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1. INTRODUCTION 
Let the arbitrary real numbers as b, d and d be given. Construct two se-

quences {Xn} and {Yn} for which 

Z0 = as X1 = c, J0 = b, Ji = d, 

X-n + 2 = ^n + 1 n (1) 
(n > 0), 

Y„ Xn+1 + Xn 

Clearly, if we set a = b and c = d5 then the sequences {Xn} and {Yn} will 
coincide with each other and with the sequence {Fn(a, a)}* 

In 1985s K. T. Atanassov, L.C. Atanassova, & D.D. Sasselov [1] showed that 

Xn + 2 = flK+l + 3 
n + 2 

+ F 

Da + [Fn + 1 - 3 

+ n - 1 c + [F 

"n + 21 
L 3 J 

+ 3 _3_ 

+ n + lib 

- n + l)d 

and Yn(as b* cs d) = Xn(b5 a, d9 o) 5 for n > 0. 

2. THE GENERALIZATION OF THE FIBONACCI SEQUENCE 

Consider the generalized recursive form of (1), as follows: 

XQ = a, X1 = c, YQ = b5 Yx = d5 

(2) 

1 1 n + l 2An ^ 2 3 n + 1 T 2 i+^n 

Y = v Y + r Y + r X + r X 
n + 2 2 r n + 1 2 n 3 n + 1 2 ̂  n 

(3) 
(n > 0), 

where r^ is real. 
Define 

X. 

Y. 

v„ = x, 

X a + X b + X c + X d 
n, 1 n, 2 n, 3 n, h 

? n , i a + Y n , 2 h + Y n , 3 G + I n , , d 

Xn + ln = U„tla + UniZb + Uni3c + Vn>hd 

?n = V„tla + Vn>2b + 7 „ j 3 c + Vn^d 

then {Un} and {Vn} can be def ined by t h e r e c u r s i o n s : 
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U0 = a + b, U^ = a + d and Un+2 = (rx + r3)Un+1 + (r2 + rh)Un 

VB = a - b, Vx = a - d and Vn+2 

i.e. , 

Un = Wn(a + b, a + d; r1 + r 3 , -r2 - rh) 
(See [2, 3].) 

and 

\Vn = Wn(a - b, c - d; p]L - r3, vh - r2) 

Since 

Un(a, b, o9 d) = Xn(a, b9 a, d) + Yn(a, b, c, d) 

= Xn(a9 b, o, d) + Xn(b, a, d, c), by symmetrical property, 

= Xn(a + b, a + b, c + d, c + d) 

= *n>1(a + 2?) + Znj2(a + 2?) + Xn^(c + d) + Xn^{c + d) 

K ; ( a , b, c, d) = a w > 1 - xni2)a + a „ > 2 - xnil)b + a „ > 3 - xn>1+) 
+ Vn.'» ~ Xn,3^d> 

compare with the coef f i c ien t s of a, b, o, and d, we obtain: 

Un,l = Un,2 = ^nC1' 0; ^1 + ^3 > _ r 2 " T0 
[n/2] 

fc = 1 ? ("fc - I )<*! + ^ 3 ) n " 2 " ^ 2 + *\>* 

= lv7
n(0, 1; r 1 + r 3 , -r2 - r^) 

[(n+ l ) / 2 ] 7 x 

"<>2 + * \ ) fc-l 

(4) 

n/2] 

k ^ r ^ i 1 ) ^ - v - 2 * ^ - ^ 
^«,3 = - ^ , - . = M ° > ! ; r i - r3> ~rz + vO 

n'2k+1(r? - I O * " 1 

for n ^ 2. 
Hence, 

(Un = (a + &)£/„,! + (c + d)C/„f3 

|//„ = (a - fe)^>x + (c - d)V„t3. 

