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Let « be an n-digit, base g number

n-1 i
(1) x = > a;g°
=0
with 0 € a¢; < g and a,-1 # 0. If, for some integer k, where 1 < k < g,
n-1 .
(2) ki = 2: An-1-79°
1=0

then x is called a k-reverse multiple, Previously, this author showed that all
k-reverse multiples may be found using rooted trees [3]. A more detailed
examination of these trees is the focus of this paper.

If x is a k-reverse multiple, then we obtain from (1) and (2) the following
equations

(3) ka; + riop =a,-1-;+r;9, 1 =0, ..., n -1,

where 0 < r; <g for ¢ =0, ..., n - 2and r_; =r,_; = 0. LettingZ=7n-11in
(3) gives ag # 0 since a,-; # 0. To determine whether there are any k-reverse
multiples for a given g, we consider the equations in (3) two at a time. At
the (¢ + 1)st step, 2 =0, 1, ..., we examine the pair of equations

ka; +r;,.1 =a

n-1-7z * r.g

(4)

Kap-1-3 + Ppon-y = a4 t Ty-1-49
seeking nonnegative integers a;, a,-1-;> ¥;, and r,_5_; less than g, where r;_;
and r,_j_; are known from the previous step. The following graphical notation
is convenient. If P,_1-;, P;-15 Qu-1-4> Azs Pn-2-;, and r; satisfy (4), then we
will write

(Pp-1-4> 7i-1)
(5) (Ap-1-40 a;)
(Pn—Z—i’ Pi)

(Implicit in this notation is the assumption that the a's and r's are/ nonnega-
tive integers less than g.)

When a given g has k-reverse multiples, we are able to generate a rooted
tree. We call the root of the tree (¥,_1, r_-7) = (0, 0), the 0th level and the
node designated by (¥,-5-;, ¥;), the (¢ + 1)St level. Since 0 < r; < g, there
are only a finite number of possible distinct nodes. If a node is labeled with
a pair that has already appeared in the tree, the tree can be pruned. The
following theorem shows how a tree is used to determine k-reverse multiples.
The proof appeared in [3] and hence is omitted here.

Theorem 1: For a given g, suppose there are k-reverse multiples; that is, sup-
pose a tree exists. There is a 27 + 2-digit or a 27 + 3-digit number satisfy-
ing (2) if and only if the tree contains at the Z, ¢ + 1, and 7 + 2 levels,
respectively,

166 [May



TREES FOR k-REVERSE MULTIPLES

(po1-45 7i-1) (8n-1-4> 8:-1) (level %)
(@p-1-4> a;) (Br-1-4> be)
(r, r) (s, t) (level © + 1)
(B, B)
(t, 8) (level 7 + 2)
where, in the second case, B = (gs - £)/(k - 1). 1In these cases, & is given,

respectively, by

27 + 2
22 + 3. [

L = Apy-1Ay-2 oo Ap-1-:04 ce. Ay I

x = bn—lbn—Z PR bn—l—iBbi N blbo "

Theorem | shows the connection between a rooted tree and k-reverse multi-
ples. A node of the form (r, r) gives rise to a k-reverse multiple with an
even number of digits. Consecutive nodes (s, ¥) and (¢, s) produce a multiple
with an odd number of digits. The following example illustrates the use of
this theorem.

Example 1: g = 10, k = 4.
We begin by letting r,_1 = r_y = 0 in (4) and solve the system:

4610 + 0 = Ay + 101"0
ban,_1 + ry-o =ag + 0.

The only solution is »,_.,=0, rg=3, a,-1=2, and ay =8. This gives the node
and edge labels for the first level of the tree. We continue in this manner
and obtain the following pruned tree:

(0, 0)
| @, 8
(0, 3)
(1, 7)
(6) (3,.3)
70 7 N, 9)
(3, 0) (3, 3)
8. 2) |
(0, 0)
© 0 7 @, 8

(0, 0) (0, 3)

The tree is not continued any further since (0, 0), (0, 3), and (3, 3) have
appeared previously.

