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Let p, q, a and b be complex numbers and a s s u m e that q j / 0 
and q / p . Let the sequence u (p, q;a, b) be the solution of the r e -
c u r r e n c e re la t ion 

(1) u = 2pu , - qu ~, n > 2, 
n ^ n-1 ^ n-2 

with the "init ial condition" 

(2) u = a, u, = b + pa. 

Here and below we omit a rgument s whenever they a r e obvious. 
If p = l / 2 and q = - 1 , the above sequence reduces to u ( l / 2 , 

- l ; a , b) = H , the genera l ized Fibonacci sequence. Fu r the r , u ( l / 2 , 
-1 :0 ,1) = F , the Fibonacci sequence, and u (1 /2 . -1 ;2 ,0) = L , the n ^ n ' n 
Lucas sequence. 

(k) (k) 
For any in teger k, define the function x—>u (x;p, q;a, b) = u (x) 

by the formula 

(3) u ( k ) (x) = 2 (u ) k x11. 
0 < n < » n 

Since, as is eas i ly verified, u <. A s where s = |p | + v |p | . + 
-k 

| q | 
the s e r i e s in (3) converges at leas t for x < s . A few y e a r s ago 
Car l i tz [l] summed the s e r i e s for u in special c a se s when a = 1, 
b = p (using the p r e sen t notation) and a = 2, b = 0. For re la ted r e -
sults see a l so the pape r s by Gould [ 2) and Riordan [3] . A. F . Horadam 
recent ly studies the generat ing functions u and indicated that 
they can be summed by using methods analogous to those employed by 
Car l i tz , which a r e r a the r complicated. The objective of this paper is 

(k) to give a s t ra ight forward der ivat ion of a formula for u with any 
a and b. 

(k) Theorem. If u (p, q;a, b) is defined by (1-2) and u is defined by 
(3), then 
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(k), ._ V \ , k ^ ' B T , k V 2 y 1 P | ( ' : 0 ' 1 » - A
T , k V 2 7 ( p ' ' ' ; 1 ' ( ) ) ! x 

0 < 7 < k / 2 l - 2 q u k - 2 ? ( p > q ; 1 ' 0 ) x + q x 

+ ( l + ( - l ) V k / 2 ) k 

4 [1 - q k / 2 > 

w h e r e - A , a n d B , w i t h 7 < [ k /2 ] a r e h o m o g e n e o u s f o r m s in a, 
— r- 7 , K 7 j K 
a n d b of d e g r e e k de f ined by 

. - , l - k , k w 2 a,y y , k - 2 7 x k - 2 7 - 2 j J 
A 7 j k = 2 (7)(a - P) Z , ( 2 j ) a (3J . 

0 < 2j < k - 2 7 

„ * l ~ k / k w 2 m 7 V , k - 2 7 k - 2 7 - 2 j - l j 
B 7 j k = 2 (7)(a - P) b 2 , t 2 j + l ) a P ' 

0 < 2j-+l i k - 2 7 

w i t h p = b 2 / ( p 2 - q ) . 
No te t h a t in t h e l a s t t e r m in the f o r m u l a for u ; (x ) the f i r s t 

f a c t o r i s z e r o if k i s odd so t h a t we s h o u l d no t be c o n c e r n e d by t h e 

f ac t t h a t A, /~ , i s no t de f ined w h e n k i s odd . 
k / 2 , k 2 

Our p r o o f e x p l o i t s the f ac t t h a t t h e z e r o s of z - 2z c o s 0 + 1 , 
ifl -iB 

w i t h a n y 6 r e a l o r c o m p l e x , a r e e a n d e w h o s e p o w e r s a r e 

e a s i l y m a n a g e d . L e t a a n d 6 be s u c h t h a t 

(4) a = q, p = a c o s 0 . 

