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1. INTRODUCTION 

Let W , W , c / 0, and d ^ 0 be a r b i t r a r y rea l number s , and 
define 

( i . i ) 

(1.2) 

(1.3) 

W ^ , = dW ,. - cW , d2 -n+2 n+1 n 

Z n = (an - pn)/(a - p) 

V = an + p n 
n 

- 4c / 0 , (n = 0 , 1 , . . 

(n = 0, 1, . . 

(n = 0, 1, . . 

where a / (3 a r e roots of y - dy + c = 0o We shall define 

(1.4) W = (W V - W ) / c n ( n = l , 2 , . . . ) . 
- n o n n ' v ' 

If W = 0 and W; = 1, then W = Z , n = 0, 1, . . . ; and if W = 2 o . 1 n n o 
and W, = d, then W E V , n = 0, 1, . . . . The ph rase , Lucas func-
tions (of n) is often applied to Z and V , which may a lso be ex-

rr n n 3 

p r e s s e d in t e r m s of Chebyshev polynomials (see (5.1) and (5.2)) . 
In this paper , genera l r e su l t s (see sect ion 3) have been obtained 

that yield new even power ident i t ies (Theorem 1) for sequences de-
fined by (1 .1) . An additional resu l t , Theorem 2, which contains 
Theorem 1 as a special case , yields identi t ies whose typical t e r m is 
the product of an even number of a r b i t r a r y t e r m s taken from a given 
sequence defined by (1 . 1). P a r t i c u l a r applicat ions will be given for 
Fibonacci sequences and Chebyshev polynomials . 

2. PRELIMINARIES 

We shall need the following resul t : 
Lemma 1. Let W , W, , c / 0 , and d 5/ 0 be a r b i t r a r y r ea l num-
b e r s , and let W , n = 0, 1, . . . , satisfy (1. 1). Let m, p = 1 , 2 , . . . , 
and define 

P 
(2.1) Q ( n , p , m , i , . . . , ! ) = n W m n + . = O n ( n = 0 , 1 , . . . ) , 

^ s = 1 s 
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where i 
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. s = 1,2, . . . , p, a r e posit ive in tegers or ze ro . Then Q 
sat isf ies a homogeneous, Linear difference equation of o rde r p + 1 
with rea l , constant coefficients whose c h a r a c t e r i s t i c equation is 
g(y) = 0> where 

(2.2) g(y) = 

( p - l ) / 2 9 
/ 2 mKr , nip. . T o r 

n (y - c JV , *y + c F) ( p = l , 3 , 5, 
j = 0

 y m ( p - 2 j ) ' 

(y - c ^ z ) 
(p-2) /2 

n (y m j i r . mp, c JV , 7 . x y + c H m ( p - 2 j ) ' 
(p = 2 , 4 , 6 , . . . ) . 

Proof. Let A, B, and C , s = 0, 1, . . . , p, denote a r b i t r a r y con-
s ^ 

s tan t s . If a / p denote the roots of y dy + c = 0, then 

W = A a n + B p n 
n 

and 

A is mn . ^ 0 i q 0 m n W .. = A a b Q + B P S P 
mn+i 

s 
Observing that 

P 
2 

Q = z C ( Q m ( P - B ) p m s ) n 9 n = Q j l j 
n s=0 S 

we can now conclude that Q sat isf ies a homogeneous, l inear dif-
n & 

ference equation of o rde r p+1 with rea l , constant coefficients, and 
that a ^ ' p , s = 0, 1, . . . , p, a r e the dis t inct roots of tne c o r -
responding c h a r a c t e r i s t i c equation g(y) = 0, where 

g(y) = n (y - a 
s = 0 

m(p-s ) m s 

which simplif ies to (2. 2) as follows: 
T 4. r> m(p-s ) o^ns r i o r 
Let R = a ^ ' p . , s = 0, 1, . . . , p . If p = 1, 3, 5, . . . , 

t he re is an even number of roo t s , R , and thus (p+l) /2 p a i r s , (y-R.)* 
•(y-R _.) , j = 0, 1, . . . , ( p - l ) / 2 . Since a p = c , V = a11 + p n , n = 0, 1, . . . , 
we have R. + R . = cm^V , 9 . , R.R . = c m p . 

