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1. Introduction

Some years ago, R. Backstrom and B. Popov (see [1], [2], [3]) computed sums
of the form

v L N S
Fa?’l+b + ¢ Lan+b+c,

for certain values of a, b, and ¢. For instance, Backstrom obtained

) 1 2/5 + 1 5 1 _/5h
n=0L2n +3 10 ’ n=OEbn+1 +1 2’
and he also gave the estimate
- 1 1 1
(2) ngoLG ¥ 2 ~ 3 +mg—a = 0.64452...,

where o is the golden ratio. Recently, G. Almkvist [4] has given an exact for-
mula connecting the last sum with Jacobi's theta functions.

The aim of this note is to obtain new results of the same kind. For exam-
ple, we show that

1 L. 0.618...,

(3) =
n=OL2n + ‘/g o

which can be compared with (2), and the surprising result

L = 1.

() — 1 .
7Z=0F2n+l + 3/"/5

In the final section, following Almkvist's method, we express the series
S S
”=0F2n+1 + 2/‘/5’

in terms of the theta functions, with the estimate

= 1 V5 V5. 12

(5) ~ .
W0 Fope1 + 2/V5 4 log o (log a)? (ell?/1og o + 2)

2. Main Result

Theorem: Let s be a positive integer. then

- 1 s

(6) = 55
YZ=0F2n+1 +LS//5— 2FS

s even, s #z 0,
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and

& 1 1 /s -1 1
(7) —_— = ——( + - >, s odd.
nz;o Ly, + V5F, Lg\ 2 1 +a® °

3. Preliminaries

As noticed by Almkvist, it is probably better for this study to use direct
calculus rather than Fibonaccian identities.

Lemma 1: Let q, 0 be real numbers, with ¢ > 1, and let s be a positive integer.
Then the following equality holds:

® 1 1 s-1 1
(8 - .
;g% q"to+ g+ qs/z + q—S/Z qs/2 - q~s/2,1=01 + qn+c—s/2

Proof: One can readily verify that

1 1 1 1
qrto 4 g + qs/z + q—s/z = q-s/2 _ qs/2<1 + qn+o+s/2 B 1+ qn+c—s/2>'
Hence, by the telescoping effect, for V 2 s - 1,
d 1 ~ 1 { & 1
n=0q"+°+ q-—n—o + qs/2 + q—s/Z - q—s/z _ qs/z\n=N-s+ll + qn+c+s/2

s-1 1
- weo 1 + qn+o—s/2>'
Letting N » », we obtain (8) (since g > 1).

Lemma 2: Let a and s be positive integers, let b be any integer, and define
Ts(a, b) by

s-1 1
Ts (a, 2 =n=() 1 + qa@nr-s)+b’
Then
_s -1 1

(9) Ts(ly 0) - 2 + 1 + OL-S
and

s
(10) Ts(13 1) = '2_.

Remark: Here, o is the golden ratio or any positive real number.

Proof: 2s -1 -1
1 1 1 S, < 1 1 >
s = = + = + +
T2 (1, 0) nz=:0 1+ 27728 1 4972 2 ,fél 1+ a2k " 1+ a2k
_ 1 1 N S _1
I A e CR S &
On the other hand,
2s 1

Tos+1(1, 0)
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This concludes the proof of (9). The proof of (10) follows the same pattern.

4. Proof of The Theorem and of Other Identities

As usual, the Fibonacci and Lucas numbers are defined by

1 .
= —(@" - (-1)"""), L, =a"+ (-1)"a7".

s

Let a, b be integers, with @ > 1. Put ¢ = b/2a and g = 0?2 in (8) to get

F

an -y L - —2— 7, (a, B),

woo 0L?_arr)—b + a—Zan-b + 9% 4 a8 ads — g

where T;(a,b) is defined above. Let us examine different cases according to
the parity of a, b, and s.