Since Vn = Xn + Yn and Vn = Xn - Yn, thus , 

[xn = (£/„ + 7„)/2 

Un = (£/„ - Vn)/2 
i s the solu t ion of (3) . 
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Example 1: Let r1 = r2 = 0 and r3 1. Thens we have: 

un,i = M L o 
MO, 1 
M L o 

Un,3 = M O , 1 

Vn,3 " M O . 1 

1. "I) = Fn-1 
1, -1) = F„ 

-1, 1) = [1, 0, -1] 

-1, 1) = [0, 1, -1] 

where [tlt t 2 , . .., tk] = tj if n = j (mod k). 
Hence, 

Xn - { ( F ^ + [1, 0, -l])a + ( F ^ + [-1, 0, l])b 
+ (FB + [0, 1, -l])e + (F„ + [0, -1, l])d}/2 (5) 

and Jn(a, £>, c, d) = Xn(b, a, d, c) is the solution of (1), where F^ is the ith 

Fibonacci number. Note that (5) is the simple form of (2). 

Example 2: Let r3 = r>h = 0 and r1 = 1. Then, we have: 

and 
ff.n.1 - Fn,l = M L 0; 1. "D -*„-i 

£/. n, 3 -7 w, 3 Wn(0, 1; 1, -1) 

Thus, 

K = Fn-lh +Fnd 
is the solution of (3) in [1]. 

Example 3: Let r1 = rh = 0 and P 2 = r3 = 1. Then9 we have: 

and 
Un>1 = V„(l, 0; 1, -1) = (-DnVn>1 

u„,3 = Mo. l; i. -i) = (-DX, 'ns3 " n v " ' *> "5 ~' v A / ' ns3 " 

Thus, 
Xn = {(1 + (~l)n)Fn_ia + (1 - (-l)n)Fn_^ + (i - (-l)n)Fnc 

+ (1 + (-l)n)Fnd}/2 
Fn_1a + ̂ n(i5 n even 

lFn-ib + Fnc> " odd 
and In(a9 b, e9 d) = Xn(b, a, d9 o) is the solution of (4) in [1]. 

Example k: Let r2 = ̂ 3 = 0 and P 2 = i\ = 1. Then9 we have: 
un,i = M L °; i . - i ) - * • „ - ! 

v 
= Wn(0, 1; 1, -1) = F„ 

B>1 = M L 0; 1, 1) = [1, 0, -1, -1, 0, 1] 

= M 0 . 1; 1. 1) = [0, 1, 1, 0, -1, -1] V 

Thus, 

X„ = i(Fn-i + [1. 0, -1, -1, 0, l])a + (F„_1 + [-1, 0, 1, 1, 0, -l])c 

+ (F„ + [0, 1, 1, 0, -1, -l])c + (F„ + [0, -1, -1, 0, 1, l])d}/2 

and JT„(a, b, a, d) = Xn(b, a, d, a) is the solution of (5) in [1]. 
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Example 5» Let r± = r 0, P 3 = 2 , and rk 

Un,l " M ^ 0 

' w , 3 

W , l 

7 n s 3 

Wn(0, 1 

J / n ( l , 0 

- Wn(0, 1 

2 - w , x 3 - *., ««« x k - 1. Then, we have : 

2 , - 1 ) = {(2 - / 2 ) ( 1 + / 2 ) n + (2 + ) /2 ) ( l - / 2 ) n } / 4 

2 , -1 ) - i /2{(l + / 2 ) n - (1 - >/2)*}/4 

- 2 , 1) - (n - D H ) " " 1 

- 2 , 1) - n C - l ) " " 1 

Thus, 

x n , 1 

^ n s 2 
Xn,3 
Xn,h 

Hence, 

= {(2 - / 2 ) ( 1 + i /2)n + (2 + >/2)(l - 7 2 ) " + 4(n - ^ ( - l ) " " 1 } ^ 

{(2 + v/2)(l + / 2 ) n + (2 + i /2 ) ( l - / 2 ) n + 4(n - l ) ( - l ) n } / 8 

J = {/2(1 + V^)n - >/2(l - V2)n + 4 n ( - l ) n } / 8 
J n + i, i = t i / 2 ( l + >/2)n - A/2(1 - 7 2 ) " + 4 n ( - l ) n " 1 } / 8 

n + l , 2 

and Jn(a9 &9 o9 d) = Xn(b9 a9 d9 o) is the solution of the following system: 

