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P r o p e r t i e s of the convergents of continued fract ions can be used 
to develop a number of Fibonacci and Lucas ident i t ies . Since ref-
e r e n c e s for continued fract ions a r e so commonly avai lable , only those 
p rope r t i e s of continued fract ions n e c e s s a r y to the development of this 
paper a r e p resen ted . 

Let 5a., b. [ be a sequence of r ea l numbers where an = 1, b n 

may be ze ro , and all the other a. and b. a r e not z e ro . Then, the 7 l i 
continued fraction is given by 

(1) X = b + 
a l 

0 a , 
b, + 1 a 

b„ + 2 a 4 
3 

b 4 + . . . 

The convergent to X after i t e r m s is given by 

(2) 
A. b.A. , + a.A. _ 

I I l - l I I - Z 
B. b.B. , + a .B. . 

l l l - l i l - L 

for i = 2, 3, 4, . . . , AQ = bQ, BQ = 1, B1 = b^, and A^ = b Q b 1 + &^ . 
(In the special case that a. = b. = 1 for all i, A = F , 0 and B = v ^ l i n n+2 n 
F , , , where F is the nth Fibonacci n u m b e r . ) n+1 n 

It is known that the difference between two success ive conver-
gents is 

( 3 ) 
A. A. , (-1)1" a, a 0 . . . a. i l - l _ 1 2 I 

B. B. , B.B. , 
I l - l i i - l 

3 0 4 
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N e x t , l e t S = u n + u , + u~ + a . . be a n y s e r i e s w i t h p a r t i a l s u m s 

S„ = u_, S, =• u n + u . , . . . , S. = u„ + u , + u~ + . . . + u . , a n d s e t S. = 0 0 1 0 1 1 0 1 2 I i 
A V E . for a l l i . S ince S. - S. .. = u . , f r o m E q u a t i o n (3), 

r i . -, I I - I i n v ' 
u. = (-1) a , a~. . . a . / B . B . 1 ? y i e l d i n g a. = - B . u . / B . ~U. , and b. = 

I 1 2 v I i - I 7 to i I r i - 2 i - l i 
(u. , + u . ) B . / u . , B . n . S u b s t i t u t i n g t h e s e v a l u e s for a. a n d b . i n to 

i - l i l i - l i - l to i i 

(1) w i l l g ive t he c o n t i n u e d f r a c t i o n r e p r e s e n t a t i o n of S. b e l o w , but 

the r e s u l t i s v e r y c u m b e r s o m e to e v a l u a t e . The p a r t i a l s u m S. c a n 

be w r i t t e n in the s i m p l e f o r m 

(4) S . = u 0 + ^ _ 
1 " — 

( U1 + U2> 
U 1 U 3 

(u z + u 3 ) - . 

u. ~u. 
i-2 i 

( u . . 1 + u . ) . 

T h e d e v e l o p m e n t t h u s f a r i s found in v a r i o u s s t a n d a r d s o u r c e s d e a l i n g 

w i t h c o n t i n u e d f r a c t i o n s * At l a s t , we h a v e r e a c h e d the p o i n t of d e -

p a r t u r e for the p r o m i s e d F i b o n a c c i and L u c a s n u m b e r r e p r e s e n t a t i o n s . 

Se t u. = F . , t he i - t h F i b o n a c c i n u m b e r de f ined by F , = Fn - 1, 
i i J 1 2 

F ,, = F + F T . Then , s i n c e F . ,., = 1 + ( F 1 + F 0 + F~ + . . . + F . ) = n+1 n n - 1 i+2 x 1 2 3 r 
1 + S., 

(5) F 9 = F + 
i+2 2 F 

F L 
2 F F 

F 3 

F 4 

F i - 2 F i 

< F i - l + F i> 
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For example , 

F i i 
F , = F n + — _, = 1 + 6 2 F~ 7 1 

? F F ? - x ^ 
F - - z. ?. _ i f_ 

3 F F 
F 4 

F 5 

Similar i ly , if we set u. = L., the i - th Lucas number defined by L, = 
1, L~ = 3, L ,, = L , + L , we can wr i te an analogous express ion ' 2 n+1 n-1 n & r 
by replacing each F with an L in the above continued fract ion 
r epre sentat ion. 