J p - j m(p-2 j ) j p - j 
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If p = Z, 4 , 6 , . . , t h e r e i s a n o d d n u m b e r of r o o t s , R , a n d t h u s 

p / Z p a i r s , ( y - R ) ( y - R ) , j = 0 , 1 , . . . , ( p - 2 ) / 2 . T h e l i n e a r t 
, p m / 2 P - J e r m , 

y ~ R / ? = y - c P / , a c c o u n t s f o r t h e u n p a i r e d r o o t , i . e . , t h e m i d d l e 

r o o t , R /£ . T h i s c o m p l e t e s t h e p r o o f of L e m m a 1 . A p p l i c a t i o n s of 

( 2 . 2 ) f o r m = 1 m a y b e f o u n d i n [1] , [Z] , [3] , a n d [ 4 ] . 

I n t e r m s of t h e t r a n s l a t i o n o p e r a t o r , E , w h e r e E ^ Q = 0 , ., 
n n + j 

j = 0 , 1 , . . . , s e t 

( p - 2 ) / 2 . 
' 2 m u r _ , m p , 

n E - c JV . . E + c F 

j = 0 m ( p - 2 j ) 

G> (p = 2 , 4 , 6, . . . ) . 

/ ? 
T h e n , f r o m ( 2 . 2 ) , s i n c e g ( E ) Q = ( E - c r ) u = 0 , w e h a v e 

& n n 

(2.3) m p n / 2 u = u c ^ ' (n = 0 , 1 , . . . ; p = 2 , 4 , . . . ) . 
n o r 

W e n o w d e f i n e 

P / \ i ( p - 2 ) / 2 0 

( 2 . 4 ) 2 h < P > ( d / ( 2 ^ ) ) y p - k = n ( y 2 - m J 

k = 0 K j = 0 

» 

m ( p - 2 j ) ' 

(p = 2 , 4 , . . 

T h e c o e f f i c i e n t s h^' ( d / ( 2 ^c)), k = 0 , 1 , . . . , p , a r e a l s o d e p e n d e n t 

o n m , w h i c h i s n o t a t i o n a l l y s u p p r e s s e d f o r s i m p l i c i t y . U s i n g ( 2 . 4 ) , 

w e m a y n o w r e w r i t e ( 2 . 3) a s 

(2.5) 2 h ) P d / ( 2 >/£)) n W , , , x , . 
k _ 0 k 7

 x m ( n + p - k ) + i 

i p n / 2 2 h f p ) ( d / ( 2 vTc)) n W 
k=0 

L e t p = 2 q , q = 1 , 2 , 

a p , w e c a n w r i t e ( 2 . 4 ) a s 

^ " m ( p - k ) + i g 

(n = 0 , 1 , . . . ; p = 2 , 4 , . . . ) . 

o- ^r 2 m k n 2 m k , 
S i n c e V~ , = a + p a n d c ~ 

2 m k 

(2.6) 2
2
q h ^ (d/(z vrc))y

k
 = n (y2 - c m ^ - k ) v ? ^ v y + c2^) 

k = 0 q " K k = l 
2 m k ' 
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^ m(q-k) Zmkw m(q-k)nZmk, 
n (y - c v^ ; a )(y - c ^ '(3 ) 

k=l 

^ f mq. / m m k ~ | [ mq, / m - m k l 
= n y - c H(a/p) y - c Ha/p) 

k=l L 

Set y = c x in (2. 6), which now simplif ies to 

(2.7) z % g q > ( d / ( 2 V c ) ) c m < l k x k = c 2 m < l 2 n r x - ( a / P ) m k ] [ x - ( P / a ) m k ] 
k=o Z q " k k=i L 

We now define 

(2.8) b<*q) (d/(2Vc)) = c ' ^ k ^ q ) ( d / ( 2 ^ } ) ( k = 0 , l , . . . , 2 q ) . 

(2.9) ? b ^ ( d / ( 2 V c ) ) y 2 q - k , n [ y - ( a / P ) m k ] [ y - ( P / a ) m k ] 

The, (2. 7), with x rep laced by y, now reads 

Sq b ^ ( d / ( 2 V c ) ) y 2 q - k , n 
k=0 k=l 

= S (y2-c"mSmky + 1 ) 
k=l 

(m, q = 1, 2, , . , ). 
If we rep lace y by ( l / y ) in (2, 9), we conclude that 

(2.10) b [ 2 q ) (d/(2v^)) - b ^ (d/(2 ^ ) ) ( k = 0 , l , . . . , 2 q ) . 

