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Introduction 

Let sequences {rn} and {sn} be def ined for n > 0« L e t t i n g 
n 

tn = 2 rksn-k> 
k = 0 

we obtain a sequence {tn} which is called the convolution of {vn } and {sn}. In 
keeping with the ideas of V* E. Hoggatt, Jr. [7], one may define iterated con-
volution sequences as follows: 

^ 0 ) - rn; r^ = t Vn~k for 3 * l-
k = 0 

In particular, If {Fn} denotes the Fibonacci sequence, then 

^n ~ 2~J -k^n~k 
k= 0 

is the convolution of the Fibonacci sequence with itself, Hoggatt [7] obtained 
the generating function: 

x/(l - x - x2)j + l = £ F^j)xn. 
n= 0 

The convolved sequence F„ ''was also considered by Bicknell [2] and by Hoggatt & 
Bicknell-Johnson [8], For related results, see also Bergum & Hoggatt [1] and 
Horadam and Mahon [9]. 

Let primary and secondary binary linear recurrences be defined, respective-
ly, by 

u0 = 0, ux = 1, un = Pun_l - Qun_2
 f o r n ~ 2* 

vQ = 25 ^ = P5 vn = Pvn_x - ^ n _ 2 for n > 2, 

where P and $ are nonzero, relatively prime integers such that D = P - ^Q * 0. 
In this paper, we generalize prior results of Hoggatt and others by developing 
formulas for weighted convolutions of the type 

n 
£/(n, k)rksn_k, 

k=Q 

where each of rn and sn is un or Vn and the weight function f(n, k) is defined 
for n > 0 and 0 < k < n and satisfies the symmetry condition 

f(n, n - /c) = /(n, fc) for all k. 

In addition, we prove some results about the sums 

£ (2K and £ (JH-
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Pre l iminar ies 

Let the r o o t s of the e q u a t i o n : t2- - Pt + Q = 0 be 

a = %(P + D1^), b = %(P - D%), 
so t h a t 

(1) a + b = P 

(2) aZ? = Q 
(3) a - b = Z^ 

(4) wn = (an - bn)/(a - b) 

(5) vn = an + 2?" 

(6) v„ = 2un+1 - Pun 

(7) y„ = Pun - 2Qun_1 

<8> Vn = W n + 1 - « " « - ! 

(9) t/(l - Pt + £t2) = f ] Mn£" 
« = 0 

(10) E (£ = 2r 

<»> .?.(;)'-(?) 
(12) £ fc(n - fc) = ^ ^ 

(13) £ f e 2 ( n - fc)2 = ! i L ^ 
k=0 ^° 

The Main R e s u l t s 

Theorem 1: 

fc = o 

fW fcE(feK"n-* = ~D 

Proof: Without r e s t r i c t i o n on f(n, k), (4) i m p l i e s 

" n 
£ fin, k)ukun_k = £ / ( n , k) ak - bk \/an-k - bn~k 

k=0 - - fe~o \ a - b l \ a - b 

= (a - b)~2J2f(n, k)(an + bn - akbn~k - an~kbk) 
k=o 

D^UnZfin, k) - £ /(«, k)(akbn~k + an~kbk))9 
\ k=0 k= o / 

using (3) and (5). 
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(a) I f f(n, k) = 1, we ge t 

T,ukun-k = D~l((n + l)vn ~ E (akbn~k + an~kbk)) 
:= 0 \ k= 0 / k = 0 \ Zc = 0 

Now 
" fcfcn-fc _ ^ ~-khk _ , n / ( a / ^ ) n + 1 - 1 \ _ an + l ~ bn + l 

k=0 fc= 0 (a/2?) - 1 / a - b *n + l' 

n (n + l)vn - 2 u n + 1 
E "fcM*-k = 5 • 

k=o u 

The o t h e r p a r t s of (a) fo l low from (6) and ( 7 ) , s i n c e 

(n + l)vn - 2un+l = nvn + vn - 2un+l = nvn - Pun 

= (n - l)vn + vn - Pun = (n - l )v„ - 2Qun_l. 

(b) I f f(ji9 k) = ( £ ) , we ge t 

k=oXK/ \ k=o ' k=oK-' 

= Z}-1(2r/y„ - 2(a + b)n) = ^ -

u s i n g (1) and (10) . 

