
A NEW CHARACTERIZATION OF THE FIBONACCI NUMBERS 

J.L. BROWN, JR. 
The Pennsylvania State University 

1. INTRODUCTION 
A t h e o r e m due t o E . Zeckendorf (see [1] for proof and discussion) 

a s s e r t s that eve ry positive in teger n can be r ep re sen t ed uniquely as 
a sum of dis t inct Fibonacci numbers such that no two consecutive F ib -
onacci numbers appear in the represen ta t ion . With the definition 
u, = 1, u~ = 2, and u . 0 = u ., + u for n 2 1, Zeckendorf' s theorem 1 2 n+2 n+1 n 
yields an expansion for each posit ive integer n in the form 

n = 2 a .u . , 
1 

where a. is e i ther 0 or 1 for each i >. 1 and a.a.t, = 0 for i >L 1 „ 
i i i + l 

Thus each positive integer n can be assoc ia ted with a binary sequence 
a,9a?9a~,, . ., a . , . . . , where for given n, we see that a.(n) = 1 if u. 
appea r s in the Zeckendorf expansion of n; o therwise a.(n) = 0. The 
cons t ra in t a.a.,, - 0 for i _> 1 effectively s ta tes that two consecutive l i+l J 

l ' s can never appear in the binary sequence cor responding to n. For 
example , if n = 17, then 17 = 1 + 3 + 1 3 - u, + u~ + U/, so that 17 is 
a ssoc ia ted with the binary sequence 101001. (It is c lea r that each such 
expansion mus t have al l ze ros to the r ight of some i = i depending on 
n and these noncontributing ze ros a r e suppressed . ) 

The quest ion a r i s e s as to what occurs if, ins tead of disallowing 
two consecutive non -ze ro coefficients in a Fibonacci expansion, we 
disal low two consecut ive ze ro coefficients,, In other words , we wish 
to consider r ep resen t ing an a r b i t r a r y positive in teger n as a sum of 
dis t inct Fibonacci number s , 

N 
n = 2 /3.u. 

1 

with b inary coefficients satisfying (3^ = 1 and £}, + ft. >. 1 for 
i = 1, 2, . . . , N-2 . In the following, Theorem 1 affords a r e su l t dual 
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to the Zeckendorf theorem by showing that such an expansion always 
exis ts for every posi t ive integer and m o r e o v e r the expansion is unique 
under the imposed coefficient cons t r a in t s . Theorem 2, which is our 
main resul t , shows that the expansion p roper ty of Theorem 1 together 
with the uniqueness r equ i r emen t is sufficient to c h a r a c t e r i z e the F ib -
onacci n u m b e r s . This converse theorem for the dual r ep resen ta t ion 
co r responds to Daykin's r e su l t [2] on the converse to Zeckendorf ' s 
t h e o r e m . 

2. A DUAL-ZECKENDORF THEOREM 
Definition 1: The Fibonacci sequence / u. \. is defined by u, = 1, 
u-> = 2, and u . n = u ., + u for n > 1. 2 n-2 n+1 n 
Lemma 1: 

(a) 

u k+l _ 1 = u k + Uk-2 + u k - 4 + • • • + u 3 + U l f ° r k ° d d -

Uk+1 " 1 = Uk + U k-2 + u k - 4 + • ' * + u 4 + U2 f o r k e v e n -

( b ) u k+l = Uk + Uk-2 + u k - 4 + • ' • + uk-2p+2 + u k -2p+l ' 

where 
k k-1 

p = 1, 2, 0 . o , •=- for k even and p = 1 , 2 , . . . , -y— for k odd. 
k-1 " n " 

(c) uic+l " ^ = 2 u- f ° r k > 1, where X 
1 m 

is defined to be ze ro for n < m. 

