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1. Introduction

In a recent note in this magazine [5] Professors A. G. Shannon and A. F.
Horadam generalize a result proposed by Eisenstein [2] and solved by Lord [4]
to the effect that

Dt =D”-

(1.1 1, 7 7 cee = g,
n - n -

where [, is the n'™® Lucas number and o is the positive root of 2 - 2 - 1 = 0.
They introduce the sequence {w,} = {w,(a, b; p, q)} defined by the initial
conditions wy = a, w; = b, and the recurrence relation

(1.2)  wy, = pw,-1 = GWu-2, N 2 2,

where p and g are arbitrary integers.
They let o = (p + V(p? - 49))/2, 8 = (p - Y(p? - 4q))/2, for |B| <1, be the
roots of

(1.3) z22 -pxr+q =0,

so that {w,} has the general term
(1.4) w, = Aa™ + BR",

where

A

(b - aB)/d, B = (ao - b)/d, AB = e/d?;
pab - qa® - b2, d=o -8, p=a + B, ¢ = aB.

They also let @, = ABg”.
The Fibonacci sequence is

e

{F,} = (0,00, 15 1, -1)}, @, = (-1)"+1/5;
the Lucas sequence is

(L} = wy(2, 13 1, 1)}, @, = (-1)";
the Pell sequence is

{P,} = {w,(0, 15 2, -1)}, @, = (-1)"/8.

Shannon and Horadam's result is

4 &
(1.5) w, - — 2 ... =40".
Wy — Wp —
They establish this result by finding a general expression for the conver-
gents of the continued fraction (l.5) and determining the limiting form with an
appeal to some results of Khovanskii [3].

2. An Alternate Approach

Consider the identity
(2.1) Vs -t=(s-t2/Q2t+ (Vs - 1)),
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which gives at once the continued fraction (see [1])
s - t2 g -t s -t2
2t + 2t + 2t + ..

(2.2) Vs =t +

In (2.2), replace s and t by %t2 - s and %t, respectively, to obtain

V(32 - - == = = ,
G ) -3 t 4t o+t
or equivalently,
(2.3) V(G2 -g) +x=t-2> 2 2
t -t -1t-
With the notation of Section 1, let s = §, = AB(ap)", t = w, = Aa™ + BR".

Simple arithmetic shows that the left-hand side of (2.3) becomes Ao”, and we
find
n n

(2.4) A" = w, - — = ,
Wy = W, — +=-

DO

which is the result of Shannon and Horadam.

Similarly, let s = (-1)"*1, ¢ = 2F,, and recall that Ff + (D" = Fy1Fu1s
and (2.3) gives
(-n" ="
2F, + 2F, + .-
As the reader no doubt knows, V(F,_1F,41) is approximated by %,, the approxima-
tion becoming better as 7n increases. The continued fraction in the right-hand
side of (2.5) gives the error committed in the approximation.

Classes of expressions can be found by choosing suitable values of s and ¢.
Especially interesting is the choice

(2.5)  V(F,_1Fpy1) - F, =

= ky k, k
t = alwn1 + azwnz + ... + amwn:,

where k1, Ko, «u.s Kys M1 %y, ..., Ny are arbitrary integers, @), Qo> .-.5 dpn
are arbitrary real numbers, and s is an arbitrary parameter.

Many other expressions can be found by giving appropriate values to s and
t. It is left to the reader to discover them.
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