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A Niven number is a positive integer that is divisible by its digital sum. 

That is, if n is an integer and s(n) denotes the digital sum of n, then n is a 

Niven number if and only if sin) is a factor of n. This idea was introduced in 

[1] and investigated further in [2], [3], and [4]. 

One of the questions about the set N of Niven numbers was the status of 

-. . Njx) 
lim —1—^5 
x->-<» X 

where Nix) denotes the number of Niven numbers less than x. This limit, if it 

exists5 is called the "natural density" of N. 

It was proven in [3] that the natural density of the set of Niven numbers 

is zero, and in [4] a search for an asymptotic formula for N(x) was undertaken. 

That is, does there exist a function fix) such that 

lxm „; : =1? 
*-•«, fix) 

If such an fix) exists, then this would be indicated by the notation 

Nix) ~ fix). 
Let k be a positive integer. Then k may be written in the form 

k = 2a5bt9 

where (£, 10) = 1 . In [4] the following notation was used. 

Nk = The set of Niven numbers with digital sum k. 

~eik) = The maximum of a and h. (1) 

e(k) = The order of 10 mod t . 

With this notation, it was then proven [4; Corollary 4.1] that 

Nkix) ~ c(log x)k
 9 (2) 

where o depends on L 

Thus, a partial answer concerning an asymptotic formula for Nix) was found 

in [4]. Exact values of the constant c can be calculated for a given k. But, 

as noted in [4], this would involve an investigation of the partitions of k and 

solutions to certain Diophantine congruences. In what follows, we give the 

exact value of the constant c for a given integer k. 
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Let k be a positive integer such that (fc, 10) = 1. We define the sets S 

and S as 

S = <(Xi) : E xi = k\, 
and > l ^ N 

_ ( e{k) e(k) . I 

£ = \(xi) l E *i = & and £ lO*"1^ E 0 (mod fc)>, 

I -=1 * = 1 ) 
where (tf̂ ) is an e(k)-tuple of nonnegative integers. Since (fc, 10) = 1, it 

follows that, for a positive integer n9 

(Xi)es i = l V^'IO 

where (^)in denotes the tth coefficient in the expansion of 

G(x) = (1 + x + x2 + --• + x3)n. 

That is, 

where G (0) is the tth derivative of GOc) at a; = 0. 

The expression given in (3) can be realized by noting that, for each 

the product 

n'U") 
is the number of Niven numbers y less than 10 with decimal representation 

ne(k) . 

j = i J 

such that 

^ = £ 2/ • * 
j=i (mod e(&)) «? 

Noting that G (0) ~ n* , and using (4), we have that 

'io £!" 
Hence, for a positive fc such that (k9 10) = 1, it follows from (3) that 

Nk(l0ne(k)) ~ nk £ — ^ fffl 

Therefore, 

which may be rewritten in terms of multinomial coefficients as: 
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,ne{k)^ _ nk y , / k 

Let w be the fcth root of un i ty exp(2TTi//c) , and consider the 

tfkCio"«>) . 2 1 E L x
 K

 x • (5) 

£ - 1 

E /(*>*), 

where / i s the funct ion given by 

f(u) = (u + u10 + u 1 0 2 + •-• + w l o e ( ' ) _ 1 ) ^ (6) 

Then 
fc-i k-l/e(k)~i \k 
E /(*>') = E E <*>')10t 

g = 0 # = 0 \ -£ = 0 
k £ Z ( fe V w ^ + 1^+--- + 1°aW"la?-(fc) 
£ = 0 ( ^ ) £ 5 \ X 1 S ° ° ° 3 x e ( f e ) 

In order to make the notation more compact, we will let 

n x, + ICteo + • • • + I0e{k)~lxp(,, 
W(g, < ^ » = (w9) em 

Thus, a f t e r in terchanging the order of summation, (7) becomes: 

k k - l / 
)W(g, (Xi)) 

k--x' k E E L K
 x Jvig, (x,)) 

( ^ ) e 5 # = 0 \ x l ' a°°* ^e{k)/ 

+ E _ E ( k W« 
( i j ) e S - S g=0\xl> • • • ' xe(k)/ 

(xi)) 

= E _ ( fe ) E w(g, <^i>) 
( i ; ) e S \xl> •••> xe(k)/ g = o 

I k ) E &%, < * * » . 
\X1 , . . . , XeQC)] g- 0 

fc-1 
{x^eS-'S V ' l ' * * • ' 

(7) 

k - l 
But not ing t h a t £/(gs (%i)) i s equal to 1 when (x^eS and J2g = 0W(gs (oci)) = 0 
when (x^)eS - Ss we conclude t h a t 

EV(^) -* z (x
 &

 x ). 
Hence, from (5), the following theorem is immediate. 

