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Notice to p r o p o s e r s : To e n s u r e t h a t no submiss ions h a v e b e e n misfiled b y t h e 
new e d i t o r , all p r o p o s e r s h a v e b e e n not if ied abou t t h e s t a t u s of t h e i r p rob lems 
t h a t a r e st i l l on file. If you h a v e submi t t ed a problem for t h e E lemen ta ry 
Problem sect ion and h a v e not r e c e i v e d not i f icat ion r e g a r d i n g i t s s t a t u s , p l ease 
con tac t D r . Rabinowi tz . 

BASIC FORMULAS 
The F ibonacc i numbers Fn and the Lucas numbers Ln5 s a t i s f y 

Fn+2 = Fn+l + Fn> F0 = °» Fl = ^ 
Fn + 2 = Ln + i + LnS L 0 = 2 , L]_ = 1. 

Also , a = (1 + / 5 ) / 2 3 3 = (1 - / 5 ) / 2 , Fn = (an - B H ) / / 5 , and Ln = an + 3 n . 

PROBLEMS PROPOSED IN THIS ISSUE 

B-7QQ Proposed by Herta T. Freitag, Roanoke, VA 

Prove t h a t for p o s i t i v e i n t e g e r s m and n9 

am(uLn + Ln_1) = an(aLm + L m _ 1 ) . 

B-701 Proposed by Herta T. Freitag, Roanoke, VA 

In t r i a n g l e s ABC and DEF, AC = DF = 5F2n, BC 
AB = BE = 5F2n + l - L2n + i + ( - l ) n _ 1 . Prove t h a t LACB = LDFE. 

B-702 Proposed by L. Kuipers, Sierre, Switzerland 

For n a p o s i t i v e i n t e g e r , l e t 

xn = Fn + and yn = Fn + 
Ln + Fn + l + 

1 1 
Ln + T7— Fn+\ + : — 

(a) Find closed form expressions for xn and yn. 
(b) Prove that xn < yn when n > 1. 
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B-703 Proposed by H.-J. Seiffert, Berlin, Germany 

Prove that for a l l posi t ive integers n, 

y Ln-kph = _L 
k= l J 

B-704 Proposed by Paul S. Bruckman, Edmonds, M/A 

Let a and b be fixed in tegers . Show that if three integers are of the form 
ax2 + by2- for some integers x and y, then the i r product i s also of th i s form. 

B-705 Proposed by H.-J. Seiffert, Berlin, Germany 
F2n IT2 

n= 1 
(a) Prove that £ ,. 

(b) Find the value of ]T 
F2n 

2n\' 
• ' " ' ( . ) 

SOLUTIONS 
edited by A. P. Hillman 

Triangular Divisibility 

B-676 Proposed by Herta T. Freitag, Roanoke, VA 

Let Tn be the n t h t r iangular number n{n + l ) / 2 . Characterize the posi t ive 
integers n such that 

i = 1 
T 

n 

Solution by Hans Kappus, Rodersdorf, Switzerland 

I t i s immediate that 
n 

Y^Ti = (n + 2)Tn/3. 
i= 1 

Therefore, Tn divides £^ = ,T. if and only if n = 1 (mod 3) . 
AZso solved by R. Andre-Jeannin, Charles Ashbacher, Wray Brady, Paul S. 
Bruckman, Russell Euler, Guo-Gang Gao, Russell Jay Hendel, Joseph J. 
Kostal, L. Kuipers, Carl Libis, Graham Lord, Bob Prielipp, Don Redmond, H.~ 
J. Seiffert, Sahib Singh, Paul Smith, Lawrence Somer, W. R. Utz, and the 
proposer. 

More Triangular Divisibility 

B-677 Proposed by Herta T. Freitag, Roanoke, VA 

Let Tn = n{n + l ) / 2 . Characterize the posi t ive integers n with 

i= 1 
Y.T}. 