Our r e su l t s will be exp re s sed in t e r m s of b^ (d/(2 Vc)). Recall ing 
(10 2) and that c = a.p, we obtain from (2. 9) for y = 1 

(2.11) ^ b |fq ) (d/(2^))= (_!)<! c-«q(q+D/2 I ( a m k - p m k ) 2 

k=0 k=l 

= ( - l ) q ( a - p ) 2 q c - m q ( q + l ) / 2 q ^ 
k=l m 

,2,q „ -mq(q+l ) /2 q ^2 
k=l 

(4c-d P c ^ " n Z m k . 
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since 

( - l ) V - P ) 2 q = [2aP -(a2 - P 2 )] q =[2c - V^, 

and 

V = dV, - cV = d2 - 2c. 
2 1 o 

We will use (2. 11) in the proof of Theorems 1 and 2. 

3. TWO THEOREMS 

Our first general result is as follows: 

Theorem 1. Let W , W. , c 4 0? and d 4 0 be arbi t rary real 
— o 1 ' J 

numbers, and define W by (1. 1). Let n = 0, 1, . . . ; m, q = 1 , 2 , . . . ; 
n J o ^ 

and r = 0, 1, . . . , qD Then, for n = 0 , 1 , . . . , we have 

.* -, . -mrn q m r k . ( 2 q ) . . 7/_ ,—,, T T r 2 r 
( 3 . 1 ) c s c b ; H / (d/(2N/c ) W , , 9 1 . , 
x ' , „ k ' m(n+2q-k)-fn 

k=0 ^ o 

c r n o + (mq(4r-q- l ) /2 (2 r ) (4c - d2)q""r 

2 2 r q 2 
• (W7 - dW W, + cW ) n Z ! , 

1 o 1 o , ! mk 
k=l 

where b^2q* (d/(2 Vc), k = 0, 1, . . . , 2q, are defined by (2. 9). 
Proof. Since a / (3, the general solution to (1. 1) is W = AQ + BP , 

n = 0, 1, . . . , where A and B are arb i t rary constants whose values 

satisfy W = A + B and W = AQ + B(3. We readily find that 

(3.2) (P-a)A = W (3 - W. , (p-a)B = W, - aW 
\ / \ r / O 1 1 O 

2 2 
Since a + (3 = d, c = a.p, and (p-a) - d - 4c, we obtain from (3.2) 

(3. 3) (d2 - 4c)AB = ~(W2 - dWQW + cW2) 

Using the binomial theorem and then interchanging summations, we 

obtain 
2q 

(3.4) S = c " " " 2 c 
mrn ~ - mr(2q-k) b(2q)• ( d / ( 2 ̂ ) } w 2 r 

, „ 2q-k m(n+k)+n 
k=0 ^ o 
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2q -mrn 

k=o 2 q " k 
n H , Q.-mrk. (Zq) ; j / / 0 /—XWA mn+mk+n , nomn+mk+nn,2r 2 (aP) bv H ' (d/(2v^))(Aa o + Bp °) 

2 r mr(2q-n) s (2r} ^ g Z r - s (QSp2r- S)mn+n0 G ( ( a / p ) m ( s - r)} c 
s=0 S 

where, by (2. 9) with y = (a/p) , we have 

(3.5) G ( ( a / P ) m < S - r ^ 22q b ^ k ( d / ( 2 ^ ) ) [ ( a / P ) m , . S - r ) ] ] 

k=0 ^ q " K 

^ [ ( a /P ) m ( S - r ) - ( a / P ) m k ] 

• [ ( a /P) m < S - r ) - (a / P ) - m k ] . 

k=l 

Since 0 ^ r ^ q and 0 *£ s S. 2r, we have -q < s-r < q. Thus, for 

0 _ s 1~: 2r, s ^ r, the sum in (3. 5) vanishes; but for s = r, we ob-

tain the non-zero term G(l) (see (2.10), (2.11)). Thus, from (3.4), 

we obtain 

(3.6) S = c 2 m r q + r n o (2r) { AB)r _? b i 2 q ) ( d / ( 2 ^ » , 
r k=0 k 

which yields the desired result with substitutions from (2.11) and 

(3.3) 

The following general result yields Theorem 1 as an important 

special case: 

