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The sequence of Fibonacci numbers may be defined by 

(1) Fn = 0, F, = 1, and F = F • . + F . for n 2 2. 
0 1 n n-1 n-Z 

We describe a way of deciding when a set S of m distinct numbers 

drawn from the sequence F?i F«, F . , . . . corresponds to the sides 

of some plane polygon with m sides. If they do we call S a (scalene 

Fibonacci) polygon, for short. 

To prove the result, we find it convenient to use the following 

identities, easily proved from (1) by induction on k and n, respectively: 

k 
(2) F = F 0 1 + X F r n for n ^ 4 and 0 < 2k C n, x n n-2k n-2i+l 

i=l 

n - 2 
(3) F > 2 F. for n ^ 1 (the sum is zero if n = 1, 2, 3)„ 

i=2 

Suppose once and for all that F is the largest number in S. If 

we denote by S(n, k) the set of numbers appearing in (2), then S is a 

polygon if and only if it properly contains some S(n, k). If it equals 

S(n, k) for some k we call it a degenerate polygon. 

Proof: If F ^ S, then by (2) S contains no S(n, k). By (3) F 

exceeds the sum of the other numbers in S, which shows that S is not 

even a degenerate polygon. Now suppose that F , £ S (so that n 2. 3) 

and proceed downward through the sequence in (1), starting with F , 

and stopping short of F, . The numbers alternate in and out of S until 

one of two things happens. 

1. S is found to containno S(n, k), either because the alterna-

tion stops at an adjacent pair not in S, say F ?., F ? . , with 

n-2j-l 2. 2, or continues to the bottom (here we set n-2j-l = 1 or 0 ac-

cording as n is even or odd). Then every number in S other than F 

occurs in either 
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n -2 j -2 j 
V F . or X F - . , , . 
^ i ^ n-2i+l 

i=2 i=l 
The f i r s t sum < F - . by (3), whence the sum of each < F by (2). n-2j 7 n 7 

Thus S is again not even a degernate polygon. 
2. The a l te rna t ion stops with an adjacent pair in S, say F ? , , , 

F -,, with n-2k ^ 2 , so that S(n, k) is in S. Then (2) shows that 
S is a (degenerate) polygon if the re a r e (no) numbers in S bes ides 
those in S(n, k), on the grounds that F (4) the sum of the other num-
be r s in S. 

Could two sets of numbers drawn from F ? , F^ , F . , . . . be p r o -
por t ional to the lengths of the s ides of a single polygon? This is not 
poss ib le , at any ra t e , when the numbers in each set a r e dist inct , for 
suppose that we did have two scalene Fibonacci polygons with l a rges t 
s ides F and FKT (N > n) propor t iona l to a third polygon, hence to 
each other, say in the ra t io P > 1. We have just seen that if F is 
the l a rges t number in such a set, then F , mus t belong to it . Since 
the l a rges t and second l a rges t s ides cor respond , we have P F = F M 

and P F , = FXT , . By (1), we have, then, P F 0 = FAT 0, and n-2 n-1 N- l J n-2 N-2 
fur ther applicat ions of (1) yield finally P F n = F . By (1), the l .h . s. 
is ze ro and the r . h . s. posi t ive, which is absurd . 

An in te res t ing e x e r c i s e is to use this a rgument (with suitable 
amplif icat ion of the las t sentence) on any two Fibonacci polygons such 
that in at leas t one of them the re a r e numbers whose subsc r ip t s differ 
by only one or two. We need something s t ronger for such polygons as 

n n -3 n-3 n - 3 , n -3 n -3 
The genera l iza t ion of (2) which s e e m s to be called for is some 

cha rac t e r i za t ion of the coefficients in inequali t ies of the form 

F i 2 a. F. n ^ 1 1 
i=2 

where the a . ' s a r e nonnegative i n t ege r s . 
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