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B - 7 6 (Originally P-l of this Quarterly, Vol. 1, No. 2, p. 74) 
Proposed by James A. Jeske, San Jose State College, San Jose, California. 

The r e c u r r e n c e re la t ion for the sequence of Lucas number s is 
L l o - L .. - L = 0 with L. = 1, L0 = 3. n+2 n+1 n 1 2 
Find the t r ans fo rmed equation, the exponential generat ing function, and 
the genera l solution,, 

B - 7 7 (Originally P-2 of this Quarterly, Vol. 1, No. 2, p. 74) 
Proposed by James A. J eske, San Jose State College, San Jose, California. 

Find the genera l solution and the exponential generat ing function 
for the r e c u r r e n c e re la t ion 

7n+3 'n+2 Jn+1 J n 

with yn = 0, y1 = 0, and y? = -I. 

J 3 - 7 8 Proposed by Douglas Lind, University of Virginia, Charlottesville, Va. 

Show that 
F = L o + L , + o e o + L 0 A + e , n > 2 , n n-2 n -6 n - 2 - 4 m n 

v/here m is the g rea t e s t in teger in (n - 3)/4, and e = 0 if n = 0 
(mod 4), e = 1 if n / 0 (mod 4). 

3 2 3 
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B - 79 Proposed by Brother U. Alfred, St. Mary's College, St. Mary's College, California 

Let a = (1 + S^b)/Z, Determine a closed expression for 

Xn = [a] + [a2] + . . . + [a11] 

where the square brackets mean "greatest integer in. " 

B - 8 0 Proposed by Maxey Brooke, Sweeny, Texas 

Solve the division alphametic 

PISA 
FIB I XONACCI 

where each letter represents one of the nine digits 1,2, „». , 9 and 

two letters may represent the same digito 

B - 8 1 Proposed by Douglas hind, University of Virginia, Charlottesville, Va. 

Prove that only one of the Fibonacci numbers 1, 2, 3, 5, . . . is 

a prime in the ring of Gaussian integers. 

SOLUTIONS 

A LUCAS NUMBERS IDENTITY 

B-64 Proposed by Verner E. Hoggait, Jr., San Jose State College, San Jose, California 

Show that L L . - =s L0 .,+(-1) , where L is the n-th Lucas n n+1 2n+l n 
number defined by L, = 1, L„ = 3, and L l o = L ., + L . * 1 2 n+2 n+1 n 

Solution by John Allen Fuchs, University of Santa Clara, Santa Clara, California 

By the Binet formula 

T n un L = a + b n 
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w h e r e a = (1 + v / 5 ) / 2 a n d b = (1 ~ ^ 5 ) / 2 a n d a b = - 1 - T h e n 

T T / n . u n w n + 1 , T_n+1, 2n+l , n. n+1 , n + 1 , n , 2n+l 
n n+1 = ( a + b )(a + b ) = a + a b + a b + b 

2n+l , 2 n + l . . , xn. , . . _ , . . , n 
= a + b + (ab) (a + b) = ^Zn+l + (-1) . 

Also solved by John E- Homer, Jr.; Douglas Lind; Benjamin Sharpe; M. N. Srikanta Swamy; 
John Wessner; and the Proposer 

O P E R A T O R S 

B - 6 5 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 

L e t u and v be s e q u e n c e s s a t i s f y i n g u ,~+au p 1 + b u = 0 n n ^ 3 to n+2 n+1 n 
and v

n + 2 + c v n + l + < ^ v n ~ ^ w h e r e a, h, c, and d a r e c o n s t a n t s and 
l e t ( E 2 + a E + b ) { E 2 + c E + d ) = E 4 + p E 3 + q E 2 + r E + s „ Show t h a t y = u + v 
s a t i s f i e s 

y _i_/!+py jLO+qy r . 9 + r y _ L I + s y - o • 

7 n + 4 ^ ' n + 3 n j n + 2 ' n + 1 J n 

Solution by David Zeitlin, Minneapolis, Minnesota 

Le t P ( E ) = E 2 + a E + b and Q(E) = E 2 + c E + d, w h e r e P ( E ) u = 

0, Q ( E ) v = 0, P ( E ) 0 = 0? a n d Q(E)0 = 0, S ince P(E)Q(E) = Q(E)P(E) 
w e h a v e 

P(E)Q(E)(u + v n ) = Q(E) [ P ( E ) u n ] + P(E)0 = Q(E)0 = 0, 

w h i c h i s the d e s i r e d r e s u l t . 

