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1. Introduction 

Let s(n, k) and S(n, k) be the (unsigned) Stirling numbers of the first and 
second kinds, respectively. These numbers are well known and have been 
extensively studied; see, for example, [5, Ch. 5]. The generating functions 
are 

(1.1) (-log(l - x))k = kl X s(n9 k)xn/nl, 
n = k 

(1.2) (ex - l)k = kl Y,S(n, k)xn/n\. 
n = k 

Congruences for the Stirling numbers are apparently not well known. A few 
congruences for prime moduli can be found in [5, pp. 218-19, 229] and other 
books, but surprisingly little work has been done on this problem. Carlitz [4] 
worked out a method for finding congruences for S(n, k) (mod p) , where p is 
prime, and recent papers by the author [8], Kwong [10], Nijenhuis & Wilf [12], 
and Peele [14] indicate an increased interest in Stirling number congruences. 

The main purpose of this paper is to extend results of Glaisher [6] and 
Nielsen [11, p. 338] by proving the following congruences: Let p be an odd 
prime, let n be a positive integer, and suppose pt\n\ that is, pt is the 
highest power of p dividing n. Let B-lr be the 2rth Bernoulli number. For 0 < 

2 and 1 < 2v + 1 < 2p - 2, we have 2r 

(1 

(1 . 

(1 

< 2p 

• 3 ) 

•A) 

• 5) 

sin, n - IT) = fX 2v ) B ^ ' (mod ^ } ' 

s(n, n - 2v - 1) = — ^ + ljBlr (mod p6t), 

n (n + 2v\ o + 
S(n + 2r, n) = — ( ' 2r )BZP (mod p 2 t ) , 2?\ 

(1.6) Sin + 2r+l,n) , ^ ^ »(» +J% | > 2 r (mod p^ ) . 

When n = p and 0 < 2r < p - I, l<2r + l < p - l , congruences (1.3) and 
(1.4) reduce to the previously mentioned theorem of Glaisher, while (1.5) and 
(1.6) reduce to the results of Nielsen. Since extensive tables of the Ber-
noulli numbers are available (the first sixty are listed in [9, p. 234], for 
example) and, since the properties of the Bernoulli numbers are well known, 
perhaps congruences like (1.3)—(1.6) can give us information about the struc-
ture of the Stirling numbers. We note that applications of Glaisher's congru-
ence are given in [2] and [6]. 

We also prove in this paper that, for 0 < m < 2p - 2 and pl\n, 

(1.7) s(n + m, n) = -{ m j(-l) Bm (mod pzt), 

(1.8) S{n, n - m) E-^( n " l)B™ (mod p^ ) , 
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where B^1 is a Bernoulli number of higher order. The numbers B^ are discussed 
in [13, pp. 150-51, 461] and a table of the first thirteen values is given. 

We shall actually prove (1.3)-(1.8) in a more general setting. Since it is 
just as easy to do so, we shall prove congruences for the degenerate Stirling 
numbers s(n, k\X) and S{n, k\x) of Carlitz [3]. By letting X = 0, we obtain 
(1.3)-(1.8). We shall also show how to extend the range of r to 0 < 2P < 
(p - l)pt and 1 < 2r + 1 < (p - l)ptJ although the congruences become more compli-
cated. 

A summary by sections follows. Section 2 is a preliminary section in which 
we give the definitions and basic properties of the special numbers we need and 
state a theorem of Carlitz that is necessary for most of the results of this 
paper. In Section 3 we prove congruences (1.3)-(1.6) in terms of degenerate 
Stirling and Bernoulli numbers. In Section 4 we prove (1.7) and (1.8) in a 
more general setting. In Section 5 we extend (1.3)-(1.6) by increasing the 
range of v. 

2. Preliminaries 

m-r ' 

The primary tool of this paper is the following theorem of Carlitz [2], who 
used it to prove the Glaisher and Nielsen congruences, as well as congruences 
for other special numbers. 

