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PROBLEMS PROPOSED IN THIS ISSUE 

H-403 Proposed by Paul S. Bruckman, Fair Oaks, CA 

Given p, q real with p £ -1 - 2qk9 k = 0, 1, 2, ..., find a closed form ex-
pression for the continued fraction 

9 < P ' g > -=P+P+
+

q2q+P + 3q
 ( 1 ) 

p + kq + 
HINT: Consider the Confluent Hyper geometric (or Rummer) function defined as 
follows: 

M(cc, b, z) = £ 7 ^ - ' ^ , b + 0, -1, -2, ... . (2) 

2 
NOTE: 6(1, 1) = 1 + _ , . , which was Problem H-394. 

J -r j4 

5 + ... 

H-404 Proposed by Andreas N. Philippou & Frosso S. Makri, Patras, Greece 

Show that 

(a) £ £ E (nS+
n

n*)=Fn + 2,n>0; 
n1 + 2n2 =n- i 
n1+ n2 = n- r 

r = oi=o "i..-.,^3 \ n 1 9 . . . 9 n k / n + z 

n1 + 2n2 + • .. + knk = n - i 
n1+ • • • + nk>= n-r 

where n19 .. . , nk are nonnegative integers and {F^'} is the sequence of Fibo-
nacci-type polynomials of order k [1]. 

[1] A. N. Philippou, C. Georghiou, & G. N. Philippou, "Fibonacci-Type Polyno-
mials of Order K with Probability Applications," The Fibonacci Quarterly 
23, no. 2 (1985):100-105. 
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H-405 Proposed by Piero Fllipponi, Rome, Italy 

(i) Generalize Problem B-564 by finding a closed form expression for 

N 
Y, [^J 3 (N = 1, 2, ...; k = 1, 2, ...) 

n = 1 

where a = (1 + v5)/2, .F„ is the nth Fibonacci number, and [#] denotes 
the greatest integer not exceeding x. 

(ii) Generalize the above sum to negative values of k. 

(iii) Can this sum be further generalized to any rational value of the expo-
nent of a? 

Remark: As to (iii), it can be proved that 

[a1/kFn] = Fn, if 1 < n < [(In A - ln(alA - l))/ln a]. 

References 

1. V. E. Hoggatt, Jr., & M. Bicknell-Johnson, "Representstion of Integers in 
Terms of Greatest Integer Functions and the Golden Section Ratio," The 
Fibonacci Quarterly 17, no. 4 (1979):306-318. 

2. V. E. Hoggatt, Jr., Fibonacci and Lucas Numbers (Boston: Houghton Mifflin 
Company, 1969). 

SOLUTIONS 

Sum Zeta! 

H—381 Proposed by Dejan M, Petkovlc, Nls, Yugoslavia 
(Vol. 23, no. 1, February 1985) 

Let N be the set of all natural numbers and let m E N. Show that 

, xm-2m-2/ n m-1 , xi-2i-2 

(i) C(2m - 2) - <-> ̂  . %~ » + E U^JT- C(2* - 2i),.m > 2, 

(ii) g(2m - 1) - E ;2/.". , • $(2m - 2i - 1), m > 2, 
92m m-1 ,\i—2i + l 

where 

K(m) = 2 n_;77s w > 2, are Riemann zeta numbers 
n-l 

and 

Hm) = E (-̂ â - l)-m, m > 1. 
n-l 
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Solution by Paul 5. Bruckman, Fair Oaks, CA 

We use the known expressions 

?(2m) ̂ H r ' B v m = l, 2, ..., (1) 

f—/n\2m+l 
3(2m + 1) = 2 (2m) I (~1)Wg2W> m = °' lj 2' '••• 

where z7 denotes the constant TT, and the B lm and E7^ are the Bernoulli 
and Euler numbers, respectively. 

These may be defined by the following generating functions: 

x cot s % ? 0 ^ H r <§or- (3) 
and 

Setting JJ = 27s s then 

\m-l 
« cot uz - 1 + E j ^ ( 2 ^ ) - . 2(2W)lC(2m)(-ir 

(2w)-m,= x (2m)! ^-\i™ 
or 

CO 

„2m uz cot uz = I - 2 }"2^(2m)z2m. (5) 
m= 1 

Also, 
sec a - £ H r g > 2 W ! ( - 1 ) m

g ( 2 , + 1): 
*-o (2*0! (u/2)2w + 1 

4 sec ws = ^ 2 3(2m + l)(2s)277?e (6) 
u m = 0 

We also use the following well-known expressions: 

s m « - £ o ( - i ) » . i | 2 L _ ; (7) 

cos* -£<-!>« J g £ . (8) 
Multiplying (5) and (7), we obtain: 

uz cos IT. ^ E H ) " § S - ^ ( - 1 , ' l n j f C ( a " - M ) i 

on the other hand, from (8), 

uz cos uz = £ (~l)w ^ . 

Thus, 
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Comparing coefficients, 

-2m(-l)m(u)zm + 1
 ?

mr\ n i (u)H + 1 ,, ,., 
(2m + 1)! - 2 , ? 0

( _ 1 ) (2i+l)! ^2m~ 2^: 

replacing m by m -- 1 and dividing by 2z7 yields: 

(m - !)(-!) fa) y , ni fa) c(2 2i_ 2) 
(2m- 1)! ^ Z i; (2i+l)l ^Km ^ z; 

= -Ei(-i) l | ttrT)T?(2--2i) 

= C(2m - 2) - £ (-1)* g'_ 1), ?(2m-2t). 