Theorem 2. Let W , W, , c / 0 , and d / 0 be arbitrary real num-

bers and define W by (1.1). Let m, q = 1, 2, . . . , and t = i. + n 7 ^ r 1 
i? + . . . + i? , where i , s = 1, 2, . . . , 2r, (r = 1 ,2 , . . . , q), are posi-

tive integers or zero. Then, for n = 0, 1, . . . , we have 

(3-7) C ™ ? c - k
b ^ ( d / ( 2 ^ ) ) n* W m ( n + 2 q . k ) + i 

k=0 s=l ^ s 

mq(4r-q-l)/2 __ , , j2.q-r.___2 ,_._ _._ . T.r2.r __2 
c M\ H // K (4c_d p (w - dW W, +cW ) n Z , , 

r v 1 o 1 o , , mk 
k=l 



1965 D E F I N E D BY W ^ = dW ,, - cW 247 
n+2 n+1 n 

with 

2 r - l 
r 

( 3 . 8 ) K = 2 c C T ( j , r ) V , • > „ , - , , 
r j = 1 t r -2 f f ( j , r ) ( r = 1, 2, . . . , q ) , 

(3. 9) o(j, r) = i<j) + 4 j ) + 4 j ) + . . . + ij.j) (j= 1 , 2 , . . . , I21";1)) , 

w h e r e , fo r e a c h j , a ( j , r ) , a s the s u m of r i n t e g e r s , i ' J ' , s = 
2 r - l S 

1 ,2 , „ . . , r , r e p r e s e n t s one of t he ( ) c o m b i n a t i o n s o b t a i n e d by-
c h o o s i n g r n u m b e r s f r o m the 2 r - l n u m b e r s , i , i , i , . . . , i 

P r o o f . F r o m L e m m a 1, we h a v e 

( 3 . 1 0 ) Q = Zn W + . = 2 / C ( p m ( 2 r " S ) a m S ) n , x n \ m n + i n s v r ' ' 
s= l s s=0 

w h e r e C , s = 0, 1, . . • , 2 r , a r e a r b i t r a r y c o n s t a n t s i n d e p e n d e n t of n . 

R e c a l l i n g t he p r o o f of T h e o r e m 1, we h a v e ( s e e ( 3 . 7 ) ) 

( 3 . 1 1 ) S = c " m r n ^ c ™ r ( 2 q - k H 2 q ) ( d / ( 2 ^ ) ) 2 r
C ( p m ( 2 r - S ) a m S ) n + k 

k=0 ^ q _ k s=0 S 

= c - m r n + 2 m q r ^ Q ^ r - s ^ m n ^ b<2q) ( d / ( 2 ^ ) ) ( ( a / p ) m ( S - r ) ) k 

s=0 S k=0 2 q " k 

= c 2 m q r c
 2 ^ b ( 2 q ) ( d / ( 2 s / E ) ) # 

r k=0 k 

We p r o c e e d now to e v a l u a t e C . F r o m (3 . 10), we h a v e 

2 r 2 r 
( 3 . 1 2 ) n W ,. J m r n s C ( ( a / P ) m n ) S , 
x ' . m n + i = S n sxx ' 

s-\ s r s=0 

w h i c h i s a p o l y n o m i a l in the v a r i a b l e ( a / P ) . S ince W = A a + BP , 

we h a v e 

W m n + i = [ A a i s ( a / P ) m n + B p i s ] , 
s 
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and thus 

2r ^ 2r 
<3'13> » Wmn+i = P 2 m r n n U a i s (a/P)m n

 + BP^] 
s=l s s = l 

= p 2mrn A 2r a t r ^ [ ( a / p ) m n + ( B / A ) ( p / a ) i S ] . 
s=l 

If we compare (3. 12) and (3. 13), and recall the definition of the ele-

mentary symmetric functions of the roots of a polynomial equation, 

we conclude that 

( 2 r ) 
? r r 

(3.14) C =A a r ( - l ) r 2 (-B/A)r n (P/a^s, k 
r k=l s=l 

(2;> ^' slr^) C!i ^k) r 
= (AB)r S a (3 

k = l 

2r where for each fixed k, k= 1 ,2 , . . . , ( ), each set of numbers, 
2 r r 

i , s = 1, 2, . . . , r, is one of the ( ) combinations obtained by s, JK r 
choosing r numbers from the 2r numbers, i , s = 1,2, . . . , 2 r . It 

should be noted that since (3. 13) is a symmetric function in the var-

iables i , s = 1, 2, . „ . , 2r, the role of i? in the definition of a(], r) 

(see (3. 9)) was a convenient choice. Since a choice of r numbers 

from a set of 2r numbers leaves another set of r numbers, we may 
pair off related terms of the sum in (3. 14), noting our role assigned 

