y Theorem 1 ( i ) , L * = * + t + 1 J 

r2k i k 

HA 

= 5*hbt(2.m_ J ^ - ^ r 1 " 2 ^ 1 " 2 ^ " 1 for 1 + e < j < fc + e. 

Since, by hypothesis, 777 < 2fc + 2 + 2e, we have [ (777 - 1) /2] < & + e. Therefore, 

, . i V - i)̂ -,^r,-"5'-'[ 

5^' 

5 « ? " 

ft F . = L for 1 < t < L Then, 

.ia ^ Z^btF^2^2eL^i + 2e f o r ! < ̂  < k . 

n / - t a = E ^ ^ r 1 - 2 ^ - 1 for 1 + e < j < fe + e. 

k 

n F. 

2k 

n F-
t = 1 

n ^ • 

t = 1 J = 1 + £ N Z - ^ ' 

By Theorem 1 ( i i ) , 
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'2k 
n Fi 

i = 1 

k k 

1^ = 1 "" t = i 

and by Theorem 1 ( i i i ) 9 

' 7 n - 2 & - l - 2 e £ 2 k + l + 2e , 22^ f t E7 2A: 

n 
i = k+ 1 

_ 2k 

^ = 1 

k 

n F 
i = l * 

^ ^ C 1 - 2 6 ^ - 1 + <-i>*22* n Fi 
2k 

n **• 5 n^2 
i = i ^ 

Therefores 

/ 7̂ \ 2k+l + 2e Tm-2k-l-2e rk + e 
\2k + 1 + 2 e r * ^ 

2k 

n F-
k 

n F_ 

5 ^ ^ U f c + 1 + 2 £ j F - L - *** Lto 

+ \2k + 1 + 2 J 5 2 Fn Ln i -V + i ^ 

and 
2k 

n ^ n F . / W \ ™2e - l r 7 7 7 + l - 2 E r £ - l 
\2e - l)Fn Ln 5 

+ (-i)Z:(2e
m- i)5e22^f "^r1 

2£ - 1 
to 

% = \ 

2k 

^ = 1 

S i n c e , by h y p o t h e s i s , m < 2k + 2 + 2e9 we have [ ( w + l ) / 2 ] < ^ + l + e s and we 

have ( -, + 7 + 9 ) = 0 i f a n d o n l y i f [ Ow + 1 ) / 2 ] < & + 1 + e . T h e r e f o r e , 

2£ 

n F. 
^ = 1 

n F . 

Since 

/ ^ \r72[(m + l ) / 2 ] - l r W 7 + l -2 [ (m + l ) / 2 ] c [ ( m - l ) / 
\2fc + 1 + 2e/ n hn D 

= S E V h ( m \(F T \2[(w + l ) / 2 ] - l / r r, NW + l -2 [ (m + l ) / 2 ] 

/ \ 2k 
, ( m \rZr)2k-n2k+-L+2zTm-2k-l-2z r r 7-7 

+ V2£ + 1 + 2eJ5 2 ' ^ L - i-k+i™' 

( - " . ) - • • we have 

[22+1] 

i: (2/-ik*"1*-"-2^-1 
J = l 

" 2 / c 

n ^ 
i = l 

k 

i = l ^ 

t= i * j = i \2j - 1/ * •« to to 

( con t inued) 
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+ (-1 >'U" i) 22kp Lm-1 
n n 

" k 

^ = 1 

'2k 

t = l 

/ * 

) 2£ 
qe92fe r72/c+i + 2e r m - 2 f e - i - 2 e n p 

By Lemma 2 ( i ) and Lemma 2 ( i i i ) , 

2m"xF i n F . 
k 

n F„ . i - l 

r 2* 
"xf n 2 

= 5E2-i
i|:i&t[^+„ + (-i)'-+^_„] 

+ Ufe + 1 + 2ej5 2 *» £ " i=V+i i a ' 

k 

^ - 1 

' 2k 

n î -
^ = 1 

/ = i M 

After substitution for bt, 1 < t ̂  k, the proof of (i) is complete. The proofs 
of (ii), (iii)9 and (iv) are similar. 

From equations (5) and (6), we obtain the following four identities: 

Ln + Fn = 2Fn+l> Ln ~ Fn = 2 f n - P 5i?n + Ln = 2Ln + l> 5Fn ~ Ln = 2Ln-l 

for all integers n, 

Corollary 3: Let a and n be nonzero integers and let k and m be positive inte-
gers and let e = 0 or e = 1. For m < 2/c + 1 + 2es 

( i ) 2" r̂  i k 

5 ^ - ^ a - ^ L ; ^ ^ 

~k If 2k 

n/J In i 
^ = 1 J \y = 1 

^ = 1 
+ ^ L w - 2 K + (2 E

m-iK>2 k-^-3 

[ U 12 eK + U + 7 + 2 > „ ] 5 V - F f - ^ ; — i = n / i 3 . 
r 2̂  i k 1^mn+i[.n/io] .n/.,a 

