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1. Introduction and Summary 

In a recent paper, Philippou and Antzoulakos [4] introduced and studied the 
sequence of multivariate Fibonacci polynomials of order k and related them to 
the multiparameter negative binomial distribution of the same order of 
Philippou [3], in order to derive a recurrence relation for calculating its 
probabilities. This sequence of polynomials includes, as a special case, both 
the sequence of Fibonacci polynomials of order k and the sequence of Fibonacci-
type polynomials of the same order of Philippou, Georghiou, and Philippou [9] 
and [10], respectively. 

In this paper, we introduce a generalization of the sequence of multivari-
ate Fibonacci polynomials of order k (see Definition 2.1), and we derive an 
expansion in terms of the multinomial coefficients and a recurrence for the 
general term of the (r - l)-fold convolution of this sequence with itself (see 
Theorems 2.1 and 2.2). Next, we relate these polynomials to the multivariate 
negative binomial distribution of order k of Philippou, Antzoulakos, and 
Tripsiannis [8], and we derive a useful recurrence relation for calculating its 
probabilities (see Proposition 3.1 and Theorem 3.1). Analogous recurrences 
follow directly for the type I, type II, and extended multivariate negative 
binomial distributions of order k of [8] (see Corollaries 3.1-3.3). 

The present paper generalizes results on multivariate Fibonacci polyno-
mials of order k (see Remark 2.1) and Fibonacci-type polynomials of the same 
order (see Remark 2.2). At the same time, several results of Aki [1], 
Philippou and Georghiou [6], and Philippou and Antzoulakos [4] on recurrences 
for the probabilities of univariate geometric and negative binomial distribu-
tions of order k are generalized to the multivariate case. 

Unless otherwise stated, in this paper k9 m9 and T ar.3 fixed positive inte-
gers, n^ (1 < i < m) are integers, n^j (1 < i, < m and 1 < j < k) are nonnegative 
integers as specified, x^j (1 < i < m and 1 < J < k) are real numbers in the 
interval (0, °°) , _1 denotes the • 7?2-dimensional vector with a one in every 
position, and j_^ (1 < i < m and 1 < j < k) denotes the w-dimensional vector 
with a j in the ith position and zeros elsewhere. Also, whenever sums and 
products are taken over i and j, ranging, respectively, from 1 to m and from 1 
to k, we shall omit these limits for notational simplicity. 

2. Generalized Multivariate Fibonacci Polynomials 
of Order k and Convolutions 

In this section, we introduce the sequence of generalized multivariate 
Fibonacci polynomials of order k, to be denoted by 

"-n ^ 1 ' • • • s ^ m ) J 
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along with the (r - l)-fold convolution of H^ (2^, . .., x_m) with itself, to be 
denoted by _ 

and we derive a multinomial expansion and a recurrence for the nt h term of 
Hi K>(x-,, . .., x ) . In some instances, we shall use the notation H„ and Hi „ 
instead of H^K) (x1, . .., x_m) and #^ r(*£i> •••» £w)» respectively. 

Definition 2.1: The sequence of polynomials #^ (<r , . .., x_m) is said to be the 
sequence of generalized multivariate Fibonacci polynomials of order k, if 

< ° ( £ i > • • • > £ - > 

0, if some n^ < 0 (1 < i < m), 

1, if n = j., 

S i S j ^ i j ^ - ^ . ^ i * •••» £m>> elsewhere, 

where n = (n15 . .., nm) and a^ = (x.^9 . .., x^, ) , i = 1, . . . , m. 

For ?w = 1, n]_ = n (>0) and xx = x, #^ (*Ei» •••» ^ m ) reduces to En \x), the 
sequence of multivariate Fibonacci polynomials of order k of Philippou and 
Antzoulakos [4] . 

(k) Lemma 2.1: Let E\ \x_^, . .., #m) be the sequence of generalized multivariate 
Fibonacci polynomials of order k9 and denote its generating function by 

g k ( t l 5 . . . , tm; x_19 . . . , x_m). 

Then, for 0 < x-- < 1 (1 < i < m and I < j < k) and Z - £ , • # • • < 1, we have 

U | . . . t f f l . . 
gk(tl9 . . . , t m ; £ x , . . . , x_m) = J> p i I < ! ' 

1 " ^ i ^ j x i j t i i = I, . . . , m. 