Theorem 2: 

M E Wn-k = ^ + X ^ n + 2Wn + l 
fc = 0 

fw E (£>>*»„-* = 2",„ + 2P«. 
k= 0 

Proof: The proof is similar to that of Theorem 1, except that we use (5) instead 
of (4). 

Theorem 3: 
n 

Wn-l = E UkUn-k f ° r H - l 

k = o 
if and only if wQ = 0, Wl = 1, wn = Pwn_l - Qwn_2

 + un f o r n - 2-
Proof: (Sufficiency) Following Carlitz [4], let 

tf(« = E wntn-
n= 0 

Then 

(1 - Pt + ^ t 2 )A/( t ) = UQ + (Wx - PwQ)t + X) (^» - ~PWn-\ + QVn_2)tn 

n = 2 

= t + x wntn = i ; «nt" = t / d - pt + ̂ t2)? 
n = 2 n = 0 

so W(t) = t/(l - Pt + ^ t 2 ) 2 , from which it follows by (9) that 

n 
Wn-l = E UkUn-k' 

k= 0 

1991] 251 



SOME CONVOLUTION-TYPE AND COMBINATORIAL IDENTITIES PERTAINING TO BINARY LINEAR RECURRENCES 

(Necessity) (Induction on ri). Let 

n 
Wn~\ = HUkUn-k f o r U * ! ' 

k = 0 

By d i r e c t e v a l u a t i o n , we have 

wQ = 0, wx = 1, w2 = IP, w3 = 3P2 - 2S. 

Theorem 1(a) i m p l i e s Wn_l = D~l(nvn - Pun) « Now 

Pw1 - ^w0 + u 2 = P ( l ) - 5(0) + P = IP = w2; 

Pw2 - QiJl + u 3 = P(2P) - 5(1) + (P 2 - Q) = 3P2 - 2« = w3. 

P ^ n „ ! ~ 5 ^ n _ 2 - | ( w n - Pun) - | ( ( n - l ) t ; n „ 1 - Pu n _ , ) 

= ±(Pvn + (n - l){Pvn - g y ^ ) - P(Pun - Qun_x)) 

= ~(Pvn + (n - l ) i > w + 1 - Pun + 1) 

= \^Pvn - 2 i > n + 1 + (n + l ) i> n + 1 - P ^ n + 1 ) 

But 2z;n + 1 - P^n = 2(an + 1 + bn + l) - (a + &)(an + £n) - an + 1 + £ n + i - abn - an£ = 
(an - Z?n)(a - 2?) = Dun, Therefore, 

Pu)n_l - 5^n„2 + wn = wn - ^(Pun) + wn = wn. 

Theorem 4: If 
n 

Xn = E *>fc*>«-fc for n ^ °> 
fc= 0 

then 
^0 = 4, ̂  = 4P, xn = ^ „ _ ! - Qx

n-2 + Dun for n > 2. 
Proof: This is similar to the proof of Necessity in Theorem 3, and therefore is 
omitted here. 

Lemma 1: Let f(n, k) be a function such that /(n, n - fe) = f(n, k) for all k 
such that 0 < k < ns where n and /c are nonnegative integers. Then 

fc = 0 

Proof: Let 

k =0 fc=0 
Then 

j = n-n* " 

Letting k = n - j , we obtain 

^n ™ ̂ i = E «"-*/(". n - k)n2fc_n - E /(*. kyQn-k(-un_2k/Qn-*k), 
k= 0 &= o 

by (14), that is, 
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sn ~ si = - L « V ( n , k)un_Zk = -Sx, so Sn = 0. 
k = o 

Theorem 5: If f(n9 k) satisfies the hypothesis of Lemma 1 above, then 

t fin, k)ukvn_k = un(tf(n, k)) . 
k=Q \k=0 ) 

Proof: Zf(ns k)ukvn_k - £ f(n, k)l^-^) (an~k + bn~k) 

^ „, 7 J q n - 2>n - q n ~ ^ + a ^ - ^ X 

- E/(«, *>( ^ j 

fc=0 

zk - bk\ 
~ K n , K ) [ -

fe="o 'v '" fe= o 
/ q n - bn ~ an~kbk + ahbn"k^ 

fe= 0 
n / 7 / n n ~ 2 - ^ _ un-lk \\ 

by Lemma 1 . 