[(2£
m- 2 K + (2em- >-]22*-^--{A^][A^]/A^ 

+ 
and 

(i±) i 

k\ + (-D 
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and 

( i i i ) 5k+£2m-1F 

= 2m~1 Y,F}-2£L ta ta 
2k -m- l + 2e 

2k ~] k 

UF- UF . 

r 2k ir k ir 

+ (2* + 7 • !J4"*«!»"F?«i;-'-'-[inifl|inF11] /^rui,. 
and 

(iv) 5* •^^-^^^[.Bi 
2&I-1 V" p l - 2 e 7-2A:-m-l + 2E 

t f 1 *<* to [.J*+i^.A+i^][Ft«+iz;s,H.»+(-i)",+i^-i^--] 
+ [(2e™ 2 K + U™ lH]2^L^J+iFia + (-l)*[(2fc J 2 £ ) , n 

Proof: (1) and ( i i ) follow from Lemma 89 par t s ( i ) and ( i v ) . ( i i i ) and (iv) 
follow from Lemma 89 par t s ( i i ) and ( i i i ) . 

Theorem 2: Let a and n be nonzero integers s l e t k and 777 be pos i t ive in tege r s , 
l e t e = 0 or £ = 1, and l e t r be an in teger . For m < 2k + 1 + 2e9 

( i ) 2 - ^ + p 

5 e 2 m - l £,F 
t = 1 ta 

' 2k 

n F. 
^ = 1 
f2e r - 2 e 

n F . 
r 2k ii n F. 
i=k+t+i t a J i 

n F . 
i= k- t+ l -ia 

x \F Fm + (-l)rm+l + I1F Fm 1 

and 

( i i ) 2m-1Lrol+ 

5 e 2 m - 1 E ^ 2 J : " m 

* = 1 

|f = 1 J^ = 1 
r 2k ir ^ 1 
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~ k ~| 

n F-[i = l J 

r 2k 
n F-[y = l 

k 

n L2. 
i - x w 

+ [ U 1 2 e K £ - + (2. + T + 2 e )5^^]5e2--xf e + 2^r^-1-2 e
i J + I F 

a n d 

( i i i ) 5 f c + e 2 " - i p 
" 2k 

O F . 
i = l ^ 

k 
IlF 

i = l 

k 

£ 
t= 1 

o w - 1 V* r 7 l - 2 e T2k -m- l + 2e 
2 ^ f c z Lta 

2k 

n *. 
k 

n F. 
i = k - t + 1 

X lLta+rLta+n + C " 1 ) ^ta-rLta-nj 
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\lk + 1 + 2epFrFn]5 2 Fn Ln [ A 

Ufc + 2eH^ 
2k 

n F. 
^ = 1 

/ k 
n £?„ 

Proof: To prove (i), we use mathematical induction on v. The cases v = 0 and 
v = 1 are true by Lemma 8 (i) and Corollary 3 (i). Assume that the hypothesis 
is true for v - q and for r - q + 19 where q is an integer. Then 

2m'1Fr 

[ 2 k 

r2* 
k 

n ̂  
i = l '2k 

n F • 
^ = 1 

k 

n F. 
^ = 1 

c £ 2 m " 1 V P 2 ^ -m + 2e T-2E 

t « 1 to 

CF + F ^F™ 

O F . + 2 m " 1
J P • '•-la T A x rnn+'q 

t = l 
2k i r k 1 
n F. n F . 

cVt + 1 zaJ [^ = k-t + 1 - ^ J 
+2eLi2e n F.]l" n F .1 
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k 

n Ft 
i = 1 

" 2k 

n ^ / n L\a 
^ = 1 

-, 27c 
. / W \(j , r \ u K e ? 2 ^ -lrv27< + 2£ rtf7-2k - 1 - 2E f l rr 

by the induction hypothesis. Therefore3 
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77 77 m 
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[ 2k I 
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i = k + t + i ^ j 
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'{*<* ta \i = k+t+l ™][i=k-t+l 

"Hie"- 2K-x£- + d™- l ) ^ - A ] 2 2 k - l £ - - { A ^ ] 

[ U 1 2 e K - i £ - + U + 7 + 2 eK-^]5 ' 2 2 k-1^+ 2 e £""2 k-1-2 '< .n/-

" 2k 

n ^ 
i = i 

/ & n L2. 
2k 

The proof of (i) is complete by mathematical induction. The proofs of (ii) 9 
(iii)s and (iv) are similar0 

The three identities given as examples in the introduction can be obtained 
as special cases of Theorem 2 (i) by using the ordered 6-tuple (e9k9m9nsa9r) in 
the forms (0,1,25n9a90)9 (0,1939n9as0), and (0s396sn9a90), respectively. A 
special case of Theorem 2 (ii) with the ordered 6-tuple (091939n9a90) can be 
found in [6]. 

The author thanks the referee for the type of proof used in Lemma 3 and for 
reference number [4] and for suggestions which led to major simplifications of 
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several of the proofs, such as the proof of Lemma 2, and which brought the 
statement of Theorem 1 out of the realm of unintelligibility. 
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