Equation (2) provides 

(6) b. = (A.B. , - B.A. 9 ) / (A . , B . 9 - B. ,A. 9) 
1 1 i - 2 1 i - 2 " 1-1 i - Z i - l i - Z 

A. 9 \ 
i -2 \ 

B. 9 1-2 

As above, let u. = F. so that S. = A . / B . = F. , ~ - F», and compar ing 1 1 . 1 1 1 I + Z Z ° 
Equations (1) and (5) observe that b. = F. , . Then, from (6), 

F
i + i =[<Fi+2 - F

2> - <Fi - F 2>W B i - r [< F i+ i - Fz} - (Fi - Fz3 

which reduces at once to B. = B. , F. , . Then, the equation above 
1 i - l i - l 

can be wr i t t en as 
F . , ! = ( F . , 9 - F . )F . 1 / ( F . , 1 - F.) 

1+1 x i+2 1' i - l ' 1+1 r 

which becomes 
2 2 

F F = F - F 
i+2 i - l i+l 1 

F2
X 1 - F . X 1 F . - ( F . , 9 - F . )F . . = 0. i+l i+l 1 v i+2 i7 i - l 

The second form has solution 
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(7) 2F. , 1 = F. ± V F 2 + 4 F. . , (F. , 7 - F.) 
l + l I i i - l . i + 2 i 

where obviously the radicand mus t be the square of a posi t ive in teger 
Taking t r i a l M 
and suggests 

2 2 2 2 
Taking t r i a l values i = 5 and i = 6 leads to 11 = L r and 18 = L/ , 

b o 

(8) F 2 + 4 F. . F. = L2
? 

I i - l l + l I 

which can be es tabl ished by ma themat i ca l induction. Taking the posi-
tive sign in (7) gives 

2 F . , , = F. + L. or L. = F . , , + F. , , l + l 1 1 i l + l i - l 

a well-known re su l t . 
A pa ra l l e l development can be used for the Lucas number s lead-

ing to 

2 2 
Li+2 L i - 1 = Li+1 " L i J 

L2 - L . , 1 L. - ( L . , ? - L.)L. 1 = 0 l+l i+l l i+Z i i - l 

with solution 

_ 
(9) Z L. ,, = L. ± V L ^ + 4 L. , (L. , ? - L.) . 
N ' i + l i i i - l i+Z i 

By using the identity L. = F + F . , , the radicand can be reduced to 
25F. , leading to the pa ra l l e l of Equation (8), 

(10) L 2 + 4 L. , L.^. = 2 5 F 2 . v ' I i - l i + l i 

As a side benefit^ combining Equations (8) and (10) gives us 

6 F 2 = L. , L. ,1 + F . , F . , , , I i - l i+l i - l i+l 
2 

and substi tuting 25F. for the radicand in Equation (9) yields 
5F. = L. , + L. , , . l i - l i + l 
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R e t u r n i n g to E q u a t i o n (3) a n d s o l v i n g fo r a . , we h a v e 

- a. = (A .B . 1 - B .A. - , ) / (A. , B . 9 - B. 1 A . 0) I I l - l i i - l / / x i - l i - 2 i - l i - 2 ' 

/ A . A. A / B . \ / / A . . A. 0 \ i I - 1 \ / I \ / / l - 1 i - 2 \ 

i B . B . i I \ B . -%// \ B . , B . -, 
\ 1 1 - 1 / \ 1 - 2 / / \ 1 - 1 l-Zy 

C o m p a r i n g E q u a t i o n s (1) a n d (5) s h o w s - a. = F . F . ?, s o t h a t 

i ! 1 ' ¥ i r i F
i + 2 - F 2 ) - ( F i i r F 2 ' ] V B i J | F i + r F

2 ' - t V F 2 ' ] 
= < F i + 2 " F i + l > < F i - l F i - 2 > / < F i + l ' F i>-

S i m p l i f y i n g , we h a v e 

F^ - F . F . , , + ( F . , 9 - F . . J F . 1 - 0 
I I i+ l i+2 i + l ' i - l 

w i t h s o l u t i o n 

2 F . = F . x l ± ^ F ? , , - 4 F . , ( F . , 9 - F . , , ) 
i i+ l i+ l i - l x i+2 i + l ; 

F . j , ± %^FZ_U1 - 4 F . . ( F . ) i+l i+ l i ~ l x i 

2 2 
R e p l a c i n g F . , by ( F . + F . ,) l e a d s to 

F ? , , - 4 F . F . . - F 2
 ? i+ l i i - l i - 2 

so t h a t t he e q u a t i o n a b o v e b e c o m e s 

2 F . = F . x l + F . 9 0 i i+ l i - 2 

The L u c a s n u m b e r e q u i v a l e n t s a r e found by r e p l a c i n g e a c h F by a n 

L f r o m E q u a t i o n (11) o n w a r d s . 
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