Also solved by Douglas Lind; M.N. S. Swamy; and the proposer 

B - 6 6 Proposed by D. G. Mead, University of Santa Clara, Santa Clara, California 

F i n d c o n s t a n t s p , q, r , a n d s s u c h t h a t 

y n + 4 + p y n + 3 + C ^ n + 2 + r y n + l + S y n = ° 

i s a 4 th o r d e r r e c u r s i o n r e l a t i o n for the t e r m - b y - t e r m p r o d u c t s y = 

u v of s o l u t i o n s of u , 0 - u , , - u = 0 and v , 0 - 2 v , , - v = 0 . n n n+2 n+1 n n+2 n+1 n 
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Solution by Jeremy C. Pond, Sussex, England 

u = Aa + Bb where a, b are the roots o f x - x - 1 = 0 and n -, 
v = Cc + Dd where c, d are the roots of x - 2x - 1 = 0. Thus n 
y = AC(ac)n + AD(ad)n + BC(bc)n + BD(bd)n, and so ac, ad, be, bd 

are the solutions of 
4 -L 3 4- 2 4- 4- \ 

x + p x + q x + r x + s = 0 , 

I . e . , 

p = -(a + b)(c + d) = -2 

2 2 2 2 
q = b cd + abd + 2abcd + abc + a cd 

= (a + b)2cd + (c + d)2ab - 2abcd = -1 -4 -2 = -7 

r = -abcd(bd + be + ad + ac) = -abcd(a + b)(c + d) = -2 

s = (abed)2 = 1. 

Summarizing: p = -2; q = -7; r = -2; s = 1. 

Also solved by Douglas Lind; M.N.S. Swamy, David Zeitlin; and the proposer 

B - 6 7 Proposed by D. G. Mead, University of Santa Clara, Santa Clara, California 

Find the sum 1- 1+1- 2+2-5+3- 12+, . . +F G , where F J_0 = F . T+F 
n n n+2 n+1 n 

and G , =2G ,.+G . n+2 n+1 n 

Solution by M.N.S. Swamy, University of Saskatchewan, Regina, Canada 

Using the result of Problem B-66, we have the recurrence 
relation, 

yn+4 - 2yn+3 - 7yn+2 " Z?n+1 + Y n = ° ( 1 ) 

where, y = F G . Jn n n 
Substituting successively 1,2, . . . , n for n in (1) and adding 

we get 
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<y
n
 + y2

 + • • • + yn> - 2yz - 9 y
3 - l l y

4 - 1 0 < y
5
 + • • • + W 

- 8 y n + 2 - y n + 3 + y n + 4 = ° 
or 

9 = ^ = < 1 0 y l + 8 y2 + y3 - y4> - 1 0 y n + l - 8 yn+2 " y
n + 3 + yn+4 • 

Now, 10y, + 8y + y - y = 10 + 8- 1- 2 + 2- 5 - 3-12 = 0. 

Hence, 
n 

9 2 y = -lOy f 1 - 8y l 0 - y I O +y , A . 
1
 yr yn+l 'n+2 yn+3 yn+4 

Substituting for yn+4 from (1), the above equation reduces to 
n 

9 J y r = yn+3 " yn+2 " 8yn+l " ^ 

Again using (1), this may to reduced to 

n 
9 I y r = yn+2" Vhl + y n " V l ' 

Therefore we have 

!• 1 + 1-2 + 2-5 + 3- 12 + . . . + F -G 
n n 

= (F ,9G ,9 - F ,,G ,, + F G - F ,G , )/9. n+2 n+Z n+1 n+1 n n n-1 n-1 

A/so solved by Douglas Lind, Jeremy C. Pond, David Zeitlin, and the proposer. Pond and 
Zeitlin simplified the sum to the form (Fmm G + F G ) / 3 . 