Observe that the node label (0, 0) follows (0, 0) at level 5, but not at
level 1. This will always be the case since the equations in (4) are satisfied
by the trivial or =zero solution. Although »; = 0, the node label (0, 0) is
permissible after the first level.

By Theorem 1, the node (3, 3) at the second level gives rise to the 4-digit

4-reverse multiple 2178. Moreover, the consecutive nodes (3, 3) and (3, 3)
produce the 5-digit multiple 21978. Extending this portion of the pruned tree
shows that all numbers of the form 219...978 are 4-reverse multiples. Thus,

there are n-digit 4-reverse multiples for all n = 4,

The relationship between the node and edge labels and verifying that a spe-—
cific base ¢ number x is, in fact, a k-reverse multiple may be demonstrated by
performing base g multiplication of x by k, explicitly indicating all carries
from one digit to the next. It should be noted that when some x is known to be
a k-reverse multiple this computation provides an alternate way to obtain some
of the node labels.
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For example, 21782178 is a base 10 4-reverse multiple [corresponding to the
path from the root to node (0, 0) at level 4 in (6) above]. The multipli-
cation verifying this fact is:

0 3 3 0 0 3 3
21 7 8 2 1 7

0
8
X 4
8 7 1 2 8 7 1 2
The carries from the node pairs and the digits of x form the edge labels.

From Theorem 1, the digits of 21782178 are the first elements of the edge
labels from the root to node (0, 0) at level 4 followed by the second elements
for the same edge labels taken from node (0, 0) at level 4 back up to the root.
Similarly, the carry numbers noted above the digits of x are the elements of
the node labels along the path. The first four carries are the first elements
of the node labels from level 1 to level 4, and the second four carries are the
second elements of the same node labels from level 3 back up to level 0. The
root is always labeled (0, 0) and by Theorem 1 (since 21782178 has an even
number of digits) the node label at level 4 must have both digits the same. [

The following examples illustrate some characteristics exhibited by trees
for k-reverse multiples like the one shown in (6). We will use bold type for a
node that determines a k-reverse multiple with an even number of digits and
underlining for one that determines a k-multiple with an odd number of digits.
Further, since we recognize the existence of k-reverse multiples graphically by
particular types of node labels, we will omit the edge labels. There is no
loss in doing this, for we may always use (4) to solve for

Ap-1-1 = (KPpo1-39 = kvpp_ g + 139 - ;1) /(K% = 1),
a; = (krgg = kregoy + Ppoyoyg = Trop- )/ (K2 = D).
Example 2: g = 11, k = 7.
(0, 0)

(1, 5)
(5, 1) (6, 6)

(0, 0) (1, 5 (5, 1) (6, 6)

By Theorem 1, the node (l, 5) along with its child (5, 1) determines a 3-digit
multiple and (6, 6), a 4-digit onme. Both (5, 1), with its child (1, 5), and
(6, 6), with its child (6, 6), give rise to 5-digit multiples. In fact, there
are n-digit 7-reverse multiples for n = 3. [J

Example 3: g = 19, k = 14.
(0, 0)

(1, 11)

|

(8, 13)
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In this case, there are n-digit l4-reverse multiples for n = 6 and » > 10. [J

Although we require r; < g, in the examples above it happens that r; < k.
In [3] this was shown always to be the case.

In many instances the entire pruned tree can be determined from just an
initial branch. The following theorem gives one way in which this can be done.

Theorem 2: If (r, s) then (v, u)
\ (> b) | b a)
(u, v) (s 1)

Proof: By hypothesis, the equations in (4) must be satisfied. Switching the
order of the two equations gives the desired result. [

As an illustration of Theorem 2, consider the tree in Example 3. Suppose
we know
(0, 0)
(l,lll)
(8,|13)
(6, 6)
Then Theorem 2 allows us to derive
(6, 6)
(13% 8)
(11, 1)
(O,‘O)

immediately without using (4).
We will use the mnotation

[r, s]

(7)