First case: b even, 8 or a even. Since (11) can be written as

Z 1 1
(12) = Ts (a, b),
YLEO Loany + Las @Fas ¢

letting 8 = 1 in (11), we obtain Backstrom's Theorem V. Namely,

- 1 1 1

= —= a even, b even.
ni=0 Loan+p T La V5F, 1 + ab-a’ ’

Letting b = 0, a = 1, and applying (9), we obtain Backstrom's Theorem IV, which
is

{Z 1 _ 1 <8—l+ 1
n=0bon * L \/EFS 2 1+ a™®

Second case: b even, s and g odd. Formula (11) becomes

>, s even.

- 1 1
(13) = Ts (a, b).
VL;O L2an+b -+ /gF(zs Las N

With ¢ = 1 in (13), we have

2: L - L 1 , b even, a odd.
=0 Lognip + /5F, Lag 1 + ab-a

Letting ¢ = 1 and » = 0 in (13) and applying (9), we get (7) so that

£l - st L) o
W=0 Ly, + V5F,  Ls\ 2 1+ o°®

As special cases, we have

> 1

1 1
- and —_— = -+
o n=0 LG + 2/5 4

- 1
n=OL2n + /5_

ol

Third case: b odd, s or g even. Formula (11) becomes

> 1 1
(14) = — Ts (a, b).
ngo FZan+b + Las /‘/5_ Fas g

With s = 1 in (14), we get
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S 1 _1 1
n:Oann+b + La/)/g Fa 1 + Otb—a

s, b odd, a even.

When @ = 2 and b = 1, we have
S~ 1
W20 Fypy1 + 3/75

Now, put a = 1, b = 1 in (14) and use (10) to get (6) so that

1
a

- 1 s
= = -5, S even.
”=OF2;’L+1 + Ls/‘/g ZFS

As special cases, we mention (4) and
i . _2
=0 Foppy + 7//5 3

Last case: b odd, s and g odd. Formula (l11) becomes

3 L _ 5 4 by,

(15) -+
n=0 FZan+b + Fas Lq

Putting ¢ = 1 in (15), we obtain Backstrom's Theorem II, which is
2: I S = ZE ———J;E?E, b odd, a odd.
n=0 Foonsp + Fa Lg 1 + o

With a = b = 1 in (15), we obtain Backstrom's Theorem I, which is

i ; = ﬂ s odd
n=0 F2n+l + Fy 2L° )

Remark: Consider the recurrence relation
W, =pWp_1 + Wy_p, n 22, p>0,

and the solutions

n Nn—"n
U, = OC____.(_..Q.._OL_, v, = o + (_l)na—n’
Vi
) p+ v
where A = p + 4, o = —F— > 1.

2
The results above could be generalized with U,, V,, YA in place of F,, L,, /5.

5. A New Tantalizing Problem

Let us return to (6). When putting s = 0 in the left-hand side, we obtain
the convergent series

2 1
(16) S ———————— = 1.161685787...,
0 Foue1 +2/V5

where the number on the right is not one we recognize. Using the limit process
introduced by Backstrom ([1], p. 20), we would have

1lim /5

S
B - 2 - 1.16168590...,
s»0 2Fs 4 loga

so we see that /g/(4 log o) is a good estimate of the sum (16).
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Using the method introduced by Almkvist, we can now express (16) in terms
of the theta functions. 1In fact, we have

© 1 ) q2n+1
— -y
P=0 Fo, 1 + 2/V5 A0 (1 + g2n+ly2
where g = a”l. By a classical formula (see, e.g., [5], p. 471), we can write
o q2n+l ~ 1 Xg

n=0 (1 + g&nt1)2 ~8n2 vy’

where (with Almkvist's notations)

1
= /= 2n2/log
V37 Y "Tog g ;e !

2 2,2
vl = 21 s (1 + 2 >eH2n2/1og4.

and

log qY log ¢ 4 log q
(The summation is over all integers 7.)
After some calculus, we obtain the final formula
i n2eg=-TN2n2/log o

= 1 _ /5 n2/s  n=-1
W=0 Fope1 + 2//5 4 log o  (log a)? 1+ 2 f:e-nzn2nﬁg o

n=1

5

which can be compared with Almkvist's formula for
1
n=OL2n + 27

Limiting ourselves to the first term (n = 1), we get the estimate (5).
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