Theorem 2.1 (Carlitz): Take 

f = f i x ) = j^cmxm/ml (c1 = 1), 
m= 1 

where the cm are rational numbers and, for k > 1, define 

( f ) k = ±<%>x»lm\. 
x J ' m=0 

with aS^ = am. Define 6m by means of 

^- = E 6mxVml. 
J m= 0 

Then 
(2.1) ma^=-ktp&ra 

Next we define and give properties of the degenerate Stirling numbers, the 
degenerate Bernoulli numbers, and other special numbers that we need. 

Carlitz [3] defined the degenerate Stirling numbers of the first and second 
kinds, s(n, k\X) and S(n, k\X), by means of 

/I - (I - x)x\k 

(2.2) ^- —) = kl Z s(n, k\x)xn/n\, 
\ A / n=k 

(2.3) ((1 + Xx)^ - I)* = kl Y< S(n, k\x)xn/nl, 
n = k 

where Ay = 1. Comparing (2.2) and (2.3) with (1.1) and (1.2), we see that the 
limiting case X = 0 gives the ordinary Stirling numbers. Carlitz [3] also 
defined B(mk)(A, z) by means of 

(2.4) {(l + xl)U _ , ) k a + Ax)- - t/^iX, «)*-/». 
with the notation 

(2.5) 3(j° U) = 3(j°(A, 0). 

We use the notation 3(m1}(X, z) = $mU, z) . Thus, 
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(2.6) Bm(X, 0) = 3W(X), 

the degenerate Bernoulli number [1], and 3m(0, 0) = Bm, the ordinary Bernoulli 
number [5, p. 48]. It is known [3], that 

(2.7) s(k, k - m\x) = (-l)*^ " ^fi^M, 

(2.8) S(k + m, k\\) = (k I m)$(
m~k)M. 

The author [7] defined a^(A) by means of 

(2.9) (- ^—-Ak = E^'t^M!, 
M - ( 1 - ^ ) A / w=o 

and showed that 

(2.10) s(k + m, k\x) = (k I mym~k)(X), 

(2.11) S(k, k - m\\) = (-ir(^ " ^ a j ^ U ) . 

We shall make use of the numbers 3m(A, 1 - A). It follows from (2.4) that, 
when X = 0, we have 

when m > 1, 
7(A, 1 - A) = 3OT(0, 1) ; _'" 

when m = 1. 
Also, from (2.4), we see that 30(A> 1 - A) = 1, 3i(A, 1 - A) = (1 - A)/2, and, 
for m > 1, 

(2.12) 3m(A, 1 - A) = 3m(A) - mX^m^{X). 

It follows from (2.12), by induction on m, that &m(\, 1 - A) satisfies a degen-
erate Staudt-Clausen theorem in exactly the same way that 3m(A) does [1]. 
Thus, we can say that, if p is a prime number and if A is rational, A = alb 
with b not divisible by p, then, for r > 0, 

f-1 (mod p) if (p - 1)1 2P and p\a, 
(2.13) p32r(A, 1 - A) E ̂  

I 0 (mod p) otherwise. 
(2.14) 2p$2r+1(X, 1 - A) E 0 (mod p) . 

Note that, if A is integral (mod p) and A ^ 0 (mod p), then 3̂ (A, 1 - A) is in-
tegral (mod p). It follows that, if A is integral (mod p), then 

7?7A3m-i(A, 1 - A) E 0 (mod m) . 
Now suppose p is an odd prime and m = 0 (mod pw) . It follows from (2.12) and 
properties of $m(A) [1] that, if m t 0 (mod p - 1) and/or a $ 0 (mod p), then 

(2.15) 6m(A, 1 - A) E 0 (mod p"). 

3. Extensions of the Glaisher-Nielsen Results 

In this section, and in Sections 4 and 5, we always assume that p is an odd 
prime, n is a positive integer, and p^fn. We also assume A is rational and 
integral (mod p); that is, A = alb with b not divisible by p. 