[u, v]

to indicate solely that the equations in (4) are satisfied by integers; that
is,

8) {kb +8 =a+ vg,

ka + u =b + rg.
Thus, the notation in (7) does not imply that the integers are nonnegative and
less than g. As before, when these latter restrictions do occur,. we will use
the (., .) notation instead of [., .]. The next two technical lemmas will be

useful in the theorems that follow.
Lemma 1: Suppose there are integers such that
[z, s]
la, b]
[u, v]
with 8, u < g and 0 < r, v. Then 0 < a, b.
Proof: Eliminating b from the equations in (8) and rearranging, we find
a(k? - 1) = k(rg - u) + (vg - 8).
Thus, given the hypotheses, 0 < a. Similarly, 0 < b. U
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Lemma 2: Suppose there are integers such that
[r, s]
| [, b]
[u, vl
with
0 <38, u,
(10) r, v < Kk,
rzk-1,v=zk-1, s =0, or u=0.
Then a, b < g.

Proof: From (9) we have

a(k? - 1) = krg - ku + vg - s
< g(kr + v)
<g(k(k - 1) + (k- 1))
= g(k? - 1).

Given the restrictions in the third part of (10), one of the above two inequal-
ities must be strict. Thus, a < g. Similarly, b <g. [

Theorem 3: If there are integers such that

(r, 8) and (', 8')

(11) (a, b) ( (a', ")
(u, v) w', v"

then
(r +r', s+s8")

(12) (a+a', b+ b

(u+u', v+ov"
so long as

s+s', u+u' < g,

r+2r',v+v'<k,

r+r»' zk-1,v+0v"'2k-1, s+s" =20, or u+u'=0.
Proof: By hypothesis, (8) must be satisfied by », 8, ..., and by »', s', ... .
Adding the corresponding equations gives the desired equations for (12). Since

all the numbers in (ll) are nonnegative, those in (12) must be also. By Lemma
2, a+a’' and b + b’ must be less than g. [J

Theorem 4: If there are integers such that

(r, s) and (r', s")
(13) (a, b) (a's b")
(u, v) (u', v')
then

(r - r', s ~-38"
(14) \ (@-a's b-b"
wu-u'sv-2v"
so long as
{O <s-s8',u-u',
O<r-2r',v-0'
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Proof: By hypothesis, (8) must be satisfied by », &, ..., and by r', s', ...
Subtracting the corresponding equations gives the desired equations for (14)
Since all the integers in (13) are less than g, those in (14) must be also. By
Lemma 1, @ - a’ and b - b’ are positive. [J

The above theorems allow the completion of all or at least large portions
of a pruned tree when only an initial piece is known. Suppose, in Example 1,
only

(0, 0)

(15) (0,13)
(3,‘3)

were known. We would be able immediately to derive the rest:
(3, 3)

(3, 0 3, 3)
(O,|O).
The left side follows from Theorem 2; the right from Theorem 3, since
(0, 0) and (3, 3) dmply (3, 3)
(09|3) (3, 0) (3, 3).
Note that by the restrictions in Lemma 2,
(0, 0) and (3, 0) do not imply (3, 0)
(O,IB) (0,‘0) (0, 3).

Thus, we are able to derive the entire pruned tree for Example 1 knowing only
(15) or, equivalently, knowing only that 2178 is a 4~reverse multiple. Simi-
larly, a careful examination of the trees in Examples 2 and 3 shows that each
follows, respectively, from the 3-digit number 118 and the 6-digit number
1211 8 17 15.

It may sound very restrictive to assume that we know an initial portion of
a tree. However, this is equivalent to assuming that a k-reverse multiple for
a given g is known. The problem then is to find or characterize all other
multiples and this is done using the associated pruned tree. Hence, if we know
an #n-digit k-reverse multiple for some small »n, then we do know an initial
portion of the tree. The problem is then to complete the tree quickly and
easily. As an illustration, consider the following, more complicated, example.