XQ = a9 X1 = <?, J0 = fc, J-L = d9 

(n > 0) 
Ln + 2 Ln + 1 

l^n + 2 2Xn + 1 4- Z„ 

By the five examples above and (4), we obtain the following formulas: 

fr;*:1)-'.-. 
lw/2] " / Z J /*» _ fc _ 1 \ 
E ( % . i )<-*>* - [i» 0 ' - i . - i . o . i ] - ( - D n [ i > o , - i ] 

n/2h 7 
1-2& _ 

3. THE TRIBONACCI SEQUENCE 

Let the arbitrary real numbers a, b9 c9 d9 e9 and h be given. Construct 
two sequences {Xn} and {Yn} for which 

\XQ = a9 X-L = b9 X2 = o9 IQ = d9 I± = e9 I2 h9 

ln + 2 + In + 1 + *» 
(w > 0) . 

l ^ n + 3 "* ^rc+2 + ^ n + 1 + %n 

Def ine : 

J „ = Y„3la + In,2b + yn,3a + Yn^d + Yn,5e + Yn<6h 

Un=Xn+ I 

V„ = X„ - Y 

Xn, i* + *n, £ + Xn, 3 C + Xn, ^ + * „ , 5e + Xn> sh 

Un.l«+Vn.2* + Un.3° un,»d+un,5e +Un,eh 

Vn,la + Vn,J> V
n,3° + Vn,Hd + Vn,se + Vn,eh 

(6) 
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Then, we have: 

U 

uv 

u n, h 

ns 5 "n + 2, 1 

n, l 

n, 2 

-V = [1, 09 09 -1] 

uv = "n + 1 v„ 
-Vn.S 

\ 6 

[0, 1, 09 -1] 

[0, 09 1, -1] 

where {Un x} can be defined by the recursions (cf. the definition of the Tri-
bonacci numbers in [4] and [5])s 

U o, I 
1 , Ulfl - U2i ! = 0 , and Un+3j ± = Un+2j ± + Un + ls ± + Z 7 n > 1 , 

for n > 0. That is to say9 

U 
and 

1 , U 

= 2V 

1 , 1 = t / 2 s l = ° * ^ 3 . 1 " l s 

tfn>1 ( n > 0 ) 9 

0 , 1 

s i n c e a;3 - a;2 - a; - 1 i s a f a c t o r of a;1* - 2x3 + 1. Thus, we h a v e : 
Xn,l = ( y n , i + Vntl)/2 = ( J / „ s l + [ 1 , 0 , 0 , - l ] ) / 2 

*n ,2 = « / „ . 2 + ^ n , 2 ) / 2 = 0 ^ + 2,1 - i/B + l . l + [ 0 , 1, 0 , - l ] ) / 2 

* n , 3 = < ^ . 3 + ^ , 3 > / 2 = ^ n + 1 , l + [<>, 0 , 1 , - l ] ) / 2 

*» . . , - ( y n , ^ + 7 n > l t ) / 2 = W„. 1 + C"1' °» °> H ) / 2 

^ , 5 = ^ „ , s + 7 n > 5 ) / 2 = (U„ + 2 > 1 - y n + 1 ) 1 + [ 0 , - 1 , 0 , l ] ) / 2 
Xn,e = ( ^ , 6 + ^ , 6 ) / 2 = ^ n + l , l + [ 0 , 0 , - 1 , l ] ) / 2 

Hence, 

Xn = {(a + d) t f n f l + (c + ft - & - d)Un+l9l + <2> + <Z)tfn+2>1 

+ [ a - a ,
9 2 ? - c , c - f t 9 a ' + c + f t ~ a - 2 > - c ] } / 2 

and J n ( a 9 bs c 9 d9 c 9 ft) = Xn(d9 c 9 ft9 a9 bs c ) i s t h e s o l u t i o n of ( 6 ) . 