Proof. The s t ra ight forward inductive proof is left to the r e a d e r . 
Our f i rs t theorem, as noted in the introduction, is essen t ia l ly a 

dual of the Zeckendorf theorem [l] : 

Theorem 1: E v e r y posit ive integer n has one and only one r e p r e s e n -
tat ion in the form 

k 
(1) n = X jS.u. , 

1 

where the /3. a r e binary digits satisfying 
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(2) ^ i^ i+1 ^ 1 *or i = 1,2, . . . , k-2 

and 

(3) /3k = 1 . 

For a given posit ive integer n, the value of k is de te rmined as 
the unique in teger for which the inequality, 

(4) u k + 1 - 2 < n l u k + 2 - 2 , 

is sat isf ied. 

Convention: It will be a s sumed without explicit ment ion in the r e -
mainder of the paper that al l expansion coefficients (subscr ip ted v a r -
iables a and j3 ) a r e b inary digi ts , that i s , digits having ei ther the 
value ze ro or the value unity. 

Proof of Theorem: Let n be a posit ive in teger satisfying inequality 
(4). F r o m (c) of Lemma 1, we obtain the equivalent inequality, 

k-1 k 
(5) X u. < n < £ u. , • 

1 1 

so that by the Zeckendorf theorem, the non-negat ive in teger 

k 

p o s s e s s e s 

(6) 

a n expan sion in 

k 

2 

the 

u. 
I 

1 
1 

u. 
I 

: form, 

- n = 

- n 

00 

1 a.u. 
I I 

with coefficients satisfying a. a. .. = 0 for i >. 1. 
r & l l + l 

Note from (5) that 

k 

2 
l 

u. -I • n < 

k 

1 
1 

u. -
l 

k - 1 

2 
1 

u. 
1 u k ' 
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which impl ies a. - 0 for i >. k in(6) . I npa r t i cu l a r , a = 0o Hence, 
(6) may be rewr i t t en 

V u. - n = V, a.u. with a, = 0 , ^ i l i k 

k k 
(?) n = X (1 - a.)u. - 2 £.u. with £ k = 1 , 

1 1 

where we have defined /3. = 1 - a. for i = 1, 2, . . „ , k. It is c lea r 
l I 

from the re la t ions a . a . x l = 0 and a .a . , , ==(1 - fl.)(l-/3.,1 ) that |8. + jS.,,^1 i l+l I l+l v / r * M i + 1 ' Mi Mi+1 
for i = 1, 2, oo . , k - 2, as required,, 

To show uniqueness , a s s u m e the re exis t s a posi t ive in teger n 
with two r ep re sen ta t i ons : 

m p 
(8) n = 2 /S.u. = 2 jS.'u. , 

where ^ = 0 = 1, / ^ + £ i + 1 ^ * f o r i =. 1. 2, . . . , m - 2; and 
ySj' + / 3 . + 1 ' 2 1 for i = 1, 2, . . . . p - 2. 

If m / p, thenwe a s s u m e m > p without loss of general i ty , and 
from the coefficient cons t ra in t s and Lemma 1, we have 

2 jQ.u. > u +u 0+u . + . . . + u, ~ = u M i i m m - 2 m - 4 1,2 m+1 - 1 , 

while 

p p m - 1 
V fi. fu. < V u. < V u. = u ,, 
** Hi i ^ i ^ i m + 1 

2 

(Here and in what follows, the subscr ip t notation u, ? s e r v e s to indi-
cate the final t e r m in a sum, the value of the final t e r m being e i ther 
u, or u ? depending on the pa r i ty of the index assoc ia ted with the ini t ial 
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term in the sum. ) This is in evident contradiction to (8) and we con-
clude m = p. 

Now, define a = 1 - ]8. and a.' = 1 -£.» for i = 1, 2, . . . , p. 

Then a{ai+l = - a^a j^ =0 for i = 1, 2, . . , / p - 1, and (8) becomes a. a: 
i i.+l 

P 

1 

= 0 

(1 -

for i = 1 

a.)u. = 
i I 

., 2, 

P 
1 
1 

. . . , p - 1 

(•l-a.'Ju. 

or 

P P 
(9) 2 a.u. = 2 a.'u. . 

