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R e c e n t l y A. F . H o r a d a m [2] i n t r o d u c e d the c o n c e p t of t he c o m -

p l e x F i b o n a c c i n u m b e r s and e s t a b l i s h e d s o m e q u i t e g e n e r a l i d e n t i t i e s 

c o n c e r n i n g t h e m . It i s t he p u r p o s e of t h i s p a p e r to c o n s i d e r m e r e l y 

two of t he C o m p l e x F i b o n a c c i s e q u e n c e s and e x t e n d s o m e r e l a t i o n s h i p s 

w h i c h a r e k n o w n a b o u t the c o m m o n F i b o n a c c i s e q u e n c e s to the C o m -

p l e x F i b o n a c c i e s . 
Def. 1: The G a u s s i a n F i b o n a c c i s e q u e n c e i s GF~ = i; G F , = 1; G F = 

^ 0 1 n G F , ' + G F 0 fo r n > 1. It i s e a s y to s e e t h a t G F = F +' F , i . n - 1 n-Z - n n n - 1 
Def. 2: The G a u s s i a n L u c a s s e q u e n c e i s G L n = 2 - i ; G L , = 1+2i; 

G L n = 3+i G L = G L , + G L ~ for n > 2 . It i s e a s y to s e e t h a t 2 n n - 1 n -Z J 

G L = L + L , i . n n n - 1 
A n a l o g o u s to the u s u a l i d e n t i t i e s s t a t e d by S. L. B a s i n and V0 E . 

H o g g a t t , J r . [1] , the fo l lowing i d e n t i t i e s a r e e a s i l y a t t a i n a b l e . 

F o r n > 2 

(1) 1 G F j G F , 7-l 
n + 2 

j = o 

(2) £ G L . = G L n + 2 - (1 + 2i) 

J = ° 

(3) G F , G F 1 - G F 2 - ( - l ) n ( 2 - i ) 
x ' n+1 n - 1 n 

(4) G L ± 1 G L . - G L 2 = ( - l ) n + 1 5 (2 - i ) 
x ' n+1 n - 1 n x 

(5) G L = G F ,- + G F , 
x ' n n+1 n - 1 
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(6) GF ± 1
 2 + GF 2 = F , (1 + 2i) 

n+1 n 2n 

(7) GF 2 - GF 2 = F 7 1 (1 + 2i) 
n+1 n-1 2n~i 

(8) GF GL = F , i (1 + 2i) 
n n 2n- l ' 

(9) GF ,, GF ± 1 + GF GF = F , (1 + 2i) 
x ' n+1 p+1 n p n+p v ' 

(10) ^ G F . 2 = F n
2 (1 +2 i ) + ( - l ) n i - i 

j=l 

(11) G L n
2 - 5 G F n

2 = ( - l ) n 4 ( 2 ~ i ) 

(12) GF = iGF = i (F - F , i) 
-n n n n-1 

Coro l la ry to (11): GL is composi te for n > 2. 
The occurence of 1 + 2i, 2 + i, ( l -2 i ) , and (2-i) s e e m s poetic 

in these formulae in view of the fact they a r e factors of 5. Some of 
the usual r e su l t s mentioned in Vorob 'ey [5] can be extended yielding 

n 

1 G F2j- l = GF2n " i 

2. G F2j = G F2n+l - X 

j = l 

2n 
Y ( - l ) j GF. = G F , , -1 + Z J J 2n- l 
j = l 

xx 

I <• • l ) j GF. = ( ~ l ) j + 1 GF -1 + i 

j = l 
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2 2 The norm of the Gaussian Fibonacci is N(GF ) = F + F , = F^ 

n' n n-1 2n- l 
A well known theorem mentioned in Hardy and Wright [3] is 

Theorem A: For n ~ 2, F F if and only if n m 
n ' m y ' 

And a theorem mentioned recen t ly by G. Michael [4] is 
Theorem B: (F , F ) = F , x* 

n m (n, m) 
The cor responding r e su l t for Theorem A with Gaussian F ib -

onacci number s is 
Theorem 1: For n > 2, GF | FG if and only if 2n-1 I 2 m - 1 , di-

n ' m 
visibi l i ty in the sense of Gauss ian In tegers e 

We s t a r t with the following p re l im ina ry . 
Lemma: If 2n- l | 2m-1 then 2n- l | m + n - l . 
Proof: It follows that if 2n-1 | 2 m - l t h e n 2 n - l | 2m- 1 - (2n- 1) = 2m-2n. 
Now ( 2 , 2 n - l ) = 1 since 2n- l is odd therefore 2n- l | m - n . It now 
follows that 2n-l | (2m-1) - (m-n) = m + n - 1 . 
Proof of the Theorem 1: A n e c e s s a r y condition for GF GF is 

2 n rn that N(GF ) N(GF ). But this happens only when F 0 . F 0 . x n ' m 2n- l ' 2 m - l 
or by Theorem A only when 2n- l | 2 m - l . Therefore one concludes 
that a n e c e s s a r y condition for GF GF is that 2n- l 2 m - 1 . 

J n ' m ' 
On the other hand if 2n- l | 2 m - l then N(GF ) = F 0 -, F 0 1 = 

1 x n 2n- l ' 2m-1 N(GF ). This means that N(GF / G F ) is a posit ive in teger . Now x m ' v m / n ^ to 

GF F + F , i 
m m m - 1 

GF F + F "i 
n n n-1 

F F. + F , F T + (F , F - F . F ) i m n m - 1 n-1 m - 1 n n-1 m 
p 2 + F Z 

n n-1 

F F + F , F , F T F - F T F i 
m n m - 1 n - 1 , m - 1 n n - I m 

F 2 n - 1 F 2 n - 1 

F , 1 F 1 F - F 1 F i 
m+n-1 m - 1 n n-1 m F F 

*2n~l rZn-l 
But by the l emma and Theorem A it follows that F£n_ \ | Fm_j_n_]_0 
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Hence F , / F„ , is an integer a. It follows that 
m+n-1 ' 2n~l to 

F , F - F , F m-1 n n-1 m 

2n-l 

must also be an integer, b, since the norm is an integer. Therefore 

GF /GF = a+b i. Q. E. D. rrr n 
The following interesting, by-product has been established. 

Corollary: For n > 2, F0 , I F , F - F , F if and only if: • J— Zn-1 ' m-1 n n-1 m J 

2n- l j 2 m - l . 
Def, 3: If z and w are Gaussian Integers and the greatest common 

divisor of z and w is that Gaussian Integer y such that y | z and 

y I w and if t | z and t | w then N(t) < N(y). Notationwise (z, w) = y. 

The analogy to Theorem B is as follows: 

Theorem 2: (GF , G F ) = GF, where 2k-1 = (2m-l, 2n-l). m n k 
Proof: Since 2k-1 divides 2m-1 and also 2n-l it follows from 

Theorem 1 that GF, I GF and GF, I GF : If H I GF and H I GF k ' m k ' n ' m ' n 
then N(H) | N(GFm) = F ! and N(H) | N(GFn) = G2 y Now by 

T h e o r e m B ( F 9 , , F 9 . ) = F / 9 , ' ' . = F 9 1 . . Now 2 m - l 2 n - l ( Z m - 1 , 2 n - l ) 2 k - 1 
N(H) j F 2 k ^ x = N ( G F k ) h e n c e N(H) < N ( G F k ) . Q. E . D. 
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