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In [1], Agarwal & Andrews studied partitions with "a copies of a," and in 
[2], Agarwal & Mullen studied partitions with "d(a) copies of a" (where d is 
the divisor function). In this note, partitions with "M(a) copies of a" are 
considered; the maximum exponent function, M, is defined by 

M(a) = max(el5 . . . , eT ) 

if the integer a > 1 has canonical prime-power form a = p^1 ... p&r , and Af(l) = 
1. 

Define L to be the set of ordered pairs (a, b) of positive integers with 
1 < b < M{a) . We say i is a partition of n with M{a) copies of a if IT is a 
finite ordered collection (al5 b\) , (di* b^_) , ..., (a^, bk) of elements of L 
such that GL\ + CLi + • • • + a^ = n and, for I < i < j < k, a^ > a-j with bi < bj 
if CLI = <Zj. If we replace (a, Z?) in L by a^, the partitions of n with nA/(a) 
copies of a" for n = 1, 2, 3, 4, can be represented, respectively, by 

lx; 2l5 ll + li; 3i, 2X + ll5 li + li + li; 

4l5 42, 3i + li, 2l + 2l5 2l + lx + lx, li + li + li + li-

For the positive integer n9 let /??(n) denote the number of partitions of n 
with uM(a) copies of a.11 As in [3, Ch. 1] and [2], a generating function for 
such partitions is 

1 + £ rn(n)qn = f[ (1 - qn)~M(<n\ 
n= 1 «= 1 

This is an immediate consequence of the following theorem [3, Th. 1.1]: 

If H is a set of positive integers, if "#" is the set of partitions with 
parts in H, and if p(uE", n) is the number of partitions of n with parts in 
H, then for \q\ < 1, 

Y,P("H", n)qn = f][ (1 - qn)~l. 
n>0 ^e# 

The factor (1 - qn)~l = I + qn + qn + n + ... is replaced by 

(1 - ̂ n)-^) = (1 + qn + qn + n + ...)#(«) 
= (1 + <?«1 + ^ ^ " l + ...)(1 + ^ + ^ 2 + ̂2 + ...) 

••- (1 + qnMin) + ^n^)+n«(«) + ...) 

for rii = n (1 < i < Af(n)) ; thus, the number of partitions of n with "M(a) copies 
of a" is counted. For example, TT?(4) is the coefficient of q^ in 

(i - ? ) - ' ( i - ^ - m - ^ - m - <?4r2 

= (1 + qli + < ? l l + l 1 + ^ 1 i + 1 i + 1 i + g l i + l i + l i + 1 i + . . . ) 

• (1 + q2^ + ?
2 i + 2 i + - . . ) ( 1 + ? 3 1 + • • • ) ( l + ? * 1 + " - ) ( l + ? 4 ! + • • • ) 

for l j = 1, 2i = 2, 3} = 3 , 4j = 4 2 = 4; s i nce 
? 4 = ? 4 ! = g 4 2 = ^3!+!! = q21+2l = ^2,-M^l! _ ? 11 + 11 + 1! + 11, 

then w(4) = 6, and the exponents 
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4 l 5 42, 31 + ll5 2l + 2 l 5 2l + l l + ll5 li + li + li + 1] 

are the six partitions of 4 with "M(a) copies of a." 
If p(ft) is the number of unrestricted partitions of n, then 

1 + Y,m(n)qn = f\ (1 - qn)~l Yl (I - q yWW-U 
n= l n= I n > 1 

M(w) > 1 
pin\M(n) - 1 _ = (£>(«)<?«) n (£ 

\ n = 0 ' « > 1 \ £ = 0 
M(n) > 1 

Note that M(ji) = p(n) if n = 1, 2, 3. Some values of m{n) are shown below. 
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

m(n) 1 2 3 6 8 13 18 30 41 60 82 121 162 226 302 422 

A recurrence formula for m(n) is now given. Let [r] denote the greatest 
integer less than or equal to the real number r; let 

t ^ V = £m0qv> 
i = o / y = o 

where A: is a positive integer [so that (k)v is the coefficient of qv in the 
expanded form of (1 + q + q2 + q3 + - - O ^ ) ; and let s^ equal the ith nonsquare-
free positive integer (with S]_ = 4, s 2 = 8, s3 = 9, s^ = 12, s 5 = 16, and so 
forth). Then, if n > 4, 

J 
^(n) = J2 m n, s- ' 

1 
where j is the unique positive integer such that s- < n < Sj + i5 777(0) is defined 
equal to 1, 

[n/4] 
^w, 4 = P<» + J^ p(4 - ni) 

i= 1 
for n > 4, and 

W„j S = M S j ) - D[n/s..] "Ktt " Sjt^/Sj]) 

[n/sj] -1 /t7-_! 