1 1 

Since both sides of (9) are admissible Zeckendorf representations, the 

uniqueness of such representations implies a. = a.' for i = l, 2, . . . , p 

or equivalently fi. - /3.' for i = 1, 2, . . . , p, which proves uniqueness 

of the dual representation and completes the proof of Theorem 1. 

3. THE CONVERSE THEOREM 

Next, we will show that the expansion property expressed in 

Theorem 1 actually provides a characterization of the Fibonacci num-

bers, 

Definition 2: An arbitrary sequence of positive integers, {v;}> 

i = 1, 2, o.. will be said to possess the dual unique representation 

property (Property D) if and only if every positive integer n has a 

unique representation in the form 

P 
"(10) n =• X fi.v. with B = 1, and 

\ * ' i i ' p 

1 

(11) £. + (3i+l 21 for i= 1,2, . . . . p - 2 . 

Corollary 1: A sequence lv . \ possessing Property D has distinct 

elements; that is, v 4 v f°r m 4 n» 
m ' n 
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Proof: Assume m 4 n and v = v . Take m > n > 1 without loss 
' m n 

of general i ty; then, 
m m -1 

2 v t =.• 2 v. , 
• i=l . • l 

contradict ing the a s sumed uniqueness of expansions satisfying (10) and 
(11). 

Lemma 2: If ( v. \ p o s s e s s e s P r o p e r t y D, then v = u, and v? = u~, 
where / u. \ is the Fibonacci sequence of Definition 1, 

Proof: In o rde r to r e p r e s e n t the integer 1 in the p rope r form [(10)-
(11 ) ] , it is c l ea r that e i ther v, or v " mus t be equal to 1. If v = 1, 
then v - Z n e c e s s a r i l y and the Lemma is proved. In the remaining 
case , v, = 2 , vn = 1 and it follows that v0 = 3 and v„ = 6. At this 

1 2 3 4 
point, it is imposs ib le to r e p r e s e n t the integer 8 in p roper form no 
m a t t e r how the remaining (distinct) v. a r e chosen. Thus v, = 1 = u, 
and v ? = 2 = u? as s ta ted. 
Theorem 20 If jv . \ , i = 1, 2, . . . is an a r b i t r a r y sequence of pos i -
tive in tegers posses s ing P r o p e r t y D, then v. = u. for al l i k 1. 

Proof: The a s s e r t i o n is t rue for i = 1 and 1 = 2 as proved in Lemma 
20 Now, a s s u m e as an induction hypothesis that v.. = u, , v? = u ? , • • • , 
v, = u, for some k >. 2„ We wish to show that v, , = u, . necessa r i ly . . 

Recal l from Theorem 1 (noting v. = u. for i = 1, 2, . . . , k by 
the inductive assumption) that eve ry posi t ive integer n satisfying 

0 < n < £ v. 
l 

has a r ep re sen ta t ion 

n. = I / Jv . 
I I 
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wher e m < k, /S = 1 and /3. + £ i + 1 > 1 for 1 = 1 , 2, . . . , m - 2. 

We show first that v, , , > u, . , . For, if not, then v. M <u, M k+1 k+1 k+1 k+1 
and 

