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R. E. Greenwood [1] has investigated plane lattice paths from
(0, 0) to (n, n) and has found a relationship between the number of paths
in a certain restricted subclass of such paths and the Fibonacci se-
quence. Considering such paths and using a method of enumeration
different from that used by Greenwood, an unusual representation of
Fibonacci's sequence is suggested.
The paths considered hereare comprised of steps of three types:
(i)horizontalfrom (x, y) to (x + 1, vy); (ii) vertical from (x, y) to (x, y + 1);
and (iii) diagonal from (x,y) to (x +1, y +1).
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Figure 1

In the interest of simplicity of representation, we will here con-
sider the paths from Hi to Vi’ for each positive integer i. Note
that the number of paths from Hi to Vi is the number of paths from
(0, 0) to (i,i). However, instead of considering the total number of
paths from Hi to Vi as was done by Greenwood, we will count only
the number of paths from Hi to Vi which do not contain as subpaths
any of the paths from Hj to Vj’ for j <i. This number plus the
number of paths from Hi—l to Vi-l is the total number of paths from

Hi to Vi' The use of this counting device suggest the
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Theorem:
Let
1D =1
D-1 . .
ZD = [ 5 ], where [ ]denotes the greatest integer functior
3p 7 ®p.1 T 2pog
“p 7 %p.2*3p2

i

(2n), = (2m)p_, +(2n-1), ,

(2.n+l)D = (2.n+1)D‘1 + (Zn)D_l
with the restriction that kD =0 if k > D. For each positive integer
D, let D
(D) = % kD .
k=1
The sequence {f(D) ] D=1, 2, 3, ...}is the Fibonacci sequence.

The proof is direct and is therefore omitted.

The geometric interpretation of the numbers kD and (D) men-
tioned in the theorem is interesting. However, before considering this
interpretation it is necessary to define a section of a path. For this
purpose we willnow consider a pathas the point settowhich p belongs
if and only if for some step ((x, y), (u, v)) of the path, p belongs to the
line interval whose end points are (x, y) and (u, v). A section of a path
is a line interval which is a subset of the pathand whichis not a subset
of any other line interval each of whose points is a point of the path.

The above mentioned geometric interpretation follows: By defi-
nition f£(1) = 1. For each positive integer D 2 2, let Ly denote the
set of paths from HD to VD which do not contain as subpaths any of
the paths from Hj to Vj’ for j < D. £{(D) is the number of paths be-

longing to the set LD. k., is the number of paths in the subset X of

D

LD such that x belongs to X if and only if x contains as subsets

exactly k diagonal sections.
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Figure 2 portrays the five paths which belong to L5. In Figure
2a appears the one path of L5 which contains only one diagonal sec-
tion (l5 = 1). Thetwo paths of L, whichcontainexactly two diagonal
sections appear in Figure 2b (Z5 = 2). In Figure 2c the two paths of
L5 which contain exactly three diagonal sections are shown (35 = 2).

It is noted that 45 = 55 = 0.

Fig. 2b

25=2 35=2

fi(6) = 1 +2+2+0+0 = 5
Figure 2
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