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The rec tangle whose diagonals form equi la te ra l t r i ang les with i ts 
widths has some su rp r i s ing p r o p e r t i e s , including a re la ted Fibonacci -
like s e r i e s of i n t ege r s . Before d iscuss ing this rec tangle , for l a te r 
compar i son , we cal l to mind another r ec tang le . The famous Golden 
Rectangle has the p rope r ty that when a full-width square is cut from 
one end, the remain ing pa r t has the same propor t ions as the or iginal 
rec tangle , the ra t io of length to width being (1 + V5)/2. Joseph Raab 
d i scussed other golden-type rec tang les [_lj , which have the p rope r ty 
that when an in tegra l number k of full-width squares a r e cut from one 
end, the remaining pa r t has the same propor t ions as the or iginal r e c -
tangle . These golden-type rec tang les a l so have re la ted s e r i e s of in te -
g e r s . 

In the rec tangle whose diagonals form equi la te ra l t r i ang les with 
i ts widths, the ra t io of length to width is ^ 3 , ce r ta in ly not "golden." 
But after cutting a full-width square from one end, the re appea r s a 
gl i t ter as the ra t io of length to width becomes (1 + ^)/2. Operat ing 
s imi l a r l y on this rec tangle , the ra t io becomes ^3 + 1, and repeat ing the 
p r o c e s s one last t ime makes the ra t io of length to width again ^ 3 . 
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Some m o r e "nea r -go lden" rec tang les appear as m o r e genera l 
c a s e s of removing squa re s of the width in a rec tangle to obtain r e c -
tangles s imi l a r to the or ig inal . To simplify the d iscuss ion , we will 
designate a rec tangle by a capi tal le t te r and i ts ra t io of length to width 
by the corresponding sma l l l e t t e r . 

F r o m a rec tangle R with width x and length y + mx, remove 
the total number m of full-width squa res contained in R to obtain 
rec tangle P . F r o m P, remove the total number n of full-width 
squa re s contained in P to form rec tangle R'0 

ky-^fe 

• y + mx 

* r x - ny — * 

x ny 

JL 

R ! 

If R1 is s i m i l a r to R, then r1 = r so that y / (x - ny) = (y + m x ) / x . 
Solving for x / y 1 p, we find 

I—2~2 
(mn + ^/m n + 4mn)/2n, 

/ 2 2 
p = (mn + \*m n + 4mn) /2m, 

(Note that R:R' = rp, and that m = n = 1 yields the Golden Rectangle . ) 
When we cut full-width squa re s from P , if we remove an in tegra l 

number n less than the total number of full-width squa res avai lable , 
and if R1 and R a r e s imi l a r , 

s/ r = ( ^ (m+n)^ + 4 + m i ) A 
p = ( V(m+n)2 + 4 + m + n ) / 2 . 
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(Note again the Golden Rectangle for m = 1 and n = 0, when P = R ' . ) 
Suppose that we remove the full amount of avai lable full-width 

squa re s in forming P and R', but R! and R a r e not s im i l a r . If a 
rec tangle T, s imi l a r to R, can be obtained from R' by the r emova l 
of an in tegra l number q of squares of the width of R', then 

r = t = (M n 2 (m+q) 2 + 4n(m+q) + n(m - q))/2n, 

p = (^ n 2 (m+q) 2 + 4n(m+q) + n(m + q))/2(m + q), 

r1 = ( V n 2 (m+q) 2 + 4n(m+q) + n(m + q) /2n. 

Again, q = 0 and m = 1 yields the Golden Rectangle , with 
r = p = rf = (1 + >/5.)/2. Also, q = m = n = 1 yields (for R and T) the 
rec tangle with diagonals forming equi la te ra l t r i ang les with i ts widths, 
with p = (1 + N / 3 ) / 2 . 

The s im i l a r i t y of form between the ra t io (1 + N 3 ) / 2 , he rea f t e r 
called 0 , and the golden ra t io given above, suggests that we seek a 
Fibonacci - type s e r i e s assoc ia ted with powers of 0 . Consider the fol-
lowing: 

e --
e2-. 
0 3 : 

e4 = 
0 5 : 

< ? 6 = 

= (1 + v/3)/2 

= (2 + ^3)/2. 

= (5 + 3 >/3)/4 

= (7 + 4^3) /4 

= (19 + ll>^3)/8 

= (26 + 15^3)/8 

= (1)0 + 0 

:= '(1)0 + 1 / 2 

= (3/2)0 + 1/2 

= (4/2)0 + 3 /4 

= (11/4)0 + (4/4) 

= (15/4)0 + (11/8) . 