( 1 2 ) V k+l + V k- l + V k-3 + - • • + V 1 , 2 < u k + l + u k - l + U k - 3 + ' • • + u l , Z^k+Z ' 1 ' 

which implies 

v k + l * V l + " - + V l , 2 ^ U k+2~ 2 = 1 Vi • 
1 

From (12) and the remark in the preceding paragraph, we have 
m 

V k + l + V k - l + V k - 3 + - - + V l , 2 ~~ 2 ^iVi ' 
1 

with m < k, R =• 1 and /?. + # . , , >- 1 for i = 1, 2, ... . , m - 2. Hm * i Mi+1 
Since both sides are in the proper form and are not identical, uniqueness 

is contradicted. Therefore v, . , > u. . . as asserted. 
k+1 k+1 

Now assume v, , > u, , • We shall show that this assumption 
also leads to a contradiction of uniqueness. If v, , , > u, , , then the 

unique representation of the integer 
k 

2 u. + 1 

has the form * 

k k+m 

(13) I u.+l = 1 0-v. with m > 2, ^ k + m = 1 and 0 ^ / 3 ^ > 1 

1 1 
for i = 1, 2, . . o , k+m-2. 

(For, if m < 2 in (13), then m = 1 since v , + 1 must certainly appear 

with non-vanishing coefficient. But 

k+1 
2 /3.v. > v, , , +u, , -hi, «+. . . +u, 9 > u, , , +u, , +u, ~+0 o . -hi, ? = Hi i k+1 k-1 k-3 1,2 k+1 k-1 k-o 1,6 

k 
= £ u.+l, so that (13) could not be valid.) 

1 
The foregoing argument also shows J3I__LI = 0 in (13); hence 

j3i = /9i , ? = 1 from the coefficient constraints, and 
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o r U k 2 

k 

1 
1 

Vk+2-

A N E W C H A R A C T E R I Z A T I O N O F 

k + m 

u.+l = 1 ft v. 
i * i l 

1 

= V k + 2 + U k + l " l 

F r o m C o r o l l a r y 

A{ 
II 

1, 

V k + 2 + U k + U k - 2 + -

k - I 

Vk+2 + 2 u i 
1 

we i n f e r (note 

+ 

V ] 

+ U T 

1 

, 2 : 

9 

, = uk> 

F e b r u a : 

t h a t 

try 

(14) v k + 2 < u k . 

Now, c o n s i d e r t h e p a r t i c u l a r i n t e g e r , N = v , ~ + v + v, ? + . . . + v , ?i 

w h i c h i s i n t h i s a d m i s s i b l e f o r m of (10) - (11) . 

( 1 5 ) V k+2 + V k + V k-2 + - ' ' + V 1 , 2 < u k + ( V U k - 2 + ' 

o r 

We h a v e 

• • + u l , 2 ) = 

= u k + u k + l " 1 

k 

-2 = 2 v. 
I 

1 

^ k - K T 1 

• N = v +V +V +D . . +V < U 
N k+2 k k - 2 1 , 2 - k+2 

T h u s N a l s o h a s a r e p r e s e n t a t i o n in a d m i s s i b l e f o r m i n v o l v i n g a t m o s t 

t he f i r s t k m e m b e r s of the s e q u e n c e { v . \ , and u n i q u e n e s s i s c o n t r a -

d i c t e d . 
T h e i n e q u a l i t y v, , , > u, , , , i s t h e r e f o r e u n t e n a b l e a n d w e h a v e ^ J k+1 k+1 

s h o w n v, , i = u, , , • T h e t h e o r e m t h e n fo l l ows i m m e d i a t e l y by i n d u c t i o n . 

T h u s , t he d u a l u n i q u e r e p r e s e n t a t i o n p r o p e r t y ( P r o p e r t y D) i s a 

p r o p e r t y en joyed on ly by the F i b o n a c c i n u m b e r s and i s t h e r e f o r e suf-

f i c i e n t to c h a r a c t e r i z e the s e q u e n c e / u . \ . 

A c k n o w l e d g e m e n t : I w o u l d l ike to a c k n o w l e d g e t he c o n t r i b u t i o n of P r o -

f e s s o r V e r n e r E . H o g g a t t , J r . , w h o s e c a t a l y t i c c o m m e n t s l ed to the 
t h e o r e m s of t h i s p a p e r . See a l s o a p a p e r by H . H. F e r n s [3] t h i s i s s u e . 
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