Proof: I t can be shown by i n d u c t i o n on n x , . . . , nm t h a t 0 < x^- < 1 (1 < £ < 777 
and \ < j < k) and H^HjX^- < 1 imply 0 < # ^ ) < ]_ ^ which shows the convergence 
of g,(£•,, . . . j t ; X-,, . . . , a? ) for a t l e a s t | t . | < 1, s i n c e for t h e s e t^ 

g (tx, ..., tm; xx, ..., xj < Y, ••• E fi1--- C 
"1-1 "„-l 

= n^ci - v"1. 
Next, using Definition 2.1, we have 

% ( 1' •*•» ^m' —1' •••» ̂ im' 

" 1 m Z_^ Z_̂  1 m n 
nx = 1 w m = l 
«j_ + . . . + nm > m+ 1 

" 1 = 1 " m = L 

p n l J ." i + c7 +nmTj(k) 

n x = 1 wO T= 1 

= *i • • • *m + L ; E j x i , f * f V * i ' • • • • *™; ^ i ' • • • • -™}' 

from x^hich the lemma f o l l o w s . 
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(k) Now l e t En^ r(x_,, . . . , xm) be the (r - l ) - f o l d convo lu t ion of the sequence 
E^ ( x 1 , . . . , xm) wi th i t s e l f , i . e . , H^r = 0 i f some ni < 0 (I < i < m) , and 
for ni > I (I < i < m) 

(2 .1 ) R%\ 

H(
n
k\ i f r - 1, 

E ••• E ^ - i 4 + l - e . if r 2 2, 
I ill = 1 ^ = 1 

where £ = ( t ^ , . . . , cm) . 

As a consequence of (2 .1 ) and in view of Lemma 2 . 1 , we have 

n1 = 0 nn= 0 
(2.2) J ... £ *?••• C ^ f l . r ^ l . •••• ^ - (l - Z^jX^tif. 

Expanding (2.2) about t^ = • • • = tm = 0 and using procedures similar to those 
of [5] and [8], we readily find the following closed formula for Enj r , in terms 
of the multinomial coefficients. 

(k) 
Theorem 2.1: Let Eny r{x_l, ..., xm) be the (r - l)-fold convolution of the se-
quence E(:^\x_l, ..., xm) with itself. Then 

E{k) (x x)= y (ni1 + '•• + *** + r " l) nnxnii 

- J w 7-J 

Proof: Let 11^ | < 1 (1 < i < m) , 0 < x^- < 1 (1 < i < 777 and 1 < j < k) , and l e t 
Z^; S j ^ i j < 1. Then 

E • •• z ^ . - - c ^ + i f 1.(51. • ••> **> 
«! = 0 nm= 0 

= ( l - E f E , - ^ . * ! ) " ' , by ( 2 . 2 ) , 

= n E Q ( " + I ~ l)(^i £ j xid t\ ) " , s i n c e I E i Z j x^- i f | < 1, 

= Z ( n + r l I („n "' n Jiw***/)»«, 
rc=0 Z ! - L - n . . = ? z 1 1 ' " * * ' m7c 

"̂  J ̂  by the multinomial theorem, 

- t ••• E r E ("i ; / ••• +
n"f r - I ^ n , <*,,*>)»« 

nl = Q nn=Q- lljn^ = nt
 x n l 1 » ' * * ' n mk» -* x 7 J 

= E • • • E kl • • •"*"" E f"11 + ' ' ' + n* + r 7 x) n^n ,x"f , 
i= 1, . . . , m 

by replacing n • by n • - YL Aj - l)n^j (1 < i < /??). The theorem follows. 

We proceed next to show that H-^ r satisfies the following linear recurrence 
with variable coefficients, using procedures similar to those of [4] and [6]. 

(k) Theorem 2.2: Let #„ „(#-,, ..., xm) be the (r - l)-fold convolution of the se-
quence H^X^, ..., x_m) with itself. Then 

E^\ = 0, if some ni < 0 {I < i < m), E^\ = 1, 

if n^ > 0 and some ns > 1 (1 < i , s < m) . 
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Proof: From t h e d e f i n i t i o n of H^\, we h a v e 

( 2 . 3 ) H™r = 0 , i f some ni < 0 ( 1 < i < m) and E{k)
 r = 1 . 

Now, u s i n g ( 2 . 2 ) t w i c e , we h a v e 

( 2 - 4 ) H™^ r = H™lt r + 1 - E i E ^ ^ + i - i . , r + l » " i ^ 0 (1 < i < W ) , 

since the generating function of the right-hand side reduces to that of # ^ x 

Next, differentiating both sides of (2.2) with respect to ts (1 < s < m) , ~we 
get 

(2.5) nsH^li,r = p ^ j 3\jHnkli-iB,r + i> n i - °  a n d w* * 1 (1 < i * s < m) . 
Combining (2.4) and (2.5), we obtain 

H(k) = T-T-x.-H{k) • + r ~ l Y ir H{1° 

if n^ > 0 and some ns > I (I < i , s < m) , 

by means of (2.1), which along with (2.3) establishes the theorem. 

