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1 . INTRODUCTION 

Let (xn) s n = 1, 2, . . . be a sequence of r e a l numbers contained in [0, 1) . 

Let A([09 x); N) be the number of x„ s 1 < n < N9 t h a t l i e in the sub in t e rva l 

[0, x) of the u n i t i n t e r v a l . The number 

D(P) ' r l 

* * ;0 a 4([0, x ) ; 217) N 
P dx) , ..., (1) 

where l<p<° ° , is called the L -discrepancy of the given sequence ([2],:p. 97). 

As is well known, the notion of discrepancy is at the center of most theo-

ries in the area of • uniform distribution (and other types of distributions as 

well) and quantitative aspects of certain limit passages are expressed by esti-

mates of the discrepancy. 

The following relation was given by Koksma [1] and by Niederreiter [3]: 

1 1 N 

o -ikt + h^**-8^2- •••* (2) 

where 0 < x± < x2 < • • • < xn < 1 and sn - (2n - 1) /2N. 

In the following, we show (2) (for the sake of completeness) and consider 

the case p = 4. The proofs are given by elementary methods. Some sum formulas 

are established and only integration results are used. 

2. THE CASE p = 2 

To prove (2), the following lemma is useful. 

Lemma 1: £ £ maxOc„, xj = £ (2n - l)xn , where 0 < ̂  < ̂ 2 < ••- < xw < 1. 
n = 1 m=l n = l 

N N N / N \ A 
Proof: £ £ max(xn5 x j = E E maxOrn, xm) = E (2« - D # n , 

n = 1 OT=1 rc=l\m=l / n=l 

since for any n there are n values of m satisfying m <, n taking care of the In 

pairs (xn3 x±) , . .., (xn, xn) , (x1, ̂ ) , . .., (xn, x j , But {xn3 xn) is counted 
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twice3 so for any n there are 2n - 1 values of xn* 

(0(xn > t) 
L e t c(t9 xn) = < 5 0 < t < l . Then 

(l(xn < t) 

J*i/ N \2 r i ff if 

I E <?(£* # n ) J dt = \ E E c ( * > xn)c(t9 xm)dt 
0 \ n = 1 / ^ 0 « = 1 m = l 

= E E <?(£* max(x n S xm))dt. 
n=l m=lJO 

Now we show ( 2 ) . We haves 

(ND^y Y,a(t, xn) - Nt f 
Jo 
fl I N \ 2 f 1 N f 1 

= £ c(*> xn)\ dt ~ 2NI t X X * » #„)<*£ + 21/2 t 2 d£ 
JO \ n = l / Jo n = l Jo 
^ N f1 f1 ^ 1 

* E E °(t9 max(x n 9 a ; m ) ) d £ - 2 t f | tJ2c(ts xn)dt + -«il 
7 1 = 1 772=1 J O J O n > = l J 

Hence 5 

E E d " m a x ( x n s arOT)) - 2ZF E ^ d - x2
n) 4- ^ 2 

n = 1 m= 1. n = 1 ^ J 

^ ~ E E n iax(^ n 9 ^ ) - 71/ î  - £ re2 ) + ^ 2 

n = l m = I \ w -. 1 / J 

4 ^ 2 - E (2w - Dxn + i l / E ^ n (by Lemma 1 ) . 
•3 w = l n = 1 

v^m / = "3" "*" Jj 2^ y^n ~ ^ ^ n ) = "3 /j/ 4^-, ^ n "" 2snxn) N 3 N n V i \ n ff n / 3 

1 1 ^ 1 ^ 
~o" + /j7 2 ^ ( x n s n ) " jji L s n ' 
j i V n = l iV n = 1 

S i n c e 

we have 

* 2 A (In - 1 \ 2 1 ^ . x n 1 MZ^3 2A 

(2K2 = I ^ ( _ s2 , _ _ 1 _ 

and t h i s p r o v e s ( 2 ) . 

C o r o l l a r y 1: D(
N

2) > — ^ - ; Z^2) = - ^ — i f f ^ n = sn (n = 1, 29 . . . , N). 
2NV3 ' 2 ^ / 3 

C o r o l l a r y 2 : Z)£2) < — i f xn < 2 n " 1 in = 1, 2 , . . . , N) . 
/ 3 iV 
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Proof: {vf)2 = j + I £>„(*„ ™ T ^ ) 5 h e n C e s 

(£<2)) < I if xn < 2ny7" X ( n = l , 2 , ...5iP). 