^ = 1 
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Solution by Hans Kappus, Rodersdorf, Switzerland 

A s t r a i g h t f o r w a r d c a l c u l a t i o n shows t h a t 

y m 2 = ^ -i- ore -t- i n -t- z jn"- + fan + 1 ^ 
^ * 10 * 3 ±n 10 ^ i i 3 

by the result of B-676. Working mod 105 we see that 3n2 + 6n + 1 is a multiple 
of 10 if and only if 

n = 1 (mod 10) or n = 7 (mod 10). 

Also so lved by R. Andre-Jeannin, Charles Ashbacher, Paul S. Bruckman, 
Russell Euler, Joseph J . Kostal, L. Kuipers, Carl Libis, Graham Lord, Bob 
Prielipp, H.-J. Seiffert, Sahib Singh, Paul Smith, and the proposer. 

N o n t r i a n g u l a r N u m b e r s 

B-678 Proposed by R. Andre-Jeannin, Sfax, Tunisia 

Show t h a t Li+n and £1^ + 3 a r e never t r i a n g u l a r numbers. 

Solution by Bob Prielipp, University of Wisconsin-Oshkosh, WI 

We s h a l l use the fo l lowing known r e s u l t s i n our s o l u t i o n : 

(1) L^ - 2 = 5F2n fo r each p o s i t i v e i n t e g e r n; 
2 

(2) L^ +2 + 2 = 5F„ +i for each nonnegative integer n. 

Note: (1) is (Jig) and (2) is (i"17) on p. 59 of Fibonacci and Lucas Numbers by 
Verner E. Hoggatt, Jr. (Boston: Houghton Mifflin, 1969). 

As immediate corollaries, we have: 

(10 Lhn = 2 (mod 5); 

(2 0 ^ n + 2 E 3 (mod 5). 

Next, we establish the following results. 

Lemma 1: The sequence of triangular numbers Tn is periodic modulo 5 with a 
period of 5. 

Proof: It suffices to show that Tn+$ = Tn (mod 5) where n is an arbitrary posi-
tive integer. 

T T (n + 5)(n + 6) _ w(n + 1) = (n2 + lln + 30) - (n2 + n) 
-L-n + 5 -*-n 2 2 2 

= 5n + 15 = 0 (mod 5). 

Lemma 2: Let n be a positive integer. Then Xn is congruent to 0, 1, or 3 mod-
ulo 5. 

Proof: The claimed result follows from Lemma 1 and the table given below. 

n 
-Ln 

Tn (mod 5) 

1 

1 

1 

2 

3 

3 

3 
6 

1 

4 
10 

0 

5 
15 

0 

The fact that L^n is never a triangular number follows from (1') and Lemma 2. 
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Since, from (1 ') and (2 ') , 

Lkn + 3 = 2L^in + 2 " Lhn > Lkn + 3 = 2(3) - 2 (mod 5), 

we have 

£ifn + 3 E 4 (mod 5) . 

Thus, ^i+n + 3 is never a triangular number by Lemma 2. 

Also solved by Paul S. Bruckman, H.-J. Seiffert, Sahib Singh, and the 
proposers. 

Product of 4 Lucas Numbers 

B-679 Proposed by R. Andre-Jeannin, Sfax, Tunisia 

Express Ln_2^n-l^n+l^n+2 a s a polynomial in Ln. 

Solution by Guo-Gang Gao, Universite de Montreal, Montreal, Canada 

I t is easy to prove that L2n = L„ - ( - l ) n 2 . Then 

Ln-lLn+2 = (an~2 + 3n""2)(an + 2 + 3n+2) 
= LZn + (-l)n-2Lli 

Similarly, 

Therefore, 

L\ + ( - D n 5 . 

Ln-lLn+l = Ln ~ ( " l ) n 5 . 

.Also soZved by Paid S. Bruckman, Russell Euler, Herta T. Freitag, Russell Jay 
Hendel, Bob Prielipp, H.-J. Seiffert, Sahib Singh, Paul Smith, Lawrence 
Somer, and the proposer. 

Congruence 

B-681 Proposed by H.-J. Seiffert, Berlin, Germany 

Let n be a nonnegative integer, /c > 2 an even integer, and r E {0, 1, . . . , 
k - 1}. Show that 

Fkn + T E (Ffe + r - Fr)n + Fr (mod Lk - 2) . 