£= 1 \y = 1 
for n > Sj > Si. For example, 

777(16) = W 1 6 j 1 6 + 77716> 1 2 + 77715j 9 + 77716j 8 + 7 ? 7 1 6 j 4 

= (M(16) - 1) 1^77(0) + (M(12) - 1)1777(4) + (M(9) - 1) 1/77(7) 
+ (Af(8) " 1)2777(0) + (M(8) - D l W 8 f l f 

+ ( p ( 1 6 ) + p ( 1 2 ) + p ( 8 ) + p ( 4 ) + p ( 0 ) ) 
= ( 3 ) i • 1 + ( l ) i • 6 + ( l ) i - 18 + ( 2 ) 2 - 1 

+ (2)x(p(8) + p(4) + p(0)) + (231 + 7 7 + 2 2 + 5 + 1 ) 

= 3 + 6 + 1 8 + 3 + 5 6 + 3 3 6 

= 422. 

Combinatorial interpretations of partitions with "Af(a) copies of a" can be 
stated in terms of plane partitions [3, Ch. 11] and factorization patterns [2]. 
In [4], Mitchell considers plane partitions in which the number of parts equal 
to j > 1 in any row is not less than the number of parts equal to j in the next 
row; we designate these plane partitions as Mitchell plane partitions (MPP's). 
Each MPP of a positive integer n can be written uniquely in an "identical-
element-column format" (ICF) of the type 
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Lrl 

i l t • a2t . . . artr 

wi th 

E E aa = 
and 

with 

i = 1 j = 1 

au > ai + u l (i 

ail = ••• = ait2 

1, . . . , r - 1 ) , 

for each i = 1, ..., r , and such that, if ail = akl for i < k, then £^ > tfe. If 
n > 1, then m(ri) is the number of ICF's of the following types: 

/ V 

I- all azl ... arl (with ]T aix = n and a^x > ai + 1 x (i = 1, ..., r - 1); 
\ i = 1 ' 

t\ = • ' ' = tr = 1. ICF's of this type are unrestricted partitions of n, 
II. ICFTs formed by first replacing one or more of any nonsquarefree a^\ (i = 

1, . .., P) in I, as indicated in (i) and (ii) below, and then rearranging 
these columns if necessary. (If a^\ is squarefree, then a i\ is the only 
acceptable form.) 

(i) If an * a^i for k * i, and p is the smallest prime such that pM(aiO 
divides an* then acceptable replacement forms for a^\ are those with 
ai\IVv identical column entries, each entry pv (v = 1, . . ., M (CLI ) - 1) . 

(ii) If an ~ ai + i, l = * • * = ai +w,\> ai\ * ak\ if ^ * ^' ^ + 1» •••» i + ^ 
(1 < £ < i + p < p ) , then acceptable replacements are those with one 
or more of an, ..., CLi+w,l replaced by replacement forms specified 
in (i) under the condition that entries in the column replacing a^\ 
are greater than or equal to entries in the column replacing ac\ if 
c > b (i < b < c < i + w). 

Denote the set of ICF's of n of these types by MICF(n), and m{n) is the order 
of the set MICF(n). 

Also, m{n) is the number of restricted "maximum-exponent" factorization 
patterns (MFP's) of the type b°^ ... b^r with 

and 

with 

and 

n = blal + • • • + bra2 

b1 = ... = bki > bki+l= . . . = bk2 > .•• > bK_l+l = . . . = bkc 

av 

a l * • • • * % > a k l + l * ' " * ak2> • • • * a k a . l + l * * • • ^ aka> 

and i n which, fo r bvav = w (1 < w < ri) and for v = 1, 2 , . . . , r, bv
v has the 

fo l lowing s p e c i f i e d form: 

(1) If w is a squarefree positive integer, then ,bj - W , 

(2) If w is not squarefree, and p is the smallest prime such that p̂ (w) 
divides w, then b*v = wl or b%v = {pt)^/Pl) (t = 1, ..., M(n) - 1). 

To illustrate, 777(8) = 30 and the elements of MICF(8) are 
8 2 4 71 62 611 53 521 5111 44 42 22 431 321 422 222 

2 4 2 22 2 2 
2 
2 
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4211 2211 41111 21111 332 3311 3221 32111 311111 2222 22211 
2 2 

221111 2111111 11111111 
The element 321 (obtained from 231 by a column rearrangement) has plane parti-
tion form 321 and corresponds to the MFP 3l21\l. 

2 

For any positive integer n there is a bisection between the set MICF(n) and 
the set of MFP's of n. Also, a bisection between the members of the multiset 
{1]_, 2]_, 3]_, 4]_, 42> •••> Yi\i • ••» M̂(n)} and the set of MFP's of n is indicated 
by 1]_ corresponding to l1, 2X to 21, 3X to 31, 4X to 22, 42 to 41, ..., and nl 
to nl if M(w) = 1, or nl to p«/p , ..., nv(w)-i to (p^-l)^/?^- 1), nw(n) to nl 
if Af(rc) > 1 and p is the smallest prime such that pM(n) divides n. 
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