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emerging for complex subsc r ip t s . This fine re fe rence [2] was brought 
to our at tention by Prof. Tyre A. Newton. 
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LETTER TO THE EDITOR 

P. NAOR 
The University of North Carolina 

Chapel Hi l l , N.C. 

I read with g rea t i n t e r e s t your recent paper "On the Order ing of 
the Fibonacci Sequences . " The genera l idea underlying your o rder ing 
p rocedure is excellent , but the r ep resen ta t ion can be improved and 

(possibly obscure) re la t ionships may be brought to light. 
Consider (for the t ime being) sequences for which D ^ 11. For 

r ea sons which will soon become c lea r I prefer to define the number f 
(in your notation) as the f i r s t t e r m in the sequence, 0 , say. You co r -
rec t ly pointed out that "a negative sequence may be obtained from a 
posit ive sequence by changing the signs of all t e r m s " . . . ; however , 
the re is another ( ra the r s imple) operat ion which es tab l i shes an .equiva-
lence between two sequences . Consider a sequence 

. <£_4> 0_3> <£ 2 j 0_1> 0O> 0 1 > 0 2 > <py 04> • 

and a s s u m e , for c o n v e n i e n c e , t h a t the m o n o t o n i c p o r t i o n i s p o s i t i v e . 

It i s e a s y to v e r i f y t h a t 0 i s p o s i t i v e ( n e g a t i v e ) if n i s e v e n (odd) 
w h e r e n i s a n o n - n e g a t i v e i n t e g e r . Nex t v i e w a n a s s o c i a t e d s e q u e n c e 
{ 0 ' } de f ined by 

0 ' = 0 if n i s e v e n 
±n ^n 

d>\ = <6_ if n i s odd . 
< ±n r' + n 

It i s e l e m e n t a r y to show t h a t { 0 ' } i s a F i b o n a c c i s e q u e n c e (wi th 
t h e m o n o t o n i c p a r t p o s i t i v e ) - t h u s F i b o n a c c i s e q u e n c e s t y p i c a l l y a p p e a r 
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in p a i r s - { (f>n } being { 0 } - although the poss ibi l i ty of a sequence 
being s e If - a sso c iate d (a nd thus appear ing to be single) cannot be ruled 
out a p r i o r i . Now for a series"To"Be~"self-associated in the following 
mus t hold - <f> - + tp so that the cen t ra l t e r m 0 becomes 

and, if we a r e in t e res t ed only in sequences which a r e not in tegra l mu l -
t iples of other sequences , it becomes c l ea r that one, and only one, 
such sequence ex i s t s , to wit 

. . . . . . . -4 , 3, - 1 , 2, 1, 3, 4, . . . . . 

whose D equals 5. Let this sequence be denoted as the o rd ina ry self-
assoc ia ted sequence,, However, the re exis ts in addition"an exTra_ordi-
n a r y se l f -assoc ia ted sequence. If we admit (which we did not before) 
tEe~possibility <f> = 0, we have 

and the only "prime1 1 solution is the Fibonacci sequence 

. . . . . . - 3 , 2, - 1 , 1, 0, 1, 1, 2, 3, . . . . . 

You note, of cou r se , that in this single case f equals <f> and not 
4>i 0 This sequence is indeed ex t r ao rd ina ry in s eve ra l r e s p e c t s : In 
contradis t inct ion to all other sequences it has the p r o p e r t y that (f> is 
posi t ive (negative) if n is odd (even). Also <p < ] <f>• , J is t rue in 
this case whereas in al l other cases the inequali ty nolds in the opposite 
d i rec t ion . An exceptional behavior of D will be d i scussed in this l e t t e r . 

It is then my proposa l to c h a r a c t e r i z e the Fibonacci sequences 
not by (f , f, ) but r a the r by ( 0 1 , <f>, ). This r ep re sen t a t i on has 
numerous advantages : The two mutual ly dual Fibonacci sequences may 
be r ep re sen t ed by _one pa i r of b racke t s , e. gD , what you r e p r e s e n t as 
(1, 4) and (2, 5) would become in m y notation (-2, 1) and ( -1 , 2); both in 
one r ep re sen ta t ion would be wr i t t en as [2, l] with the ag reemen t that 
the l a rge r (in absolute value) number p r e c e d e s the s m a l l e r number . 
The o rd ina ry se l f -assoc ia ted (or self-dual) sequence would be [1 ,1 ] 
whe reas the e x t r a o r d i n a r y sel f -dual sequence d e s e r v e s specia l nota-
tion, e. g. (1 ,1) . 