If we apply Theorem 2.1 with f(x) = (1 + Ax)M - 1, and X\i = 1, we see that 

a^°  = 3Lfe)(A), 6m = 6m(A, 1 - A) (rc > 1) , 

where 3^}(A) is defined by (2.4) and (2.5) and 3m(A, 1 - A) is defined by (2.4) 
with k = 1. Thus, (2.1) becomes 
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(3.D ftf>u) - - ^ E ^ u , i - A)e^ru), with B^U) = i. 
Note t h a t 3^}(X) and 3^~n)(X) a r e i n t e g r a l (mod p) for m < (p - l ) p t . 

Theorem 3.1: For m = 1, . . . , 2p - 3 , 

-B^ n ) (X) = B^CX) s - l B f f l a , 1 - A) (mod p 2 * ) . 

If A ̂  0 (mod p), the congruence is valid for m = 1, ..., (p - l)pt. 

Proof: From (3.1) and the properties (2.13)-(2.15) of 3P(X, 1 - X) , we see that 

(3.2) 3i_n)(A) E B ^ a ) E 0 (mod p*), 

for 777 = 1, 2, ..., 2p- 3, m * p - 1, if X E 0 (mod p) . If m = p - 1, then 

3^\)(X) E 3pr-iU) E 0 (mod p*"1). 

If X ̂  0 (mod p), congruence (3.2) holds for m = 1, . . . , (p - l)pt. We note that 
(p-i) E 0 (mod p) for TTZ = 1, 2, ..., 2 p - 3 , m * p - 1. Thus, letting /c = n or 
fc = -n, we see that every term on the right side of (3.1), with the exception of 
of the v = m term, is divisible by p2t . This completes the proof. 

The following corollary is immediate from (2.7) and (2.8). 

Corollary 3.1: For 777 = 1, ...,2p-3, 

s(n, n - m\\) = (-IT-1 ^ ~ l)$m(\, 1 - X) (mod p2t), 

S(n + m, n\\) = ^(n * m)$m(\, 1 - X) (mod p 2 t ) . 

If X t 0 (mod p), the congruences are valid for m = 1, 2, ..., (p - l)pt. 

If 777 is even and we let X = 0 in Corollary 3.1, we obtain congruences (1.3) 
and (1.5). If m is odd and m > 1, we see from Theorem 3.1 that 

B<f> 5 B{
m

n) =0 (mod p2t), 

where B^ is the Bernoulli number of order k, defined by (2.5) with X = 0. 
This is true because the Bernoulli number Bm is 0 when 77? is odd, m > 1. Thus, 
when X = 0, each term on the right side of (3.1), with the exception of the v = 
1 and r = m - 1 terms, is divisible by p3t. Hence, 

n "1 
>2 5^J 2r + 1 

(2r + 1) n 
5 - - 7 " *2r + (2r + D -
2 2r °  n2(2r + 1 ) , ,. 

E K— BZr (mod p 3^). 
4P 

Similarly, 
(-„) _ n2(2r + 1) 

52r + 1 = — B2r (mod p * * ) . 
Thus, we can state the following corollary. 

Corollary 3.2: The ordinary Stirling numbers satisfy congruences (1.3)-(1.6). 

It is not difficult to extend the range of m in Theorem 3.1. We do this in 
Section 5. 
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4. Further Congruences for the Stirling Numbers 

In this section we prove congruences (1.7) and (1.8). Throughout the sec-
tion, we still have the assumptions concerning n, p, t, and A stated at the be-
ginning of Section 3. 

We first apply Theorem 2.1 to 

1 - (1 - x)x 
f(x) = — 

A 
M) We define cr^;(A) by (2.9), and we define Am(X) by means of 

( 4 . 1 ) j - f xX = £ Am(X)xm/ml 
m= 0 [1 - (1 - x ) x ] [ ( l - « ) 1 _ A ] 

Then we have , by Theorem 2 . 1 , 

(4.2) <4*>(X) =-%±pArM«<£lrM-
When A = 0, (4 .1 ) reduces to 

* = y {-l)mB™xm/m\9 
(1 - X)ln(l - X) m = Q m 

where B^ is the Bernoulli number of higher order [10, pp. 150-51]. 