Remark 2.1: For m = 1, nl = n, and a^ = x = (a^, ..., xfc), Theorems 2.1 and 
2.2 reduce to the main results of Philippou and Antzoulakos [4] on multivariate 
Fibonacci polynomials of order k (see Theorems 2.2 and 2.3), namely, 

(2 6) Hy^ (x) = T l n i + ' • ' + U^ + V " l\X\-xni n>0 ,00 
0) a 

and 

( 2 . 7 ) H{
n

klUr(x) = H ^ i n + J ( P - l)]H^l_jtr(x), n > 1 . 

Remark 2.2: For 777 = 1 , nY = n, and x_i=(x, . . . , x ) , Theorems 2 . 1 and 2 . 2 r e -
d u c e t o Theorems 2 . 1 ( a ) and 2 . 2 of P h i l i p p o u and G e o r g h i o u [ 6 ] , r e s p e c t i v e l y , 
s i n c e f o r t h e s e v a l u e s 

ni, T ^-^_\) ~~ n, v {^) ' 

where Fyn r (x) denotes the (r - l)-fold convolution of the sequence of Fibonacci-
type polynomials of order k with itself. 

(k) We note in ending this section that the sequence Fn defined by 

Fik) 
0, if some n^ < 0 (1 < i < m), 

1, if n = 1_, 

Hi Lj Fn _j_ , elsewhere, 

may be called the multiple Fibonacci sequence of order k, since for m = 1 and 
n\ = n (̂ 0) it reduces to F^ , the Fibonacci sequence of order k (see, e.g., 
Philippou and Muwafi [7]). It may be noted that 

(2.8) F„<» - L ("11 + ••• \ n f ) , n, - 0, 1, ... (1 * i , m). 
~ ~ E.J'V = ni \ ™11> •••» nmk I 

which follows from Theorem 2.1 for r = 1 and x•• = 1 (1 < i < m and 1 < j < k). 

3. Recurrence Relations for the Multivariate Negative 
Binomial Distributions of Order k 

In this section, we employ Theorems 2.1 and 2.2 to derive a recurrence 
relation for calculating the probabilities of the following multivariate nega-
tive binomial distribution of order k of Philippou, Antzoulakos, and Tripsian-
nis [8]. 
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Definition 3.1: A random vector N_ = (Ni, . .., Nm) is said to have the multivari-
ate negative binomial distribution of order k with parameters p, ^IIJ •••» qmk 
(p > 0, 0 < q < 1 for 1 < i < m and 1 < j < k9 and qll + ... + q.. < 1), to be 
denoted by MNBk(p; ^ n , . .., qmk) , if 

^11 + ••• + nmk + P - 1 

w^ = 0, 1, ... (1 < i < m), 
where p = 1 - ? u - • • • - <7mfc. 

Analogous recurrences are also given for the type I, type II, and extended 
multivariate negative binomial distributions of order k of [8]5 denoted by 

MEk>1(r; Ql9 ..., Sw) 5 MNBfejII(p; §}, ..., Qm) , and 

(a) 

(b) 

(c) 
<?,,. = « ; / * 

^ = P l ? 2 

MENBk(r; ? n , .... ^ ) . 

These distributions result by applying to the parameters of MNB^(p; ^113 •••» 
(7^) the following transformations, respectively: 

Qi (0 < Qi < 1 for 1 < i < m, ZiQi < 1 and P = 1 - ^fi-); 

fi^/k (0 < Qi < 1 for 1 < i < m, HiQi < 1 and P = 1 - X ^ ) ; 
Pj-lQij (p0 = ls °  < Sii < 1 for 1 < i < /7? and 1 < j < fe, 

E , ^ - < 1 and Pf = 1 - L.^. for 1 < j < k) . 

We note first the following proposition that relates the multivariate nega-
tive binomial distribution of order k to the generalized multivariate Fibonacci 
polynomials of the same order. 

Proposition 3.1: Let N_ = (yVl5 . .., Nm) be a random vector distributed as 

MNBk(p; q n , ..., ^ ) , 

.et 
Then 
and let H^ r be the (v - l)-fold convolution of the sequence # n with itself. 

P(N1 - Kl, .... iVffl = nm) = p ^ , ^ , .... ?m), 

n^ = 0, 15 ..., 1 < i < m, 

w h e r e q^ = (qil9 . . . , <7i 7 c) , i = l s . . . , m. 