72+1 72 n n + 1 

F I B O N A C C I DIMENSIONS F O R P A R A L L E L E P I P E D S 

B - 6 8 Proposed by Walter W. Horner, Pittsburgh, Pennsylvania 

Find expressions in terms of Fibonacci numbers which will gen-

erate integers for the dimensions and diagonal of a rectangular parallel-

epiped, iD e. , solutions of 
2±, 2^ 2 ,2 a +b +c = d 

Solution by Douglas Lind, University of Virginia, Charlottesville, Va. 
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Let F and F be any two Fibonacci number s of opposite 

par i ty . Then 

F 2 + F 2 = 2k + 1 = (k + l ) 2 - k 2 . r s 

1 2 2 
Since k = •=• (F + F - 1), an express ion of the des i r ed type is 

Also solved by the proposer 

S I M U L T A N E O U S E Q U A T I O N S 

B - 6 9 Proposed by VemerE. Hoggatt, Jr., San Jose State College, San Jose, California 

Solve the sys tem of s imul taneous equations: 

x F ,, +yF = x +y 
n+1 n J 

x F n + 2 + y F n + l = x 2 + 2 x y 

where F is the n- th Fibonacci number . n 

Solution by Jeremy C. Pond, Sussex, England 

It is easy to check two solutions: 

(a) x = 0 and y = 0 

(b) x = F ,, and y = F . 
n+1 J n 

Now from the second equation: y = x(x - F , ? ) / ( F , - 2x) unless 
F ,, = 2x0 This specia l case leads us to (a) and (b) with n = - 1 . 

Substitute this exp re s s ion for y in the f i r s t equation and m u l -
2 tiply by (F + 1 - 2x) . This leads to 

x (F ,. - x)(F ,. - 2x)2 = x(x - F , , ) ( x 2 - x F ^ - F F ,. + 2xF ) n+1 n+1 x n+2 n+2 n n+1 n 
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One s o l u t i o n i s x = 0 and the o t h e r s s a t i s f y : 

(x - F ,, ) ( F , , - Zx.)'' + (x - F , ~ ) (x 2 - x F n - F F _,_,) = 0 . n + l ' x n+1 ' * n+2'^ n - 1 n n + 1 ' 

T h i s i s a c u b i c wi th t h r e e s o l u t i o n s . It i s e a s y to v e r i f y t h a t 

t h e s u m of t h e s e two r o o t s i s 2 F ... a n d t h e p r o d u c t i s ( -1) F , , / 5 . 
n+1 ^ . ' n + 1 ' 

We know t h a t one of t h e s e s o l u t i o n s i s F , , so t he o t h e r two 
n+1 h a v e s u m F , , a n d p r o d u c t s (-1) / 5 ; i» e„ t h e y a r e : n + 1 \ i i J 

<F +1 ± N T F * ^ - l ) * + 1 / 5 } )/2 __ o ^ _l 
n+1 0 n + l 

+i - — _M + [ 4 ( - l ) n T i / 5 ] ) / 2 = -C 
n+1 n+1 I u yg" JJ 

T h u s the c o m p l e t e s o l u t i o n of the s y s t e m of e q u a t i o n s i s 

(a) x = 0; y = 0 

(b) x = F n + 1 ; y = F n 

(c) and (d) 

— . _ _ „ ™ ™ _ ^ ^ n+l n + 1 

= ^ W F ! + 1 + [4( - l ) n + 1 /5] ) /2 = ^ f - , - P 7 f -

n Q n a p 

X ^ n + 1 ~ v ^n+1 

/5 /5 

Also solved by M. N. $. Swamy and the proposer 

xxxxxxxxxxxxxxx 