2r 2r-l 
to i~> . Thus., since ( ) = 2 ( ), and 

2r v r ' x r ' 

t r ' °(h r)fi ^(j, r) a(j, r) fitr - a(j, r) _ a(j, r) 
P f a p - c vt _ 2 a ( j j r ) 

(see (1.3)), we have 

(3.15) C = (AB)rKr (r = 1,2, . . . , q ) . 
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R e c a l l i n g d e f i n i t i o n s ( 2 . 1 1 ) and ( 3 . 3 ) , we o b t a i n o u r d e s i r e d r e s u l t 
( 3 . 7) f r o m ( 3 . 11) . 
R e m a r k s , F o r r = 2, we h a v e a(l, 2) = i + i , <7(2, 2) = i + i 

a n d a (3 3 2) = i + i . 
F o r r = 3, we h a v e 

CT(1,3) = i x + i 2 + i 3 

tf(2, 3) = i + i £ + i 

a ( 3 , 3 ) = i j + i 2 

CT(4, 3) = i 

cr(5, 3) = i 1 

+ i„ + i 

+ i, 

+ i„ 

+ i-

<*(6, 3) = i T + i4 + i 5 ' 

ff(7,3) i 2 + i 3 + i 4 

ff(8,3) = i 2 + i 3 + V 
ff(9, 3) = i . 

ff(10, 3) = 

+ i 4
 + ^ ' 

*3 + {4 + {5 ' 

If i = r i ' , s = l , 2 , . . . , 2 r , t h e n t - 2 cr(i, r ) = 2 r n - 2 r n = 0, s o ' ' r \J> / 0 0 

V = 2, and K = c r n ° ( r ) . T h u s , ( 3 . 7 ) y i e l d s ( 3 . 1 ) a s a s p e c i a l 

c a s e . I n d e e d , u s i n g the b i n o m i a l t h e o r e m on W , = A Q ° a + to m n + n 
BP P , w e o b t a i n 

W 2 r 
m n + n - * s 

o s = 0 

2 ( 2 r ) A S B 2 r - S ( a S p 2 r " S ) n o ( p m ( 2 r - s ) a m s ) n 

w h e r e , ( s e e ( 3 . 1 0 ) ) C g = (2
s

r) A S B 2 r " S ( a S p Z r " S ) n ° , s = 0, 1, . . . , 2 r , 

and t h u s C = c r n o ( 2 r ) ( A B ) r . r r 
C o n s i d e r t h e s p e c i a l c a s e i = n , s = 1, 2, . . . , 2 r - 1 , and 

r s o 
i„ 4 n o T h e n o(\, r ) = r n , t = ( 2 r - l ) n + i„ , a n d t h u s ( s e e ( 3 . 8)) 2 r 2 r ' 

K = c r n ° ( 2 r - 1 ) V + . 
r r - n + i~ 

o 2 r 
Next , c o n s i d e r t he s p e c i a l c a s e i = n , s = 1, 2, . . . , 2 r - 2 ; 

2 r - l S ° 
i . , 4 i ? ^ 4 n . Of t he s e t of ( ) c o m b i n a t i o n s for a ( j , r ) , t h e r e 
2 r - l „ ^ £ o r 

F o r t h e s e c a s e s , 
a r e ( , ) c o m b i n a t i o n s w h i c h c o n t a i n i v r - 1 ' ? i 2 r - 2 2 r - 2 
a ( j , r ) = ( r - l ) n + i ? , ; a n d for t he r e m a i n i n g ( T~L) - ( i ) = ( ) o 2 r - l r - 1 
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combinations, we have cr(j, r) = rn . Thus, from (3. 8), with t = 

(2r~2)n + i0 , + i~ , we obtain x ' o 2 r - l 2r 

(3.16) Kr=c{l-1)n°+hT-i?T:b\ -i? , 
2r 2 r - l 

rn 0 ( 2r -2 
v r i~ , + u - Zn 

2r - l Zr o 

40 IDENTITIES FOR FIBONACCI SEQUENCES 

Generalized Fibonacci numbers, H , are defined by H 1 0 = 
n J n+2 H , , +H , n ~ 0 , l , . . . , where H and H. are arbi trary integers. n+1 n o 1 J & 

In the notation of (1.2) and (1.3), we have Z = F , and V = L , 
n n n n 

the Lucas numbers. The following result is an application of Theorem 
1, where d = -c = 1: 

Theorem 3. Define (see (2Q 9)) 