Proof: The proof is a direct consequence of Theorem 2.1 and Definition 3.1* 

We proceed now to derive a recurrence relation for calculating the proba-
bilities of MNBk(p; qll$ ..., qmk). 

Theorem 3.1: Let # = (/!/]_, . .., #m) be a random vector distributed as 

MNBk(p; (?11, ..., ^ ) , 

and set 
pn, r = p ^ i = nl9 . . . , Nm = nm). 

Then 
05 if some n; < -1 (1 < i < m) 5 

P n, r pr
9 if «! = ... = nm = 0, 

IZ-]C-<7--P • + ILnJa -P • s if n7- > 0 and some 
~ -l n* -• fl ns > 1 (1 < ^, s < m) , 
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Proof: I f some n^ < - 1 (1 < i < m) 5 (il/1 = n l 5 . . . , Nm = nm) = 0S w h i c h i m p l i e s 
Pn P ( 0 ) = 0 . I f n = nTt 0 , D e f i n i t i o n 3 . 1 g i v e s Pn> V1 If 
n^ > 0 and some ns > I (I < i , s < m) $ we have 

pn, r = Prffn+i>r^i' •••» £ m ) ' by Proposition 3.1, 

+ 1 1 ^ 1 E ^ ^ + i-^.rCii. •••> £w)}> by Theorem 2.2, 

= ^ ^ j ^ w ^ - i . r + Z L ^ T i EJ^sjP«-Js,r' fey Proposition 3.1. 

Using the transformations (a), (b) , and (c) , respectively, Theorem 3.1 now 
reduces to the following corollaries. 

Corollary 3.1: Let N_ = (N i, . .., Nm) be a random vector distributed as 

MEkt x(r; <?x, ..., ^ m ) , 

and set 
P*,r = P(#i = nl9 . . . , Nm = nm). 

Then 
05 if some n- < -1 (1 < i < m), 
-)kr if n\ 0, 

J~l, 
if n{ > 0 and some rcs > 1 (1 < i, s < m). 

Corollary 3.2: Let /V = (/l/l5 . .., /l/m) be a random vector distributed as 

mBk, II O ; <?1> •••» <7m)' 
and set 

Then 
P(#i = nl9 , Nm = nm) , 

0, if some n?: < -1 (1 < i < m) , 

p1 if «i 

J k n ~ii> T 

= nn 
v 

-- o , 
1 _ . <7 

if n^ > 0 and some ns > 1 (1 < i, s < m). 

Corollary 3.3: Let N = (Ni, . .., /l/m) be a random vector distributed as 

MENBk(r; (?u, ..., q ^ ) , 
and set 

Then 
P(Nl = nl9 . . . , Nm = nm). 

0, if some n^ < -1 (1 < i < m), 

(Pi ••• Pk^5 if nx = .- = nm = 0, 

SjPl '•• P,7-l<WPn-

if n^ > 0 and some ns > 1 (1 < i , s < m). 

For m = 1, Theorem 3.1 and Corollaries 3.1-3.3 reduce to known recurrences 
concerning respective univariate negative binomial distributions of order k 
(see [4] and [6]). For k = 1, Theorem 3.1 (or any one of Corollaries 3.1-3.3) 
provides the following recurrence for the probabilities of MNB(r; q-^, ..., qm) , 
the usual multivariate negative binomial distribution, 
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P n, r 

0, i f some n^ < - 1 (1 < i < m), 
pJ\ i f ni = • • • = n.m = 0, 
y n n i p " -*- n p 
^i^-i^ n-I. , r n i s n - l s » r ' 

i f n,: > 0 and some ns > 1 (1 < i , s < m) , 
which does not seem to have been n o t i c e d b e f o r e . 

Remark 3.1: For r = 1, Theorem 3.1 and C o r o l l a r i e s 3 . 1 - 3 . 3 provide r e c u r r e n c e s 
for the p r o b a b i l i t i e s of r e s p e c t i v e m u l t i v a r i a t e geometr ic d i s t r i b u t i o n s of 
o rde r k of [ 8 ] , de f ined by 

MGk(<7n, . . . , qmk) = MNBfe(l; ? n , . . . , ^ ) , 

M G k > I I ( ^ - , . . . , <?m) = MNBf e > I I ( l ; ^ , . . . , ^ ) , 
and M E G k ( ? n , . . . , qmk) = MENB ( 1 ; q^, . . . , ^ ) . 

The resulting recurrence for MEG^C^n-,, ..., q , ) has also been obtained in [5], 
via a different method. 

We note in ending this paper that another derivation of Theorem 3.1, with-
out employing the sequence of generalized multivariate Fibonacci polynomials of 
order k, has been obtained by Antzoulakos and Philippou (see [2]). 
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