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In [1], Marshall Hall defined Un to be a divisibility sequence if Um\Un 

whenever m\n. If we let Un = An(eQ + c^n) for integers A9 cQ9 and c±9 then a 

corollary to the theorem in [2] is that Un is a divisibility sequence if and 

only if exactly one of the coefficients cQ or o equals 0. The purpose of this 

paper is to establish a similar result for Un = An (cQ + oxn + c2n2) . 

Theorem: Let Un = ;4"(<20 + c^n + £2n2) for integers A9 oQ9 ol9 and c2* Un is a 

divisibility sequence if and only if exactly two of the coefficients oQ9 c , 

and c2 are 0. 

Proof: It is easy to see that,' if exactly two of the coefficients cQ9 cl9 and 

c2 are 0S then Un is a divisibility sequence. Consequently, in what follows, 

we assume that Am(cQ + c1m + c2m1)\An {c 0 + o^n + c 2n2) if m\n9 and, without loss 

of generality, that A > 0. 

Case 1: c0 = 0 

Assume c1 £ 0 , f o r , o t h e r w i s e , we h a v e cQ = <? = 0 and e2m2A\c2n2A i f m\n9 

and we a r e f i n i s h e d * R e p l a c e m by ^772/4, n by c1nA9 and l e t £ = o^Aiyi - m) . 

Then we have (c2mA + c2<227722;42) \Ae (c2nA + c 2o2n2A2) i f m\n. C o n s e q u e n t l y , 

(jn + o2m2A)\Ae(n 4- o2n2A) i f ?7z|n. 

In p a r t i c u l a r , 
(1 + c2A)\Ae(n + c2n2A). 

I f e < 0 , t h e n (1 + o2A)\(n + c 2 n 2 ^ ) i s i m m e d i a t e , w h i l e i f e > 0 , s i n c e 

g c d ( l + c 2 4 , A e ) = 1, 

we a l s o have (1 + o2A) \ (n + o2n2A) . 

Se t n = 2. (1 + c2i4) | (2 + 4tf24) . S i n c e 2 +• 4c2,4 = 2 ( 1 + c2A) + 2c2A5 we 

h a v e (1 + c2A) \lo2A9 which i m p l i e s t h a t (1 + o2A)\2; h e n c e , 1 + e2i4 = ±1 or ±2 . 

X + c ? i 4 = 1 => e = 0 , and we a r e f i n i s h e d . 

1 + c2A = - 1 =» (777 - 2m2) | (n - 2n 2 ) i f w |n and 7?? i s odd , which i s f a l s e f o r 

m = 3 , n = 6 . 
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1 + c2A = 2 => c2A = 1=^(772+ m2) | (n + n2) if m\n9 which is false for 777 = 2, 

n - 4. 

1 + c2^ = -2=»i = l o r A = 3=» (777- 3m2) \Ae(n~ 3n2) if 777 |n, which is false 

for 777 = 5, n = 10, 

Case 2: c0 ^ 0 

R e p l a c e 777 by oQmA9 n by c0?z4, and l e t 0 = c0^4 (n - 77?) . T h i s g i v e s 

(cQ + e^/TzA + ( 3 2 c 2 m 2 l 2 ) | ^ L e ( c 0 + c^c^nA + ( ? 2 c 2 n 2 ^ 2 ) , 

which i m p l i e s t h a t 

(1 + o-jnA + c2cQm2A2)\Ae(l + oxnA + c2c0nzA2). 

As i n Case 1, t h i s l e a d s t o 

(1 + c^mA + c2oQm2A2)\(l + o^nA + c2oQn2A2) i f 77?|n. 

S e l e c t m = 1, n = 1 + c^A + c 2 c Q ^ 2 . Then (1 + Q A + c2cQA2)\l, i . e . , 

1 + o±A + o2cQA2 = ± 1 . 

Case a: 1 + c x A + c 2 c 0 A 2 = 1 

1 + cxA + a 2 c 0 ^ . 2 = 1 =>^(c?1 + a2o0A) = 0 =»c2^0^4 = -c1. Thus , 

(1 4- c1mA - c^A) I (1 + c1nA ~ o^A) i f 77?|n. 

Se t n = 2777. (1 + c1mA - c^m2^) | (1 + 2c1mA - kc^n2A) i f 77?|n, o r 

(1 + OjiriA - o1m2A)\ (1 + cjnA - c^m2A + ( ^ T M - S c ^ 2 ^ ) ) . 

Hence , 

(1 + c-jnA - c17772i4)|2(c1?7zA - Ic^A). (1) 

Se t n = 3TT7« I n a s i m i l a r manner t o t h e a b o v e , we g e t 

(1 + ojnA - e ^ 2 ^ ) ! (2cr77?A - So^A). (2) 

T o g e t h e r , (1) and (2) imply t h a t (1 + Q^rnA - c1m2A)\(2c1m2A) * 

Set 777 = 2 . We o b t a i n (1 - 2c? ^ ) | 8c ^ . But 8 ^ 4 = 4 - 4 ( 1 - 2 e 1 4 ) , so t h a t 

(1 - 2o1A)\h9 i . e . , 1 - 2oxA == ± 1 . 

1 - 2c XA - 1 => c?1 = 0 . S i n c e <?2<?0i4 = - c ^ , e i t h e r cQ = 0 o r o2 = 0 , and we 

a r e f i n i s h e d . 

1 - 2cxA = -!==> c2A = 1 =?> (1 + 777 - 7772) I (1 + n - n2) i f 777 | n , which i s f a l s e 

f o r 77? = 3 , n = 6 . 

Case b: 1 + ctA + c2cQA2 = -1 

1 + QXA + e2cQA2 = - 1 ^A(ol + o2oQA) = - 2 = ^ / 1 = I o r 2 , 
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Case i: A = 1, c± + c2e0 = -2 

If A = 1, then 

(1 + c±m + c2e0m2) | (1 + ^ n + c?2<?0n2) if w|ne 

Let m = 2 and replace n by 2n. Then 

(1 + 2o1 + 4<32<20)|(1 + 2cxn + 4c2c0?22)9 

Since c1 + c?2c?0 = "~̂ 3 w e ^av e 

(2c2^0 - 3)|(1 + 2c1n + kc2cQn2)e 

Let w = 2c2cQ - 3, Then (2c2cQ - 3) 11 => 2^2^0 - 3 = ±1. 

2c2c0 - 3 = 1 => c2c0 - 4 =» c2 = -4 => (1 - km + 2m2) | (1 - 4n + 2n2) if ???|ns 
which is false for m = 4S n = 8. 

2c2c0 - 3 = -1 => o2oQ = 1 ==> c1 = -3 => (1 - 3??? + ???2) | (1 - 3n + n2) if m\ns 

which is false for m = 49 n = 8. 

Case ii: A = 2, cx + 2c2c0 = -1 

If A = 2S then 

(1 + 2e1tf7 + kc2cQm2)\ (1 + 2c1n + 4<?2c0n2) if ???|ns 
Let m = 25 and replace n by 2ne Consequently, 

(1 + 4a1 + l6c2cQ)\(l + 4^xn + l6c2aQn2) . 

Since ^ + 2c2cQ = -1, we have 

(8<22c0 - 3)|(1 + 4̂-în + I6c2c0n2). 
Let n = 8c2c0 - 3. Then (8<?2^0 - 3) | 19 which is impossible. 

Remark: It is reasonable to conjecture that 

i = 0 

is a divisibility sequence If and only If exactly k of the c^s are 0. It ap-

pears that this general case cannot be proved using the methods In this paper. 
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