The n u m e r a t o r s of e i ther the coefficients of 0 or the constant addends 
and the coefficients of ^3 form the following s e r i e s : 1, 1, 3, 4, 11, 
15, 41, 56, . . . It can be proved by induction that this s e r i e s is de -
fined by 

2n ~ 2n- l 2n-2 

2n+l 2n 2n- l 
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w h e r e P , = P ? = 1. A s e c o n d s e r i e s : 1, 2, 5, 7, 19, 26, . . . , h a v i n g 

the s a m e r e c u r s i o n f o r m u l a s a s t he a b o v e , a p p e a r s in the c o m p u t a t i o n 

of p o w e r s of 0. We s h a l l caLl t h e n th t e r m i n t he s e c o n d s e r i e s R . 
n 

If 0 = (1 + ^ 3 ) / 2 a n d 0 = (1 - ^ 3 ) / 2 , i t i s no t d i f f icu l t to show 

by i n d u c t i o n t h a t 
Pn= (en -f1)/ ^-z^-n^ , 

R n = ( 0 n
+ 9 S n ) / 2 & - n / 2 3 , n = l , 2, 3, . . . . 

w h e r e [x] i s the La rges t i n t e g e r i n x . The s e r i e s j u s t de f ined b e a r a 

s t r i k i n g r e s e m b l a n c e to the F i b o n a c c i and L u c a s s e r i e s a s de f ined by 

t h e B i n e t f o r m u l a in t e r m s of the g o l d e n r a t i o , w h e r e t he n th F i b o n a c c i 

and n th L u c a s n u m b e r a r e g i v e n r e s p e c t i v e l y by 

rp a n - p n n , R n , 1 + ^5 a 1 - ^S 
F = - — , L - a + 6 for a = , p = . 

J 5 n 2 2 

U s e of the a b o v e f o r m for P and R and s t a n d a r d l i m i t t h e o r e m s 
n n 

l e a d s to 
L i m i t P 0 / P ~ , = $ and L i m i t R 0 / R 0 , = d> ; 

2n ' 2 n - l 2n ' 2 n - l r 

n-> co n—>co 
L i m i t P 0 M / P , =2(9 and L i m i t R_ , . /R~ = 2 0 . 

2 n + l ' 2n 2 n + l ' 2n 
n__^co n-a*00 

F i n a l l y , a s n i n c r e a s e s , R / P o s c i l l a t e s a b o u t i t s l i m i t , N / 3 . 3 n ' n 
A l s o e s t a b l i s h e d by i n d u c t i o n a r e f o r m s for p o w e r s of #0 

0 n
 = { P 0 ) / 2 B n - D / 2 ] + p / 2 [ n /2 ] = + p ^ / £ [ ( n + l ) / 2 ] 

X '̂ n n - 1 ' n n " 

a n d 

r n = ( - 2 ) n ( P n + 1 / 2 t n / 2 ] - P n 0 / 2 D 1 1 " 1 ) / 2 ] ) . 

F o r c o m p a r i s o n , if 

IjtJl = a , t h e n a*1 = (L + F \ f5 ) /2 , 
? n n ' 

w h e r e F i s the n t h F i b o n a c c i n u m b e r a n d L the n t h L u c a s n u m b e r . n n 
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Other t h e o r e m s , a lso possible to es tabl i sh by induction, a r e : 
2n 
1 P . = P ? ,, - (P 9 . + l ) / 2 , . , I 2n+l x 2n- l '' 

i=l 
2n+l 

1=1 

2(2n-l) 
v P = P P - p 

.""% i 2n 2n+l 2n-1 
1=1 

P P , , - P n P , ? = (~ l ) n + 1 . 
n n+3 n+1 n+2 

Considering the even o rde red e lements and the odd o rde red e l e -
ments of the s e r i e s sepa ra te ly leads to 

P 2 n = 4 P 2 n - 2 " P 2 n - 4 
p = 4 p „ p 
^2n+l ^ 2 n - l ^ 2 n - 3 ' 

which in turn can be used to prove the following re la t ionships between 
R and p , and summat ion formulas for even or odd e lements of the n n 
s e r i e s P, : n 

R9 = P 9 , + P 9 , 2n 2n- l 2n 

Zn Zn-1 LTI 

n 
2 P 9 . = ( P . ,, - l ) / 2 = (3P 9 - P 9 9 - l ) / 2 , . . 2i x 2n+l " x 2n 2n-2 ; / 

i= l 
and 

n V P 9 , 1 = P 9 = ( P 9 ,~ - P 9 x l ) / 2 . ^ 2 i - l 2n 2n+3 2n+l ' / 

i=l 
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