3. THE CASE p = k 

We shall use the following lemma. 

Lemma 2: Let 0 < x± < x2 < -•• < xN < 1. Then9 

N N N N 
E E E m a x ( * n > ^ m » X £ > = E ( 3 n 2 - 3 n + l)x2« 

n=im=lZ=l n-\ 

N N N N N 
Proof : E E E m a x 2 0 * V Xm* Xi^ = E E ( 2 ^ - l ) m a x 2 0 r n § x m ) 

n = l m = l £ = l n = l m = l 

E N N N 
= 2 E E ^ max2(a:„ , m) - £ E m a x 2 ( ^ n S a^ ) . 

n = 1 m = 1 n = i m = l 

N N N 
N o W s E E niax2(^cn9 xOT) = E (2^ ~ l ) # n (by Lemma 1) . 

n = 1 m = 1 n = l 

E E ™ m a x 2 ( x n 5 xffl) = E [2{1 + 2 + • • • + (n - 1)} + n ] x 2 

n = 1 m = 1 n = l 

1 w 

4 E ^(3n - l )x 2 . 2 n t x 

Hence , we h a v e 

E E E m a x ^ n * ^m* ^ ) = E On2 - 3H + 1)X2, 
n = 1 m = 1 £ = 1 n = 1 

C o r o l l a r y of Lemma 2: 

N N N N 
E E E m a x ( * n , x ^ **) = E On2 - 3n + l)xn. 

n=l m=l 1=1 n~1 

Lemma 3: Let 0 < x± < x2 < • • e < % < 1. Then, 

N N W N N 
E E E I ^ x ^ , xm, a:^ a:„) = £ (4n3 - 6n2 + 4n - l)xn. 
n = l m = 1 £=1 w= 1 n = 1 

Proof: First we consider 

N N N I N \ 
E Em max(a;n, *m) = E ( E ™ max(*„, *m) ) . 

n=l m=1 n=l \m=l I 

Keeping n fixed, we have to take the pairs (x19 xn)9 . .., (xn, xn) 9 (xn, Xj^) , 

. .., (#n» ^n„x) into consideration; the maximums of the first set must be mul-

tiplied by n2
s those of the right set by 129 22

s B.e9 (n - 1)2
9 respectively. 

Hence, 
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E I E ^ 2 max(j;n9 a^) ) = E <T-(W - l)n(2n - 1) + n3\xn. 
n=l\m=l / « = n D / 

So we have 
N N N N 
E E E Ema*(Xn* Xm* xl> XJ 

n = ± m = i £ = 1 w= 1 

~ E E ( 3 ^ - 37?? + l)maxGE„, £Cm) (by t h e C o r o l l a r y of Lemma 2) 
n = 1 m = 1 

# # N N N N 
= 3 E E ^ 2 m a x ( x n , x m ) - 3 E E w m a x ( ^ n , x w ) + £ J ] m a x ( x n , # m ) 

n = l m = l n = l m = l n = l m = l 

= 3 E \ \ n fa ~ l ) ( 2w - 1) + n 3 U n - 3 E \n (3n - l ) x „ + E ( 2 w - l)a:n 
n = l ^ D ; n = l Z n = l 

IV 
= E (4n 3 " 6n 2 + kn - l)x . 

n = l 

Lemma k: I 3 + 2 3 + • • • + N3 = j N2 (N + 1 ) 2
5 

I 4 + 2h + • • • + ^ = ~^- tf (tf + 1) (2N + 1) (3N2 + 3N - 1) . 

