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A new perspective to the generalization of the Fibonacci sequence was in-
troduced in [l]s Here, we take another step in the same direction. In [1] we 
studied the sequences {a }J=0 and (3 }̂ =n defined by 

a, g0 = 2?, a1 = e9 31 

= o 

(n > 0) (1) 

\ + 2 = an+l + a , 

where a, bs 
tion {FJ(aS 

c, and 6? are fixed real numbers. We also utilized the generaliza-
b)}l where 

FQ(as b) = a 

F^a, b) b (n > 0) 

n + 1(a9 b) + F (a, b) 

so that Fn = Fn(0, 1), where {F^}i=0 is the Fibonacci sequence. 
We shall study here the properties of the sequences for the scheme, 

= b9 a1 = o9 3i = d9 

+ 0n* (n > 0) 
a0 = a, 30 

(2) t̂t + 2 

^n + 2 

where as 2?, c9 and d7 are fixed real numbers, and will conclude with a theorem, 
similar to [1]. Since the proofs of the results in this paper are similar to 
those in [1], we shall only list the results and eliminate the proofs. 

Obviously when a - b and c = d9 the schemes from (2), as well as from (1), 
coincide with the Fibonacci sequence {F^(a9 b)}™._ 
sequences from (2) are: 

The first few terms of the 

n 
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1 
2 
3 

! 4 
5 
6 
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i 8 
! 9 

a n 

a 
c 

b + c 
b + o + d 

a + b + o + 2d 
2a + b + 2e + 
3a + 22b + 4c + 
4a + 42? + 7 c + 

6a + lb + l i e + 

3d 
hd 
6d 
10a7 

10a + lib + 17c + lid 

$n 

b 
d 

a + d 
a + c + d 

a + 2? + 2c + d 
a 

2a 
4a 

+ 2b + 3c + 2d 
+ 32? + 4 c + 4a7 

+ 42? + 6 c + 7d 
la + 6b + 10c + lid 

11a + 102? + lie + lid 

Lemma 1: For every k ̂  0: 
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(fa) «6fc+l + 2 l = t&k+l + a i 5 
( c j 

(d) 

(e ) 

( f ) 

Lemma 2 : 

a, 

a 

a, 

a, 

] 

J6k + 2 + 3 0 + a i ; 

6 k + 3 + a 0 ~ $6k+ 3 + ^ 0 5 

J 6 k + ^ f 

6k + 5 + B0 + ax = ^6fc+5 + a 0 + 

For every n ^ 0: 

i = o + a, (b) Bn+2 = £ a, + B l 
i =0 

Lemma 3 : 

(a ) 

(b) 

( c ) 

(d) 

(e ) 

( f ) 

F o r e v e r y n ? 

6k 
E ( a i 

i = o 
6/c+l 

i = 0 

6k+2 

£ =0 

6/c+3 

E (a, 
i = 0 

6fc+4 
E (o^ 

i = Q 
6k+5 

E (a, 
i = 0 

-

-

-

-

-

-

B i ) 

B; ) 

B i ) 

B i ) 

B i ) 

B i ) 

* 0 : 

= a o - B 0 ; 

= a 0 - B0 + a x -

= 2 a ! - 2 B X ; 

= - a 0 + B0 + 2 a 1 

= - a 0 + B0 + a x • 

= 0 . 

Lemma k: For every n ^ 0: 

«n + 2 + e n + 2 = pn+1 • («„ + e„) + pn+2 • <«i + & i > -

As in [1], we express the members of the sequences {a^}i=0 and { B ^ = 0 when 
n ^ 0S as follows: 

( an = yj • a + Yn s b + Y« • ̂  + Y„ • d 
\ Bn = 6* • a + 6̂  . fc + 6^ • c + 6£ • c? 

It is interesting to note that Lemmas 5-7 have results identical to those 
found in [1] for the sequences { Y J } ™ = 0 5 {y^}^=05 etc*, even though they are 
different sequences. 

Lemma 5- For every n > 0: 

(b) Y ^ + 6 S = ^ „ - i ; 

(c) Yj! + «» = *"„; 

(d) Y : + ̂  = Fn. 
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Lemma 6: 

(a) 

Lemma 7: 

(a) 

(b) 

(c) 

(d) 

For 

YJ + 

For 

5n = 

s2„ = 
«n = 

«*„ = 

every n 

Y2 = 61 

every n 

Y2; 

Yn > 

i n» 

Y3' 

> 

+ 

> 

0 

5 n ; 

0: 

(b) Yn + Yn = 6 n + 6*. 

( e ) y» = Y 2
+ 1 

(f) yl = Y „ \ 

(g) s n = 6n
2

+ 

Let if) be the integer function defined for every k ^ 0 by: 

T 

0 
1 
2 
3 
4 
5 

ip(6k + T) 

1 
0 
-1 
-1 
0 
1 

Obviouslys for every n > 09 
iKn + 3) = -ip(n)„ (3) 

Using the definition of the function \p5 the following are easily proved by 
induction. 

Lemma 8: For every n > 0: 

(a) Yn = ̂ n + *(«); 

(b) Y^ = 5n + iK« + 3); 

Lemma 9: For every n ̂  0: 

^ t+2 = ^ + 1 + Yn + * ( « + 3) ; 

(b) Yn%2 = Y 2
+ 1 + Y 2 + * ( « ) ; 

(c) Yi = Y2 + * ( « ) ; 

(c) Y „ = 53„ + * ( n + 4 ) ; 

(d) y" = $n + Un + D 

(d) Yf >n + l + ^ + * ( « + 1); 
(e) Yn\2 = Yn\x +Y^ + * ( n + 4) ; 

( f ) Y* = Y* + Hn + 4 ) . 

From Lemmas 59 79 8S and ( 3 ) s we obtain the equations: 

Y n = &2
n =j(Fn-2 +i>(n)); 

Y2 

' n 
Yn = 6* = { ( F n + ^(n + 4 ) ) ; 

Y„ = 6n = { ( ^ + Un + D ) . 

Theorem: For every n > 0: 

an = 3 U V 1 + *(«))a + ( V i + *(« + 3))2> + (Fn + ^(n + 4))a 
+ (F„ + jp(n + l ) )d} 
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-|{(a + b)Fn_l + (c + d)Fn + ip(n)a + ty(n + 3)b 

+ (Fn + i|i(n H 

+ (Fn + ty(n + 4))d} 

1 ^ - ! + ip(w + 3))a + (Fn_x + i(;(n))Z? + (Fn + iKn + l))c 

= -|{(a + 2 ? ) ^ ^ + (c + J)Fn + ip(n + 3)a + ip(n)Z? 

+ i(j(n + l)c + i|j(n + 4)d}. 

On the basis of what has been done in [1] and in this paper, one could be 
led to generalize and examine sequences of the following types 

a0 = as 30 = b9 a1 = c> 3X = ds 

an+2 = V * 3n+1 + q • 3n* (« > 0) 

*n + 2 n+1 n 

a0 = a9 30 = £* 04 = c9 31 = ̂ 3 

^ + 2 = t@ ^n + l + S^ an 5 

for the fixed real numbers p5 q5 t9 and s. 
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