Consider now the quantity D as defined in your paper 

? 2 
D = ff - f. f - r 

1 1 o o 
In t e r m s of <j> and <f> this becomes 
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Again since for the or iginal Fibonacci sequence <f> is differently-
defined (in t e r m s of your f's) we get D = -1 in this cas% on m y defini-
t ion but this is not disconcerting,, To my mind the or iginal Fibonacci 
sequence is sufficiently e x t r a o r d i n a r y (on compar i son with other such 
sequences) that it d e s e r v e s a D with a sign different from that of the 
o t h e r s . Inspection of the D's as p resen ted in your paper leads me to 
the following conjectures (I am inclined to think that (a) i t i s not difficult 
to prove them, (b) it has been done so before - thus I have not taken 
the t rouble) . 

Let p r i m e number s of the form lOn ± 1 be r e p r e s e n t e d by g-, . 
We have then 
(1) The set of feasible D's is made up of - 1 , 5, all g^ ' s , al l p rod-
uc ts of g iJs which we denote by Q ( i . e . Q = g . g . . . . g j j a l l 
number s of the form 5gk> and a l l n u m b e r s of the form 5Q . In other 
words a n e c e s s a r y condition for an in teger to be a D is that it belongs 
to the s&TJ^TTT, gk, Q m , 5gk, 5Q m } . 
(2) Each number in the above set may indeed be found in the l i s t of 
D ' s . In other words , the above is a l so a sufficient condition. 
(3) T h e n u m b e r of s e q u e n c e s a s s o c i a t e d w i t h a g i v e n v a l u e of D i s 
s i m p l y r e l a t e d to i t s f a c t o r i z a t i o n p r o p e r t i e s . I r e s e r v e a f ina l f o r m u -
l a t i o n of m y c o n j e c t u r e on t h i s p a r t u n t i l I h a v e s e e n m o r e " e x p e r i -
m e n t a l m a t e r i a l , " i . e . , a t a b l e of D ' s (wi th a s s o c i a t e d s e q u e n c e s ) 
b e t w e e n 1000 a n d 2 0 0 0 . It i s a l r e a d y o b v i o u s t h a t fo r - 1 and 5 we g e t 
t h e s e l f - d u a l s e q u e n c e s and fo r e a c h g k a n d 5 g k w e h a v e one p a i r of 

a d u a l s e q u e n c e s . A s fo r a Q i t i s o b v i o u s t h a t if i t e q u a l s g (a > 1) 
m Ac 

w e h a v e a g a i n one a s s o c i a t e d p a i r , bu t fo r t h e c a s e Q = g a g . . . . aP & / m toi &j k 
t h e n u m b e r of a s s o c i a t e d p a i r s i s a f u n c t i o n of t h e d e g r e e of " c o m -
p o s i t e n e s s " a n d t h i s s h o u l d be l o o k e d in to a l i t t l e m o r e c a r e f u l l y by 
m e a n s of a n e x t e n d e d T a b l e . F i n a l l y , t h e n u m b e r of p a i r s of F i b o n a c c i 
s e q u e n c e s a s s o c i a t e d w i t h 5Q i s i d e n t i c a l w i t h t h e n u m b e r of p a i r s 
a s s o c i a t e d w i t h Q , m 

If y o u a r e a w a r e of l i t e r a t u r e r e l a t i n g to t h e s e c o n j e c t u r e s , k i n d l y 
l e t m e k n o w . A l s o if y o u h a v e a n e x t e n d e d t a b l e of t h e D ' s I s h o u l d 
a p p r e c i a t e a copy* 

I h o p e s o m e of m y r e m a r k s m a y h a v e b e e n of u s e fo r o r d e r i n g 
and c l a s s i f i c a t i o n p u r p o s e s . 
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