Corollary 1: 

U = o / k^.o ' \k=o 

HVn-k = 2 W« ^ E Mfcy«-fe = (n + l ) u n (W E ( ? V 
fc = 0 fe= 0 X / 1 / 

^ X ^ V n - * = (2n")M„ (d) ±k{n - k)ukvn_k = ( ^ ^ ) « „ 

n 5 

(ej feX>2(n ~~ V2ukvn-k = ( ^ 3 ^ K 

Proof: This follows from Theorem 5 and (10) through (13), 

Theorem 6: Let un and r>n be the primary and secondary binary linear recurren-
ces, respectively, .with parameters P and Q$ as defined in the introduction, and 
with discriminant D = P2 - 46. Define 

"» = £•(*)«*. r» = £ (£>* . 
Then, £/„ and Vn are also primary and secondary binary linear recurrences, re-
spectively, with parameters P* = P + 2, §* = P + § + 1, and discriminant £>* = D. 

Pr°°f: ^•^K-,t0(J)(4^)-lii(S«>-1?„GH 
(q + l) n - (fr + l ) n

 = (a + l) n - (fr + l) n 

q - b . (q + 1) - (2? + 1) 

If we let 4 = a + l , £ = b + l , then 

r/ - ̂  - Bn 
Un A ~ B * 

a primary binary linear recurrence with parameters 

P* - A + B = (q + I) + (b + 1) = (q + 2?) + 2 = P + 2, 
and 
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Q-k = AB = {a + 1) (b + 1) = ab + (a + b) + 1 - P + Q + 1. 

Similarly, if 

then Vn = An + Bn, a secondary binary linear recurrence with A and B as above. 
Furthermore, 

D* = (P*)2 - 4£* = (P + 2) 2 - 4(P + S + 1) 

= P2 + 4P + 4 - 4P - 4$ - 4 = P2 - 4« = P. 

Theorem 7: Let {wn} and {i?n} be primary and secondary binary linear recurrences 
with discriminant P > 0. Then there exists a positive integer, m3 such that 

if and only if m = 2, un = Fn , vn - Ln. 

Proof: To prove sufficiency, we note that, if P = -Q - 1, so that un = Pn, ^n 

£„, then a2 = a + l = ^ , Z?2 = 2> + 1 = P, so that Theorem 6 implies 

An - Bn aln - Z?2n f- (n\ __ An - Bn __ a^ - b^n _ 
k\krk ~ A - B ' a - b ~ Uln k = o 

±(l)vk - A" + P* = a2" +fc*» - i;2n. 
fc = o 

To prove necessity, using the notation of Theorem 6, we note that hypothesis, 
(4), and (5) imply 

An - ~Rn nmn - hmn 

* 1- = 5 £_? An + Pn = amn + £mn. 
a - b a - b 

Therefore, A = am, B = bm, so that aw = a + 1, bm = i + 1. Let 

f m M = xm - x - 1. 
Then /m (a) = fm(b) = 0 . If m is odd, then fm(x) has critical values at 

* = iT^"1/^-!)]. 
It is easily verified that fm (±m^~l^m ~ l^) < 0. Therefore, fm(x) has a unique 
real root, so a = b, which implies D = 0, contrary to hypothesis. If /w is 
even, then fm(x) has a minimum at a? = 777 f"1/^ ~ ̂ , and fm{m^~l^m~1^) < 0, so 
fm(x) has two real roots a and 2? with a > b* Now, 

4(-l) = 1, /m(0) = fm(l) - -1, 4(2) = 2m - 3 > 0, for 777 > 2, 

so we must have -1 < b < 0 and 1 < a < 2. Therefore, 0 < a + & < 2 and -2 < ab 
< 0. Since a + b and ab must be integers, we have P = a + b = l9 Q = ab - -1. 
It now follows that un = Pn, y„ = Pn, a7" = a + 1 = a2, so 7?? = 2. 

Concluding Remarks 

If P = -§ = 1, then D = 5, un - Fni and y„ = L„ (the nth Lucas number). In 
this case, Theorems 1(a), 1(b), 2(a), 2(b), say, respectively: 
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(ii) r ? W = —-4 

CUD £0Vn-fc- (n+l)in + 2^+1 

(IV) JCoS)Vn.fc-2% + 2 

(I) was obtained by Hoggatt & Bicknell-Johnson [8]; an alternate form of 
(I) was given by Knuth [10]; (I) and (II) appeared without proof in Wall [11]; 
(II) and (IV) were given by Buschman [3]. 

Theorem 7 also yields the identities 

k = 0 X K / fc = 0V/C/ 

(V) appeared in papers by Gould [6] and by Carlitz & Ferns [5]. 
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