Lemma 4.1: If Am(X) is defined by (4.1) and $^\x) by (2.4) and (2.5), then 

AmM = (-l)m^\x) (m = 0, 1, 2, . . . ) . 

Proof: We first note that 3^(0) = B{™\ 
Using (2.5) and (2.6), we can prove by induction on z that, for all posi-

tive integers z, 
m 

(4.3) B£°a, *) •£$){&• uty'M-
Equation (4.3) is valid for all real z since B^(X, z) is a polynomial in z. 
We note that a more general result could be proved for numbers generated by 
(x/f)k(f + l)z, with / defined by Theorem 2.1. From (2.4), we also have 

(4.4) 6(r(A, A) - BjfU) = m X B ^ a ) = mX(X - 1) •-. (A - m + 1) . 

Simplifying (4.3), with the aid of (4.4), we have, for A * 0, 

(A - 1)(A - 2) .• (A - 777) 

with 3(Q0)(A) = 1. By means of (4.1) we can show that (-l)JAj(X) satisfies the 
same recurrence with A0(X) = 1. This completes the proof. 

Thus, we can write, for all A, 

-k (4.6) c^(A) = f £ (m
r)(-lf^Ma^r(X). 

Before proving the main result of this section, we need to examine the 
properties of 3(Jf) (A) . The first few values are given in the following table. 

V 

3 ^ ( A ) 

0 

1 

1 

(A - l ) / 2 

2 

(A - 1)(A - 5 ) / 6 

3 

-3 (A - 1)(A - 3 ) / 4 

For A = 0, the first thirteen values are given in [11, p. 461]. By the recur-
rence (4.5), we see that if p is an odd prime, 
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p3(*}U) = 0 (mod p) (m = 1, . . . , p - 2 ) , 
, n n (0 (mod p) i f A t 0 (mod p) , 

p3„p_i (A) = S 
p x U (mod p) i f X = 0 (mod p ) , 

e£p)(X) E 0 (mod p ) , 
p3(

p
P

+
+^(A) E 0 (mod p) (k = 1, . . . , p - 3) 

p -̂Y'u) = U 
0 (mod p) i f A t 0 (mod p) 

(mod p) i f A E 0 (mod p ) , 

(2n_n ( ° ( m o d p) i f A ^ 0 (mod p) 
p3(

?rf i }(A) E { 
2 p _ 1 l l / 2 (mod p) i f A E 0 (mod p) , 

3(
2
2
p
P)(A) E 0 (mod p) (p > 3 ) . 

Theorem 4.1: For p > 2 and TT? = 1, . . . , 2 p - 3 , 

a ^ U ) = -aJ,-">(X) E ( - i r + l I BW(X) (mod p 2 i ) . 

Proof: From (4 .6) and p r o p e r t i e s of $^ (A) , we see t h a t , for 1 < m < 2p - 3 , 
777 * p ~ 1 , 

a ^ } ( A ) E a(
m

n)(A) E 0 (mod p*) . 
Also 

a ^ U ) E 0 (mod p * " 1 ) . 

Since (p-i) E 0 (mod p) for 1 < 777 < 2p - 3, m * p - l , w e see that every term 
on the right side of (4.6) (when k = n or k = -ri) is divisible by p2t , except 
the v = m term. This completes the proof. 

The next corollary follows immediately from (2.10) and (2.11). 

Corollary 4.1: For m = 1, . .., 2p - 3, 

s(n + m, n\\) = ^ + W)(-l)m 6^(A) (mod p 2 * ) , 

5(n,. n- m | x) = - * ( " " ^ S ^ U ) (modp2*). 

Corollary 4.2: The ordinary Stirling numbers satisfy congruences (1. 7) and (1.8). 