(4.1) ? b ^ V i A ) y Z q " k = n ( y 2 - ( - D m k L 2 m k y H ) 
k=o k k=i m k 

(m, q = 1, 2, . 0 . ) . 
, q = 1,2, . . 0 ; and r = 0 , 1 , . 

n = 0 , 1 , . . . , we have 

(4.2) ( - l ) m r n ^ ( - l ) m r k b [ . 2 c i ) ( - i / 2 ) H 2 

Let n = 0 , 1 , . . . ; m, q = 1 , 2 , . . . ; and r = 0, 1, . . . , q. Then, for o 

, n ' k v ' ' m(n+2q-k)+n k=0 ^ o 

rn 0 +(mq(q+l)/2) 2r q-r 2 _ R 2 r J p 2 
x ' v r v 1 o 1 o , , mk 

(4.3) ( - l ) " l r n X ( - l ) " ' ^ ^ 4 ' (-i/2) F , - xv m(n+2q-k)+n 
k=0 ^ o 

rnQ + (mq(q+l)/2) 2r q p 2 
v ' r , -, mk 

k=l 
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n+2 n+1 n 

(4 4) ( - l ) m r n Z ( _ n m r k
b

{ 2 q ) ti/2) L
2 r 

= ( _ i ) r n o + ( m c i ( c i + 1 ) / z ) (
2 r ) (_5)q ^ F 2 

k=l 

R e m a r k s , For the same values of r, n , m, and q, the constant 
t e r m on the r ight -hand side of (4. 4) is (-5) t imes as grea t as the 
constant t e r m on the r ight -hand side of (4. 3) 

In the examples given below, valid for n = 0, 1, . „ . , we have set 
2 2 D = H, - H H, - H . Applicat ions of D in the o rder ing of Fibonacci 1 • o 1 o rx^ 

sequences a r e given in [5] , 

(4.5) ( ~ l ) m n ( H m ( n + 2 ) + n " L 2 m H m ( n + l ) + n + H mn+n ) 

v ' o x ' o o 

= 2 ( - l ) m + n o D F 2 (n = 0, 1, . . . ; m = 1, 2, . . . ) , 
m o 

4 4 4 4 4 ? 
(4. 6) H* -4H* -19H* -4H* + H = -6D* , 
y ' n+4 n+3 n+2 n+1 n 

(4. 7) ( - D n ( H ^ + 4 + 4 H 2 + 3 - l 9 H 2 + 2 + 4 H ^ + 1 +H2) = 10D . 

<4-8> H n+4 H n+5 - 4 H n + 3 H n + 4 - 1 9 H n + 2 H n + 3 + 4 H n + l H n + 2 + H n H n + l 

= 3D2 , 

<4' 9> < + 4 H n + 5 " 4 H n + 3 H n + 4 - 1 9 H n + 2 H n + 3 " 4 H n + l H n + 2 + H n H n + l = ^> 

(4. 10) ( - D n ( H ^ + 6 - 1 4 H ^ + 5 - 9 0 H ^ + 4 +350H*+ 3 

-90H6_,_o -14H 6 ^ . + H6) = 80D3 , n+2 n+1 n 
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( 4 . 1 1 ) H 4 , + 1 4 H 4 - 9 0 H 4 - 3 5 0 H 4 - 9 Q H 4 

v ' n+6 n+5 n+4 n+3 n+2 

+ 1 4 H 4 + H 4 '= - 1 2 0 D 2 , n+1 n 

(4. 12) ( - l ) n ( H 2 , - 1 4 H 2 , . - 9 0 H 2 +350H 2 - 9 0 H 2 

n+6 n+5 n+4 n+3 n+2 

- 1 4 H 2 , , + H 2 ) = 200D , n+1 n 

( 4 . 1 3 ) H x A H ,_ - 1 4 H , - H , , - 9 0 H J , AH ,K + 3 5 0 H J , ~ H ,A 
x ' n+6 n+7 n+5 n+6 n+4 n+5 n+3 n+4 

- 9 0 H * H ,~ - 1 4 H 5 , , H ,~ + H 5 H - 4 0 ( - l ) n D 3 , 
n+2 n+3 n+1 n+2 n n+1 

