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1. THE THREE-NUMBER PROBLEM 

L e t 5 = (b1$ b2$ b3) r e p r e s e n t a column v e c t o r of t h r e e e l e m e n t s and d e f i n e 

t h e o p e r a t o r D3 on B a s 

D3(b15 b2, b3) = (\b1 - b3\s \b± - b2\s \b2 - 6 3 | ) . 

Given any i n i t i a l v e c t o r BQS we o b t a i n a s e q u e n c e {Bn} w i t h Bn = D3Bn_ie T h i s 

s e q u e n c e i s c a l l e d t h e " t h r e e - n u m b e r game" b e c a u s e of i t s s i m i l a r i t y t o t h e 

fou r -number game s t u d i e d by Webb [ 2 ] . 

D e f i n e vB = m a x ( | & 1 | 5 | i > 2 | 9 | & 3 | ) ° Then , vB > rD 3B w i t h e q u a l i t y o n l y i f 

D3B i s of t h e form B!
 9 where 

Bf e [(bF
s b \ 0 ) , ( 0 , b \ b')9 (b'9 09 6 ' ) ] , bf > 0 . 

Definition 1.1: The length of the sequence {Bn}9 denoted L(B) 9 is the smallest 

n such that Bn takes the form B!. 

The three-number problem is to determine L(B) given B, Note thats if b± = 

b2 = b3s Bf = 0 and L(B) = 1. 

Definition 1.2: If L(B) = L(C)9 B and C are said to be virtually equivalent 5 

B ~ C. 

Let CQ = P0B0, a vector in which the elements of BQ are rearranged, then 

Ci = PiBi9 i = 1, 2S . .., n9 where P̂- is some permutation matrix. Therefore, 

C0 ~ BQ and 

5'o ^ PoB0° C1-1) 

Definition 1.3: The vector B is said to be proper if B = (a, &9 0) + c[7, where 

a > 2? > 0, e is arbitrary,, and U = (19 19 1) . 

Note that either L(B) = 1 or B is virtually equivalent to a proper vector. 

If B is proper 5 then 

( (&, 2& - a , 0) + (a - &)£/ i f 2£- > a > 2? > 0 , 
^ 3 5 = S ( 1 - 2 ) 

{(a - b, a - 2b9 0) + bU If a > 2b. 
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In either case, D3B is virtually equivalent to a proper vector of the form 

(ar , br
 9 0) + c1Z7, where c1 = ar - br and is independent of c. 

If c' is arbitrary and B is proper, then 
B + c'U * B. (1.3) 

If fc is an integer and 5 is proper, D3kB = |fc|£>35; hence, 

kB ~ B. (1.4) 

The three-number problem can be solved, in general, by use of the above 

equations. If B is proper, it reduces to a solution of the two-number problem 
as shown below. 

2. THE TWO-NUMBER PROBLEM 

The two-number game has been studied by the author (see [1]). Let D2 rep-

resent an operator defined on a vector A = (a, b) 9 a ^ b > 0, by 

((&, a - b) 2b > a, 
D2A = < (2.1) 

((a -.£, b) a > 2b* 

Definition 2.1: The complement of A is defined as C(a9 b) = (a, a - &) . Then, 
"1 01 C = 
.1 - 1 

and i f a > & > 0 , 

Z)2C4 = Z?2i4. ( 2 . 2 ) 

Given any initial vector AQ9 we obtain a sequence {An} with ln = D2^n_1. 

This sequence is called the "two-number game." 

Definition 2.2: The length of the sequence {An}, denoted L2(A) or L2(a9 b) is 
the smallest n such that An = (a', 0) for some integer af > 0. 

It follows that L2(n, 1) = n and that 

L2(a, 2>) = [alb] + L2(&, a (mod b)) 9 (2.3) 

where [#] represents the greatest integer in the number x. 
The two-number problem has been solved for a ) i > 0 as the result of re-

peated applications of this formula. 

3. THE MAIN RESULT 

Theorem 3.1: If B = (a, b9 0) + oU is proper, then L(5) = L2(a, b). 

Proof: Comparing equations (2.1) and (1.2), we see that 

D3B0 «• (OT2^0, 0) + e1C/ or 

Bx * (CAl9 0) + ax[/, 

B2 * (CA2, 0) + c2Z7, etc., where ci is an integer. 
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For some n5 Bn = (bf, b \ 0) , cn = 05 Bw-1 ^ Sn, and L(50) = n5 but 5n ~ (CAn9 

0)s so ̂ n = (2?f, 0) . Since D2(br
9 0) does not exist, there is only one n such 

that An = (br
s 0) . It follows that, if B = 04 s 0) + cU is proper, then 

L(B) = L 2 W ) . • 
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