Theorem 1: For any positive integer k9 relatively prime to 10, let f9 w9 and 

e(k) be given as above. Then 

where n is any positive integer, 
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Some specific examples using Theorem 1 are: 

ff3(10") ~ £, 

N7(l06n) ~ y ^ ( 6 7 - 6 ) , 

49 
^49 ( l o 4 2 " ) ~ 4 t !49< 4 2 4 9 " 6 ( 7 4 9 ) ) , 

and 

*31<10l5n> - l ^ k + i5((-1 + ( f ) 1 / 2 i ) 3 1
 + ( - i - ( 3 D i / 2 i ) 3 y 

where £(/c) = 1,6, 42, and 15 when k = 3, 7, 49, and 31, respectively. Note that 

i denotes the square root of -1 in the last formula. 

It is perhaps clear that the determination of such asymptotic formulas in-

volves sums of complex expressions dependent on the orbit of 10 modulo k9 and 

might be difficult to generalize. 

Finally, we can use the above development as a model to generalize to the 

case where k is any positive integer, not necessarily relatively prime to 10. 

Recalling (1), we see that, if (Zc, 10) ^ 1, then it follows that ~e(k) + 0. So 

S would be replaced by 

_ ( e(k) e(k) 
s = \(xim> yi) : E xi + E 2/i = k 

I i=i i=1 
and , N 

e(k) . _ e(fc) ) 
£ ^ l O ^ 6 ^ - 1 + E ^•lO"-1 = 0 (mod k)}9 

i=l i=l ^ J 

where z/̂  is a decimal digit for each i and where (a^; y . ) is the (e (k) + ~e (k) ) -

tuple 

Thus, similarly to (3), it follows that 

Vio-00*™)- E eff(;.) n\M • (8) 
But ( ) = 1 for each 1 < i < e(fc), so (8) may be rewritten as 

\vi M O 
e(k) 

N ,l0nem+^ = J; 'tit") 

e(k) 

Therefore, 

<Xi ; 0>€ 5 i = 1 V X i / 1 0 

and r e p l a c i n g f a s g i v e n i n (6) by 

f(u) = (**<*> + • • - +MS<*> + e(*>-l ) fc , 
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we are able to state the following theorem-

Theorem 2: For any positive integer k, let /, w, e(k)9 and e(k) be given as 

above. Then 

ffk(io~<*)+»<*>> - f ^ s W ) , 
where n is any positive integer. 

If e(k) = 1, the following corollary is also immediate since f(w9) = 1 for 

each 0 < g < k - 1. 

Corollary: If fe is a positive integer such that e(k) = 1, then, for any posi-

tive integer ns 

Using Theorem 2, we can determine an asymptotic formula for Nk(x) for any 

positive real number x. This follows since there exists an integer n such that 

jQwe(fe) + e(fe) ^ x < X Q ( n + 1)e(A:)+^(/c) (9) 

Buts by Theorem 2, we have that 

Nk(IOne(k) + *(k)) ~ NkaO(n+l)e{k) + * ( k ) ) 

since nk ~ (n + l)k . Hence, 

and because (9) implies that 

n [log x] - e(k) _ log x 
e(k) e(k) 5 

we have, in conclusion. Theorem 3. 

Theorem 3̂  For any positive real number x and any positive integer k9 let /, 

W5 and e(k) be giĵ en as above. Then 

\k k- 1 

Thus, an explicit formula for the constant a referred to In (2) has been 

given* The determination of an asymptotic formula for N(x), however, is left 

as an open problem. 

w~k\lo££»*?0w9>' 
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