5. Extensions of Congruences (1.3)-(1.6) 

Let n9 p, t, and A be defined as in Section 3. Suppose m and h are such 
that 2p - 2 < m and 

(p - l)ph_1 < m < (p - l)pk < (p - D p * . 
Then we define /(£, h) by 

It - h It m £ 0 (mod p - 1) , 
ff-/- M = ^ ^ ~ 1 i f 77? E 0 (mod p - 1 ) , 77? ^ 0 (mod p) , /z = 1, 
IK ' ; ) 2 t - ?i - 1 i f m E O (mod p - 1) , 777 i 0 (mod p) , 7z > 1, 

Jit - h - u - I i f m : 0 (mod p(p - 1 ) ) , pu\\m. 
We now extend Theorem 3.1. 

Theorem 5.1: Suppose X = 0 (mod p). With 777, /z, and f(t, K) defined as above, 
we have 

J-n) (A) E 3^(A) E - ^ 3m(A, 1 - A) (mod p/C*.*)). 
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Proof: We f i r s t no te t h a t Theorem 5.1 imp l i e s t h a t , i f m i s r e s t r i c t e d as in 
the s t a t ement of the theorem, then 

((mod p t ) i f m 1 0 (mod p - 1) , 
( 5 . 1 ) ei"W )(A) = 3 ^ } U ) E 0 hmod pt~l) i f m E 0 (mod p - 1) , 777 t 0 (mod p) , 

^(mod p * " " - l ) i f 77? E 0 (mod p ( p - 1 ) ) , pu\\m. 

We first look at the case m = 2p - 2. In (3.1), with k = n or k = -n, and m = 
2p - 2, all terms on the right side with v < m are divisible by p2t except the 
term v = p - 1. We have 

so 

-6^ 2(A) E B g ^ U ) = - ^ ^ 32p.2(X, I - X) (mod p2*"l). 

We now use induction on /??. Assume Theorem 5.1 is true for all positive inte-
gers v such that 2p - 2 < r < m. In particular, assume congruences (5.1) hold 
with m replaced by r. The problem is to show in (3.1) that, for r = 1, ..., 
m - 1, 

(5.2) ^ ) 3 P ( A , 1 - \)^n_\(\) E 0 (mod pfd.V). 

By using the induction hypothesis and the properties of $r(A, 1 - X) discussed 
in Section 2, we can routinely show that (5.2) holds for all cases of m given 
in the definition of fit, h). 

Corollary 5.1: With the hypotheses of Theorem 5.1, 

sin, n - 7771 A) E ̂ (-l)^-l(^ ~ ̂ ^ ( A , 1 " A) (mod pW'V), 

S(n + 777, n\\) E ̂ ( n + 7??)3m(A, 1 - A) (mod pfU>V). 

Now let 
13£ - 7z - w - 1 if 2v E 0 (mod p(p - 1)), pw\\2r, 

git, h) = <3t - h - u - 1 if pw|| (2r + 1), u > 1, 
!3£ - /i - 1 in all other cases. 

By letting A = 0 in Corollary 5.1, we can now prove the following exten-
sions of (1.3)-(1.6). 

Corollary 5.2: Let 2v and 2v + 1 be restricted as TT? is restricted in Theorem 
5.1. Then 

sin, n - 2v) = ^ ~r ̂ r (mod pfit'h)), 

S(n+2r, n) E l ( w ; 2 % M P ^ « ) , 

sin, n - 2r - 1) E ̂ ^ + U (^ "+ X > 2 , (mod p ^ > ) , 

if 77? > (p - l)pt_1, the congruences become more complicated. However, using 
the same kind of reasoning as before, we can state the following result. We 
let fit, t) be defined as in Theorem 5.1 and define y^ and z/2 by 

pyA(n - 1\ vyJ(n + m\ 
r II \ 777 / L || \ 77? / 
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Theorem 5.2: Let (p - l ) p t _ 1 < m < (p - l ) p t and m i 0 (mod (p - l ) p t _ 1 ) . Then 

s(n, n - 7771 X) = ^ ( - l ) ^ - l ( n " 1 )3 m (A, 1 - A) (mod p^i + ^ ( t ' t } ) , 

S(n + 777, n|A) = * ( * + W ) 3 J A , 1 - A) (mod p*2+/<*.*>). 

By letting A = 0 in Theorem 5.2, we get the corresponding congruences for 
the ordinary Stirling numbers. 
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