S i n c e q ^ 0 a n d p ^ q , a ^ 0 a n d c o s 6 ^ ± 1. S i n c e the func t ion 
z —> c o s z i s on to t h e c o m p l e x p l a n e , a n u m b e r 6 s a t i s f y i n g (4) e x i s t s ; 

2 2 i t m a y b e , o r c o u r s e , a c o m p l e x n u m b e r . Note t h a t a s i n 6 = 

a - a c o s 0 = q - p f 0 . 
Se t u = a n v . T h e n v = 2 ( c o s 0 ) v , - v 9 (n > 2) f r o m n n n n - 1 n - 2 

w h i c h i t f o l l o w s , by u s i n g w e l l known r e s u l t s for l i n e a r r e c u r r e n c e s 

w i t h c o n s t a n t c o e f f i c i e n t s , t h a t v = s e + t e w i t h s o m e s and 
n 

t w h i c h a r e d e t e r m i n e d by the " i n i t i a l c o n d i t i o n s " (2) . We now c o n -

c l u d e t h a t 
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/c\ / u\ n / i n # . * -in0v 
(5) u (p, q;a, b) = a (s e + t e ) . 
Setting n = 0, 1 in success ion we get 

(6') s •+ t = a 

and Q(COS 0 )(s + t) + ia(sin 0)(s - t) = b + pa, whence it follows, on 
using (6') and (4), that 

(6") s - t = b / ( i a s in0) . 

The express ions for s and t may be eas i ly obtained but will 
not be n e e d e d h e r e . On the other hand we note that if s = t = l / 2 then 
a = 1 and b = 0, while if s = -t =. 1/2 then a = 0 and b = ia sin 0. 
Thus it follows from (5) that 

(7) 
a cos n0 = u ( p , q ; l , 0 ) , 

a sin n0 = a(sin 0)u (p, q;0, 1), 

(4) 
identifications which will be used in the sequel . 

(k) 
We a r e now ready for the evaluation of u (x). Using the b i -

,k. 7 k-7 in(27-k)0 (y) s t e 

nomial theorem, 

(8)(s 

we 

in0 . , - in0.k e + t e ) 

g e t 

-

o< 

0 < 

I 
7 

I 
7 < 

< k : 

k / 2 

7kw ^ i k-27 in(k-27)0 , k-27 -in(k-27)0. (7)(st) (s e +t e ) 

+ 2 ' 1 ( 1 + ( - l ) k ) ( k / 2 ) ( s t ) k / 2 

where the las t equality follows by pair ing off t e r m s with 7 and k - 7, 
and where the last t e r m is to be set equal to ze ro if k is odd. On 
substi tuting (5) in (3), using (8), in terchanging the o rde r of summation, 
and finally summing geomet r i c s e r i e s we obtain 
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(9) 
u ( k ) (x) = ^ /kw <-\7 V r k ~ 2 7 / k i(k-27)0 n 

Z . (7)(st) £ LS (XQ e ' ) 
0 < 7 < k/2 n=0 

, Jo 27, k -(k-27)0 n + t (XQ e v ) 

+ 2"1(1 + ( - l ) k ) ( k / z ) ( s t ) k / 2 ^ ( ^ V 
n=0 

k-2 7 Jc-27 > k 7 s^ *"* ' t^ 
^ (7Ms t) [" k i(k-2 7)e + : k -i(k-2-Y.)fl] 

0 < 7 < k / 2 1 - xa e 1 - x a e 

+ 2 _ 1 ( 1 + ( - D k ) ( k / 2 ) ( s t ) k ^ 2 

1 - xa 

Observing that a = q , a = q ' i f k i s even, a cos(k-27)0 = 
q 7 u

k _ 2 7 (P» Q'1* °) a n d a sin(k-2 7) = q 7 a ( s in 0 )u k _ 2 7 (p , q;0, 1) if 
27 < k, see formulae (7), the form for u (x) a s s e r t e d in the theorem 
foLlows from (9) if we define 

(10) A7> k = (k)(s t)7 [ s k ' 2 7 + t k " 2 T ] , 27 < k, 

B.. k = i ( k ) ( s t ) 7 [ s k " 2 7 - t k " 2 7 ] a sin 0, 2 7 < k. 