4. THE FIBONACCI-TRIPLES SEQUENCE 

Let the arbitrary real numbers a9 2?9 c9 ds c9 and ft be given. Construct 
three sequences {Xn}s {In}, and {Zn} for which 

J0 = a, X1 = 2>, J0 = c9 Jx = o\ Z0 = c9 Zx = ft9 

^n + 2 = ^n + 1 + Zw 

*n + 2 = Zn + 1 + *n (n > 0) . 

lZn + 2 = Xn + 1 + ^n 

The first ten terms of the sequences defined in (7) are shown below: 

(7) 

n 

0 
1 
2 
3 
4 
5 

%n 

a 
b 

d + e 
2h + a 
3b + 2c 
5d + 3e 

?n 

a 
d 

ft + a 
2b + c 
3d + 2e 
5ft + 3a 

Zn 

e 
ft 

b + c 
2d + e 
3h + 2a 
5b + 3e 

n 

6 
7 
8 
9 

1 10 

Xn 

8ft + 5a 
132? + 8c 
2Id + 13c 
34ft + 21a 
552? + 34c 

In 

8b + 5c 
13d + 8c 
2ih + 13a 
342? + 21c 
55d + 34c 

Zn 

Sd 4- 5c 
13ft + 8a 
212? + 13c 
34a7 + 21c 
55ft + 34a 
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Define 

Un = Xn + Yn + Zn = Untla + Uni2b + Un^o + Un^d + UHi5e + Una6h9 

then {Un} can be defined by the recursion 

U0 = a + c + e, U1 = b + d + h, and Un + 2 = Un+1 + Un, 

i.e., Un = Wn(a + c + e, b + d + h; 1, -1). 
Compare with the coefficients of a, b9 c, d, e, and h* We have: 

u 
Un,5 = M 1 ' 0; 1» - 1 ) 

w , «f u* Wn(0, 1; 1, -1 ) = ^ 

we have : 

Thus, 

Un = (a + a + e)Fn_1 + (b + d + h)Fn. 
Since Xn = J n + 2 - Zn + 1 and Xn = Zn + 1 - In 

\Xn - (Yn + 2 ~~ %ri-l)/2 
\In - (Zn+2 ~ Z n _ 1 ) / 2 
\Zn = Wn + 2 - X n _ 1 ) / 2 

Since J n = J n _x + Z n _ 2 and J n = Zn + 1 - Yn-i> w e o b t a i n : 

| J n = (Z„+i + Z n _ 2 ) / 2 

i j n = ( Z n + i + A n _ 2 ) / 2 

have : 
Since 4X ,q = 2 ( J _,q - J A J = (X ^ c + X _ ) 

n + 3 x n + 5 n + 2 7 v n + 6 n + 3 ' 
(* + xn) n + 6 X„* we 

Z n + 6 " 4 J n + 3 + Xn 

i^n+6 = 4 J n + 3
 + %n 

lZn + 6 ~ 4 Z n + 3 ~*~ % n 

When n E 0 (mod 3), taking n = 3m, we have: 

Z3(m + 2 ) = 4 X 3 ( m + 1 ) + J 3 m w i th XQ = a and J 3 = 2/z + a . 

L e t t i n g Vm - X3m9 we have : 

Vm + 1 = 4 7 w + 1 + Fw wi th V0 = a and Fx = 2fe + a . 

T h e r e f o r e , we g e t : 

y = 2h + (y/5 - l ) a ( 2 + ^ w + ( A + l ) a - 2/z(2 _ ^ m 

2y/E 2 /5 

by (l^)3 - 2 ± v5. 
F3m-la + ^ m ^ 

F a + F h. i . e . , X„ 

Using a s i m i l a r method, we have : J n 

116 

F n - 1 a + Fn/z, i f n = 0 (mod 3) 

Fn-ie + ^ ^ 5 i f n = 1 ^ m o d 3 ) 

Fn_1e + Fnd9 i f n = 2 (mod 3) 
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Yn(a9 b9 c9 d9 e9 h) = Xn(e9 h9 a9 b9 c9 d) 
and 

Zn(a9 b9 c9 d9 e9 h) = Xn(c9 ds e9 h9 a9 b) 
as the solution of (7). 

Numerous similar pairs of sequences can be constructed. However, the ones 
introduced here stand most closely to the very spirit of the Tribonacci sequence 
(or the Fibonacci-triples sequence) and its generalization rules. 

We would like to thank Professor Horng-Jinh Chang for his helpful comments 
and the referee for his thorough discussions. 
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