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Over a c e n t u r y a g o , a c c o r d i n g t o Dickson [ 1 ] , H . J . S . S m i t h [3] showed t h a t 

( 1 , 1) . . . ( 1 , j ) . . . ( 1 , n) 

( £ , 1) . . . ( £ , j ) . . . ( i , n) 

( n , 1) . . . ( n , j ) . . . ( n , n) 

<P(1) <?(2) . . . <p(n), 

where (i, j) is the greatest common divisor of £ and j, and <p is Euler's func-
tion. P. Mansion [2] proved a generalization of Smith's result: If 

f(m) = £ ^(d), 
dim 

and we write /(£, j) for /(gcd(£, j))s then 

/(l, 1) ... f(l, j) ... /(I, n) 

/(* , 1) /(*» J) /(*» «) 

/(n, £) ... f(n9 j) ... f(ns n) 

g(l) g(2) ... #(n). 

Note that Mansion's result becomes Smith's when f(m) = m9 because 

m = £ ^W) • 
d\m 

In this paper, we present an extension of Mansion's result to a wide class of 
arithmetic convolutions. 

Suppose S(m) defines some set of divisors of m for each 777. If d\m> we say 
that d is an 5-divisor of m if dtSQn). We will denote by (£, j)s the largest 
common ^-divisor of i and j. 

Now 77? might or might not be an element of 5(77?) , as can be seen if we let 
S(m) be the largest squarefree divisor of 77?. Also, the property 

deS(i) nS(j) if and only if deS((i, j)s) 

might or might not be true. It is true if 0(777) consists of all the divisors of 
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m, but not if S(m) consists of all divisors d of m for which (d, m/d) > 1, for 
then 6 is the largest common 5-divisor of 12 and 24, and 2 is an 5-divisor of 
12 and 24, but not of 6. 

We come now to the promised generalization: 

Theorem: Let Sirn) and (-£, j)s be defined as above. If 

(1) meS(m) for each m9 

(2) deS(i) nS(j) if and only if deS((i9 j)s)9 and 

then 

(3) f(m) = £ £(<f), 

/((l, l)s) ... /((I, j)5) ... f((l, n)5) 

/((£, l)s) ... /((£, j)5) ... /((£, n)s) 

f((n, l)s) ... /((n, j)s) ... /((n, n)5) 

= 0(1) gin). 

Proof: Assume the hypotheses, and define 

Sia.b) ={1 «*e?<«>. 
(0 otherwise. 

Clearly, 5(a5 b) = 0 if 2? > a, and by (1) we have S(a> a) = 1 for each a. Now, 
5(£, d)S(j, d) is 0 unless 6? is an 5-divisor of both % and j, in which case the 
product is 1, and by (2) and (3) it is easy to see that 

/((£» J)5) = S(i, l)5(j, 1)^(1) + 5(£, 2)5(j, 2)^(2) 

+ ••• + S(i9 n)S(j, n)g{n) 
for each £ and j. Then 

[/((i» J)5)l = ̂  '5* 
where 

"""5(1, 1) 5(1, 2) ... 5(1, i) ... 5(1, n)~ 
5(2, 1) 5(2, 2) 5(2, i) ... 5(2, n) 

5(i, 1) 5(i, 2) ... 5(£, i) S(i9 n) 

5(n, 1) S(n, 2) ... 5(n, i) ... S(n9 n) 

1 
( 2 , 1) 

0 
1 

0 
0 

. . . 0 

. . . 0 

S(i, 1) S(i, 2) 

_S(n, 1) Sin, 2) ... 5(n, i) 
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and 

5(1, 1)0(1) 5(2, l)g(l) 
5(1, 2)^(2) 5(2, 2)^(2) 

Sti, 1)0(1) 
Stf, 2)0(2) 

S(l, J)0(J) 5(2, j)g(j) ... SU, j)g(j) 

S(n, 1)0(1) 
S(n, 2)0(2) 

S(n9 j)g(j) 

[_5(1, n)g(n) 5(2, n)#(n) ... S(j, n)g(n) ... S(n, n)g(n)_ 

'g(l) 5(2, 1)0(1) ... S(j9 1)0(1) ... 5(n, 1)0(1)" 
0 0(2) ... 5(j, 2)0(2) ... 5(n, 2)0(2) 

0(j) . .. 5(n, j)#C7) 

0 0 0 g(n) 

The theorem then follows from the observations 

det A = 1 and det B = 0(1) 0(2) ... g(n). • 

In particular, if 5(777) consists of all divisors of 77?, the theorem yields 
MansionTs result. Another special case of some interest arises if we let S(rn) 
consist of the unitary divisors of 77?: We say that d is a unitary divisor of 777 
if gcd (d, m/d) = 1. Let (i, j)* be the largest common unitary divisor of i 
and J. Also, let T*(7??) and 0*(m) be the number and sum, respectively, of the 
unitary divisors of 777. Then g(d) = 1 and g(d) = d9 respectively, yield 

|x*((i, J)*)| = 1 and |a*((i, J)*)| = nl 
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