( 4 . 1 4 ) H 3 , H 3 - 1 4 H 3 , , H 3 , A - 9 0 H 3 H 3 +350 H 3 H 3 
v ' n+6 n+7 n+5 n+6 n+4 n+5 n+3 n+4 

n n T T 3 TT3 , ATT3 „ 3 ^ T T 3 „ 3 o n / l x n + 1 ^ 3 
-90 H ± , H , Q - 1 4 H , , H , - + H H = 2 0 ( - l ) D 

n+2 n+3 n+1 n+2 n n+1 

(4 . 15) H ,Q - 3 3 H ° - 7 4 7 H , , +3894 H ° , - +16270 H ° v n+8 n+7 n+6 n+5 n+4 

+ 3894 H 8 -747 H 8 - 3 3 H 8 + H 8 = 2 5 2 0 D 4 
n+3 n+2 n+1 n 

(4 . 16) H 6 ^ + 3 3 H 6
X _ -747 H 6 ^ , - 3894 H 6 ^ + 16270 H 6

x / i v n+8 n+7 n+6 n+5 n+4 

-3894 H* - 7 4 7 H 6 ^ + 3 3 H 6
x l + H 6 = 3600(~ 1 ) n + 1 D 3 

n+3 n+l n+1 n 

Two i d e n t i t i e s , ( 4 . 6 ) and a s p e c i a l c a s e of (4. 5) , w i t h m = 1 a n d 

n = 0, h a v e b e e n g i v e n o r e v i o u s l y i n [6] . 
O <=> . j. 
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5 . I D E N T I T I E S F O R C H E B Y S H E V P O L Y N O M I A L S 

C h e b y s h e v p o l y n o m i a l s [7, pp . 183-187] of the f i r s t k ind , T (x), 

and of the s e c o n d k ind , U (x), a r e s o l u t i o n s of ( 1 . 1 ) w h e n d = 2x and 
n c = 1. T h u s , W = T (x) for W = 1, W, = x; W = U (x) for n nx ' o 1 n ~ n 

W = 1, W, = 2x; Z = U , ( x ) ; and V = 2T (x) . o .1 n ~ n - 1 v ' n ~ nv ' 
We w i l l now show tha t the L u c a s func t ions Z and V of ( 1 . 1), 

n n 
w h e r e c / 0 and d / 0 a r e a r b i t r a r y r e a l n u m b e r s , c a n be e x p r e s s e d 

in t e r m s of C h e b y s h e v p o l y n o m i a l s a s f o l l o w s : 

( 5 . 1 ) Z n + 1 = c n / 2 U n ( d / ( 2 ^ ) ) ( n = 0 , 1 , . . . ) , 

(5 . 2) V n - 2 c n / 2 T n ( d / ( 2 ^ 5 ) ) (n = 0, 1, . . . ) . 

P r o o f . S ince U + 1 (x) = 2xU (x) - U (x), s e t x = d / ( 2 Vc) and 

t h e n m u l t i p l y bo th s i d e s by c ( n + * ) / ^ . T h u s , u s i n g ( 5 . 1 ) , we h a v e 

Z = 0, Z = 1, and Z , = d Z , - - c Z , n = 0, 1, . . . . 
0 1 n+2 n+1 n 

S ince T , 9 ( x ) = 2x T ,, (x) - T (x), s e t x = d / ( 2 >/c). a n d t h e n n+2x ' n+1 n ' 
m u l t i p l y bo th s i d e s by 2 c ( n + 2 ) / 2 e T h u s , u s i n g ( 5 . 2 ) , we h a v e V = 2, 

V, = d, a n d V , 9 = dV ,, - c V , n = 0, 1, . . . . 
1 n+2 n+1 n 

The fo l lowing r e s u l t i s a n a p p l i c a t i o n of T h e o r e m 1, w h e r e 

d = 2x and c = 1: 

T h e o r e m 4. Def ine ( s e e (2. 9)) 

( 5 . 3 ) 2 b [ 2 q ) ( x ) y 2 q " k = n (Y2 " 2T ? - , ( x ) y + l ) (m, q = 1 ,2 , . . . ). 
k=0 k k=l 

Le t n = 0, 1, . . . ; m , q = 1, 2, . . . ; and r = 0, 1, . . . , q. Then , for 

n = 0 , 1 , . . . , we h a v e 

(5.4) z bj2q)(x)T2r
/ ,? , . , (x) 

x ' . n k x ' m ( n + 2 q - k ) + n 
k=0 x ^ o . 
. q - r , 2 r , ., 2 x

q
 TT2 , . 

= 4 H ( ) (1 - x ) n U , T (x) 
. r , m k - 1 k=l 
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(5.5) zV2*>(x)u£(n+2q.k)+n M S 4 ' - r ( 2 ; H l . ^ - r J y n k . l M . 