Solution by Guo-Gang Gao, Universite de Montreal, Montreal, Canada 

Let us f i r s t prove that 

F = F T, - F 
k(n+l)+r Lkn + r±Jk rk(n-l)+r> 

where k ^ 2 is an even integer and v > 0. Notice that 

(a x 3)^ = (_!)k = 1 B 

374 [Nov. 



ELEMENTARY PROBLEMS AND SOLUTIONS 

= (ak(n+l)+r „ $k(n + l)+r^ + _(afc(n-l) + r _ $k{n-l) + r\ 

= F + F 
k(n + l) + r ^ L k(n-l) + r° 

Use m a t h e m a t i c a l i n d u c t i o n f o r t h e p r o o f : 

(1 ) I t i s t r i v i a l l y t r u e when n = 0S 1 . 

( 2 ) Assume t h a t t h e c l a i m h o l d s f o r up t o n* 

Thens by t h e i n d u c t i v e h y p o t h e s i s , we h a v e t h e f o l l o w i n g : 

k(n + l) + r = Fkn+rLk ~ Fk{n-\)+v 

= ((Fk + r ~ Fr)ri + Fr)Lk 

- i(Fk+r - Fr)(n - 1) + Fr) (mod Lk - 2) 

= 2((Fk + r - FT)n + Fv) 

- ((Fk + r - Fr)(n - 1) + Fp) (mod Lk - 2) 

= (Fk + r - Fr)(n + 1) + Fr (mod Lk - 2) . 

T h i s c o m p l e t e s t h e p r o o f . 

Also solved by Paul S. Bruckman, Bob Prielipp, and the proposer. 

L u c a s T r i a n g u l a r N u m b e r s 

6 - 6 8 2 Proposed by Joseph J. Kostal, University of Illinois, Chicago, IL 

Let T(n) be the triangular number n(n + l)/2. Show that 

T(L2n) - 1 = ^Fkn + L2n) ' 

Solution by C. Georghiou, University of Patras, Patras, Greece 

We h a v e 

T(L0 ) - 1 = (L2, + Ln - 2 ) / 2 = (L, + L 9 ) / 2 , 
v zn y K 2n 2n J v Hn 2ny 

s i n c e i t i s w e l l known t h a t L | - 2 = LL+n . 

A l s o solved by Charles Ashbacher, Scott H. Brown, Paul S. Bruckman, David 
M. Burton, Russell Euler, Piero Filipponi, Herta T. Freitag, Guo-Gang Gao, 
Russell Jay Hendel, L. Kuipers, Y. H. Harris Kwong, Carl Libis, Bob 
Prielipp, Don Redmond, H.-J. Seiffert, Mohammad Parvez Shaikh, Sahib Singh, 
Lawrence Somer, and the proposer. 

L T - C o m p o s i t e 

B - 6 8 3 Proposed by Joseph J. Kostal, University of Illinois, Chicago, IL 

L e t L(n) = Ln and Tn = n(n + I)12. Show t h a t 

L(T2n) = L(2n2)L(?i) + ( - l ) n + 1 L ( 2 n 2 - n) . 

Solution by C. Georghiou, University of Patras, Patras, Greece 

We h a v e L(T2n) = L(2n2 + n). But 
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L(2n2 + n) - L(2n2)L(n) = a
lnl + n + $^2+n _ a2n2+n _ 32n*+n 

- a 2 n 2 3 n - a n 3 2 n 2 

= - ( a B ) n [ a 2 n 2 " n + 32«2-«] 
= {-l)n + lL{2n2 - n ) , 

which proves the a s s e r t i o n . 

Also solved by Charles Ashbacher, Paul S. Bruckman, David M. Burton, 
Russell Euler, Piero Filipponi, Herta T. Freitag, Guo-Gang Gao, Russell Jay 
Hendel, L. Kuipers, Y. H. Harris Kwong, Bob Prielipp, Don Redmond, H.-J. 
Seiffert, Sahib Singh, Lawrence Somer, and the proposer. 

B-680 Will be published in the next issue as an error was detected just before publication. 
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