It r ema ins to evaluate A , and B , in t e r m s of a and h. 
Let (3 =[b/(ia cos 0)]2 = b 2 / ( p 2 - q). F r o m (6') and (6") we get: 

st = (a2 - (3)/4, 

whence (s t ) 7 = 2~ 2 7 ( a 2 - (3)T, 

m . jcn 0 - m . r, . .. . . iV-im . u . ̂  / ^ i m , ~J -m > ,m. m - 2 i _j s +t =2 .([(s+t)+(s-t)J +[(s+t)-(s-t)] ) = 2 Z , <2 j ) a P ' 
0 < 2j < m 
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s -t = 2 ([(s+t) + (s-t)J - [(s+t)-(s-t)J ) 

_ ? 1 _ m b V / m \ _m-2j-l j 
" Z i a s i n 0 ~ ^ <2j+l ' a P • 

0 <2j+l <m 

Substituting these in (10) we get the stated result. This completes the 

proof of the theorem. 

It might not be superfluous to point out some special cases which 
may be obtained from the theorem. If p = 1 /2 and q - - 1 , then 
u (x;l/2, - l ;a, b) = H (x;a, b), the generating function for k powers 
of the generalized Fibonacci sequence H (a,b). In this case the for-
mulae for A , and B , do not simplify appreciably except that 

y9 k ^ r, K 

we have now p = 4b /5 , while u (1/2, -1 ;0, 1) = F and u (1/2, -1;1, 0) = 
L /2 . Furthermore, if also a = 0 and b = 1, then A,v ir = 0 if k 
is odd and B^ = 0 if k is even, while B^ , = (-1) (£) 5 ^ - K / / ^ 

' k -k/2 
if k is odd and A , = 2(-l) (y) 5 ' if k is even. The theorem 
then yields the well known formulae 

^(xJ-S^-^x 1 ^ , F k - 2 7 

( H ) 

yj 2 ' 
0 < 7 < ( k - l ) / 2 1 _ ( _ 1 ) Lk-2TX"X 

if k is odd, 

<J$,> _ ( k ) ( , 5 -k/2 f y M(2( -D' - L k , 2 7 x ) <k/2 
F (x) = 5 [ ZJ 2 + £72 

0 < 7 < k / 2 M - ^ L k - Z T * ^ <-*> ' 

if k is even, 

Lastly, if p = 1/2, q = - 1 , a =2 and" b = 0, we get A , = 2(7) and 

B^ i = 0 whence T, k 
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(12) L^'(x) = (k)( £ j f r 2 - t-^hc-ZT*) 
0 < 7 < k / 2 l - ( - l ) 7 L k . 2 7 x + (-l) x 

^k/2^ . 1 + (-l)k 

l - ( - l ) k / 2 x 2 

In conclusion we note that by squaring the two equalities in (7) 

and adding we get the identity 

(13) q n = [ u n ( p , q ; l , 0 ) ] 2 + ( q - p 2 ) | u n ( p , q ; 0 , I ) ] 2 

If p = 1 /Z and q = - 1 , the identity (13) simplifies to the well-known 

identity 

(14) 4 ( - l ) n . = L 2 - 5 F Z . 
' n n 

REFERENCES 

1. Carlitz, L. , "Generating Functions for Powers of Certain Se-

quences of Numbers", Duke Math. Journal, 29(1 962) pp. 521-538. 

2. Gould, H. W. , "Generating Functions for Products of Powers of 

Fibonacci Numbers", Fibonacci Quarterly, April 1963, pp. 1-1 6. 

3. Riordan, J. , "Generating Functions for Powers of Fibonacci 

Numbers", Duke Math. Journal, 2^(1962) pp. 5-12. 

UNIVERSITY OF NEW MEXICO 

FOOTNOTES 

(1) Present address: Carnegie Institute of Technology 

(2) The author wishes to thank the referee for most scholarly work 

in evaluating this paper and for really helpful suggestions. 



1965 WITH GENERALIZED FIBONACCI SEQUENCES 278 
(3) Oral communicat ion. 
(4) Formulae (7) show the connection between u and the Chebyshev 

polynomials . For example , u (p, q ; l , 0 ) = a T (p/a) , where 
a = q. 
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