R e m a r k s . Identi t ies (5. 4) and (5.5) yield t r igonomet r i c ident i t ies by 
reca l l ing that if x = cosfl, then T (cos Q ) - cos(n0 ) and U (cos<9 ) -
sin(n+l) (9/(sin#). Since sin(i0) = isinhfl and cos(i 6) = cosh# , ident-
i t ies for the hyperbolic functions a r e then obtained from the c o r -
responding t r igonomet r i c ident i t ies . Additional complicated ident i t ies 
can be obtained from (5. 4) and (5. 5) by differentiation with r e s p e c t to 
x. Some sample ident i t ies , valid for n = 0, 1, . . . , a r e given below: 

( 5 . 6 ) T 2 . , 9 X , (x) - 2 T 9 ( x ) T Z , X1XJ_ (x) + T 2 ^ (x) x ' m(n+2)+n^ ' 2m% ' m(n+l)+n x ' mn+n ' 
s ' O x o O 

= 2(l-x2)U2i_1(x) (m = 1,2, ...; no = 0, 1,...), 

(5.7) T^+4(x) -(l6x4~12x2)T^+3(x) + (64x6-96x4M0x2-2)T4+2(x) 

-(16X4-12X2)T4
+ 1(X) + T4(X)= 24x2(l-x2)2 , 

(5.8) T
n+4(x)Tn+5(x) ~(1^' lZ^) T

n+3(x)Tn+4(x) 

+ (64x6-96x4M0x2-2)Tj+2(x)Tn+3(x)-(l6x4-12x2)T^+1(x)Tn+2(x) 

+ T3(x)T ..(x) = 24x3(l-x2)2 . n n+1 
Let 

A^x) = 64x6 - 80x4 + 24x2 - 2 , 

A2(x) = 1024x10 - 2304x8 + 1792x6 - 560x4 + 64x2 - 1 

A3(x) =4096x12 - 12288x10 + 14080x8- 7552x +1856x4 - 176x2 + 4 

Then 

(5. 9) T^+6(x) - Al(x)T^5(x) + A2(x)T^+4(x) - A 3 { X ) T J + 3 W 

U A2(x)Tn+2(x) " Al(x)Tn+l(x) + T n ( x ) = 80x2(l-x2)3(4x2-l)2 , 
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(5. 10) T^+ 6(x) - A l ( x ) T ^ + 5 ( x ) + A 2 (x)T^ + 4 (x) - A 3 (x ) T ^ + 3 (x ) 

+ A 2 (x)T^ + 2 (x) - A ^ x J T ^ x ) + T*(x) = 9 6 x 2 ( l - x
2 ) 3 ( 4 x 2 - l ) 2 , 

<5* U > T n + 6 ^ T n + 7 ^ " A l <x>Tn+5<x>Tn+6<x> + A 2 ( x ) T ^ 4 ( x ) T ^ 5 ( x ) 

- A 3 < ^ T r i + 3 ^ T n + 4 ^ + A 2 ^ T n + 2 W T n + 3 ^ " A l <x>T
n + l MTn+2<x> 

+ T
n ( x ) T

n + i ( x > = I 6 x 3 ( 2 x 2 + 3 ) ( l - x 2 ) 3 ( 4 x 2 - l ) 2 . 
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OMISSION AND INFORMATION 

The "Fac to r i za t ion of 36 Fibonacci Numbers F n with n > 100" by 
L. A. G. Drese l and D. E. Daykin should have included the following 
r e f e r e n c e s . 

1. Dov Ja rden Recur r ing Sequences, I s r ae l , 1958, contains 
many factor izat ions of f i r s t 385 L n and F n . This is being r e i s sued 
soon and will be avai lable again from the Fibonacci Associa t ion . 

2. Bro ther U. Alfred and John Br i l lha r t "Fibonacci Century 
Mark Reached" FQJ, Vol. I, No. 1, p. 45, F e b . , 1963. 

3. Bro ther U. Alfred "Fibonacci Discovery" contains fac tors 
of f i r s t 100 F n and f i rs t 50 Ln„ See ad this i s sue page 291. 

The factors avai lable now allows one to factor higher Fibonacci Num-
b e r s since F 0 = L F . 

Zn n n 
John Br i l lha r t r e p o r t s that in a shor t t ime he will have published a 
r epo r t containing al l the p r i m e factors less than 2^0 of F for 
n < 2000 and of L for n < 1000. This is exciting news. n & 