This is equivalent to the result indicated in (i). 
Multiplying (6) and (8), we obtain: 

00 III , v ,. 

1 = klu Zz2m E (-D* TT^T 22m'2i3(2m- 2i+ 1); 

hence, for m ̂  1, 

(w) 2^ 0= E (-1)̂  -^hr 22m-2i0(2m-2i+l). 
£ =0 v.zW * 

Replacing m by m - 1 and dividing by 22m~2 yields: 

0 = E (-D* T^vT 2"^3(2m- 2i - 1) 
i=o v^;-

= 3(2m- 1) + E (-1)* T^TT 2"2lB(27w-2i- 1). 

This last result corrects (ii)9 which is incorrect in the sign of one o 
members. 

Finally, multiplying (6) and (7) yields: 

tan us = klu t ^ ' 1 E~(-D€ ( H + l ) ! Z2m-2i-2mm-2i- 1). 
m - 1 /—N 2f + 1 

LE 
rn= 1 £ = 0 

On the o t h e r hand, s i n c e t a n a? = co t x - 2 co t 2x, we have 

t an ~uz = (uz)~1(uz co t Hz - Tuz cot 2uz) 

= (uz)'1 { l - 2 ^ ( 2 ^ ) 2 2 m - 1 + 2 E a 2 / 7 7 ) ( 2 2 ) 2 w l 
I m = 1 m = 1 / 

= 2/27 E Z(2m)(22m - D a 2 7 " " 1 . 
m = 1 

Comparing coefficients, 

m - 1 . /—N 2-L + 1 

4/u E ( - D ' /o- • IN, 22m-2^23(2m-2i- 1) = 2/u^(2m)(22m- 1), 
i = o ^L% + ij. 
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ors equivalently: 

which is (iii). Q.E.D. 

Also solved by C. Georghiou, S. Papastavridis, P. Siafarikas, P. Sypsas, and 
the proposer. 

H-382 Proposed by Andreas N. Philippou, Patras, Greece 
(Vol. 23, no. lf February 1985) 

For each fixed positive integer k9 define the sequence of polynomials 

Ci(p) by 

+̂\(p) = n i + E + j : ; r . : : ; ) ( v r * (n>0>-<?<->• (i) 

where the summation is taken over all nonnegative integers nl9 . .., nk such that 
n1 + 2n2 + ••• + knk = n + 1. Show that 

4 + \ (P) < (1 - p)p"(n+1)(l - pfc)W*J (n > fc - 1, 0 < p < 1), (2) 

where [n/k] denotes the greatest integer in (n/k). 
It may be noted that (2) reduces to 

?* - i\[n/k) 
fn ** z ^ 

and 

< 2 " m ^ < 2" i—r-i (n > fc - 1) (3) 

Fn < 2* (3 /4 ) [ * / 2 ] (n > 1 ) , (4) 

where {Fn } n s z Q and {^n}^ = o denote the Fibonacci sequence of order k and the 
usual Fibonacci sequence, respectively, if p = 1/2 and p = 1/2, k = 2. 

References 

1. J. A. Fuchs. Problem B-39. The Fibonacci Quarterly 2, no. 2 (1964):154. 
2. A. N. Philippou. Problem H-322. The Fibonacci Quarterly 19, no. 1 (1981): 

93. 

Solution by the proposer 

For each fixed positive integer k9 let {F„ \x)}™=0 (x > 0) be the sequence 
of Fibonacci-type polynomials of order k [4] and denote by Ln and N^ the long-
est success run and the number of success runs of order k, respectively, in n 
Bernoulli trials. It follows from the definition of {F^\x)}^s0 that 

Ff\x) = x 
and 

F^!2{x) = (1 + x)F^+\(x) = ... = (1 + x)nFf\x) = (1 + x)nx 

(1 < n < fc - 1, x > 0), 
which gives 
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F„(+2((1 " P)/P) = (1 " P)P"(n + 1) (°  < " < & ~ 1. 0 < P < 1). (5) 
Furthermore, 

Fn(+2((1 ~ P}/P} = (1 " P)P"(n+1)p(^n < k - 1) 
(n > fc - 1, 0 < p < 1), (6) 

by Theorem 2.1(a) of [4], 

= (1 - p)p-<* + 1>P(^*> = 0), 

by the definition of Ln and N^ \ 

= ( i - p ) P - ( " + 1 ) { i - p ( ^ f c ) > i ) } 

< ( i - P ) p - ( " + 1 ) { i - { i - ( i - p * ) [ n / * ] } } , 
by P r o p o s i t i o n 6 .3 of [ 1 ] , 

= (1 - p ) p " ( n + 1 ) ( l - pk)[n/k]
B 

But 

F <M ((\ - r^ /r^ = /|W „ + 2( ( 1 " P ^ = 4+i (P) (n > °> °  < P < !)» (7) 
by Lemma 2.2(b) of [4] and (1). 

Relations (5)-(7) establish (2), which reduces to (3) and (4)5 respective-
ly s since 

and 
£+2 = F n («> 0). 

It may be noted that inequalities (3) and (4) are sharper than those given in 
[2] and [3], respectively. 
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