Theorem: Le t 0 < x x < x2 < * -» < #^ < 1. Then, 

< v « ln4{(^ - s^h + ̂ (x- - ^ ) 2 } + d W > w h 2n - 1 e r e s„ ; 
271/ 

P roof : F i r s t s we have 

N r1 r1 ^ 
-4il/3 E <?(£> ^ H 3 ^ = ~ ^ 3 E e(*> ^n)^3 ^ 

^ = 1 Jo Jo « = 1 
= -4/J3E t3 dt = -^3 E (1 - *£) 

n = 1 Ja:„ n = 1 

= " ^ + ^ 3 E ^ n -
n = l 

Second 5 we have 
N N r l N N 

max(x n , xm) 
6 i l / 2 E E t 2 c ( t 9 max(a;„, a?OT.))d£ = 621/2 E E 4 ^ 

n = l m = l J o n = l m = l ^ 

= 6N2Z E ( 4 - i ( m a x ( x n , ^ ) ) 3 = 6N2(\- - ^ E E ( * a x ( * n , * J ) 3 

IV iff 
= 2 ^ - 2 i l / 2 E E ' m a x 3 ( ^ n 5 x m ) . 

n = 1 m = 1 

Hence , 

(M^V = P i E c(t, ar„) - Nt\" dt 
• 'O l n - 1 I 

( c o n t i n u e d ) 
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- 1 / N \± 
I [ ( E e ( t , xn)Ydt - wCtl f c{t9 xjY dt - 4 / y 3 f V i > ( t s x„)c 

°>0 \niFl J JO \n = l J Jo n = i n 

+ 6N2f W £ o(t9 Xn)J dt + i l ^ f V dt 

N N N N f l N f1 

E E E E j <?(£» max(xnS xms ^ x u ) J t - 4/1/3 E I e(£> xn)t3 < 
w = l m = l £ = 1 w = l J o n = l J o 

+ 6/1/2 E E c ( t , max(xn5 xm))t2dt 
n = l m = 1 J o 

N N N s*l 
- 421/ E E E I £<?(£, maxOr , xm5 2%))d£ + — N 

n = l m = l 1 = 1J0 -> 

i IV N N 
j-N1* - N*+ + il/3 E ^n + 2 ^ ~ 2Z1/2 E E max3 (xn, xm) 
-* n = 1 n = 1 m = 1 

- 2Nh + 2NY, E L m a x 2 ^ , x„, a^) 
n = l m = i £ = 1 

IV tf IV IV 
+ ^ ~ E E E E max(#„, ^ ^ * #w) 

n = l m= 1 £ = i w = 1 

1 N N N 

c ^ + ^3 E 4 - 2^2 E E max3 (*„ , a?w) 
-̂  n = 1 n = 1 m = 1 

iff N N 

+ 2N E E E m a x 2 ( ^ n ' ^m' #*) 
n = l m = 1 £ = 1 

IV 17 N N 

- E E E E m a x ^ n > ^ **» *tt) 
n = 1 m = 1 £ = 1 w = 1 

jilT* + N3 E ^ - 2î 2 E (2n - l)x3 

-> n = l n = l 

IV IV 
+ 2N E (3n2 - 3n + l )^ 2 - E (4n3 - 6n2 + 4n - l)a;„. 

n = 1 n = 1 

Hence, 
N 

(T)CW - 1 + I v ( ^ _ j(2n - 1) 3 + 2(3n< - 3n + 1) 2 

4n3 - 6n2 + 4n - 1 
N3 

2 

, ) 
1 1 ^ / 1 ?\ I N / h Sn \ 

V ( » i. S" \ - V ((2n - !V + (2w - ! ) ^ 

i iV 

r E (16n4 - 32n3 + 32n2 - 16n + 3) 
1 6 ^ n = i 

^ „ 1 6 E ^ - 32 E ^ 3 + 32 E ^ 2 - 16 E ^ + E 3) 
16/1/ \ n = l n = l n = l n = l n = l / 
"7^ 
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1 /16 N* 5*)-

Finally5 

Corol l a r y 1 : D™ > — — ; D™ = — — i f f x„ = sn (n = 1 , 2 , . . . , N) . 
2N</5 2N</5 

CO <- _ i _ -.-f-, ^ 2n ~ 1 
C o r o l l a r y 2: D;4; < - ^ i f xn < 

Proof: < » " - i + I £{,„(,. - ^ ) ( , S . 1-jS x, + ̂ î tl)}. 
2n - 1 , 2n2 •- 2n + 1 / 2n - 1\2 , 4n2 - 4n + 3 ^ n Now, x„ xn + — = yxn — — j + — > 0. 

Hence , D™ < — 

n N ~n ' N2 Vn 2/1/ / ' 4il/2 

1_ 
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