Example 4: g = 44, k = 27.
The 6-digit number

(16) 17 18 5 24 31

is a base 44, 27-reverse multiple; this can be verified through multiplication:

4 11 3 15 19
1 7 18 5 24 31

x 27
31 24 5 18 7 1

The carry numbers are numbers in the node labels of the initial portion of the
tree, so we have
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(0, 0)
(4,!19)
(11[ 15)
(3,‘3)
We complete the tree using the above theorems. For example, by Theorem 3

(4, 19) and (3,|3) imply (7, 22)
(11, 15) (15, 11) (26, 26)

In the tree that follows, the superscript J on a particular node indicates that
it was derived using Theorem j, J = 2, 3, 4. So in the above case, we would

write (26, 26)3.

(o,|o)
(4,119)
(11, 15)
(3, 3) (7, 22)3
(17) 1
(15, 11)2 (22, 7Y™ (26, 26)3

PN |
(19, 4)2 (23, 23)3 (15, 11)2 (22, 702 (26, 26)°3

(0, 0)2 (4, 19)3 (11, 15)2

Note that the theorems above do not guarantee that the pruned tree of (17)

is complete and that no branches are missing. The next theorem addresses this
concern.

Theorem 5: Suppose g has a k-reverse multiple; further, suppose the tree con-
tains

(r, 8)
(18) (a, b) ///\\\ (a’, b")
(u, ) (u', v"

where v > u' and v < v'. Then
[0, 0]
’ la -a', b -b']
fu~-u"y v-2v"]
where 0 < u - u' <k, -k <v -v'" <0, .g<a-a'" <0and -g <b - >b" <0.

Proof: Recall that if (18) occurs in a tree, then each number in the node label
must be less than %X and each number in the edge label must be less than g.
Thus, all the claims in the conclusion follow immediately except for a - a',
b - b'" < 0. From (9) we know that

a-a' = (k(u-u")y + (v -0v"g9)/k% - 1).
Hence, ¢ - a’' < 0. Similarly, b - b’ < 0. [

Suppose, for a given g, that we know some k-reverse multiple and thus are
able to obtain the initial portion of the tree. We apply Theorems 2, 3, and 4
whenever possible until all branches end with nodes that have appeared pre-
viously. At this point, we are in the position of asking if there are any
missing branches. By Theorem 5, if there are no integers ¢, d, ¢, w for which
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[0, 0]
(19a) [-c, -d]
[, -w]
where
(19b) 0<t<k, 0fsw<k, 0<e<g, 0<dc<gyg,

then we can be assured that there are 70 missing branches in the tree.
In all the examples considered thus far, (19) is never satisfied. To ver-
ify this for Example 1, we must consider the equations

-4d = -¢ - 10w

(20) ~4e + t = —d.

obtained from equations (4). Eliminating d in (20) gives 4t = 15¢ - 10w; thus,
SIt. However, 0 < ¢t < 5. Consequently, there are no solutions to (20) and,
hence, to (19). Thus, by Theorem 5, the tree in (6) is complete.

Theorem 6: Suppose g has a k-reverse multiple and the tree contains
(r, s)
(a, b)

(us v)

Further, suppose

[0, 0]
) [-c, =d]
[t, -wl
with 0 < ¢ <k, 0 <w <k, 0 <¢ <g, and 0 < d < g. Then
(r, s) or (r, s)
(a - ¢, b-4d) (a + ¢, b+ d)
(uw +t, v - w) (u - t, v+ w

so long as either the three conditions u + ¢ < g, 0 <v - w, and 0 < r or the
two conditions 0 < # - ¢ and v + w < k are fulfilled.

Proof: The first piece follows from Lemma 1; the second from Lemma 2. []
The following example illustrates the use of Theorem 6.

Example 5: g = 40, k = 13.
The 5-digit number

(21) 2 24 30 1 34

is a l3-reverse multiple. As in Example 4, the number in (21) gives the ini-
tial portion of the tree which has node labels (0, 0), (8, 11), and (9, 0).
There is just one solution to (19); namely,

[0, 0]
[8,l~10].

We now use Theorems 2, 3, 4, and 6 to complete the tree:
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(0, 0) [0, 0]
\ \
(8, 11) [8, -10]
(9, 0) (1, 10)°
/ \
(0, N! (6, 6)
\
(11, 8)2 (10, 1)2 (2,”11)6
|
(0, 0)2 (8, 11)3 (11, 8)2 (1, 4)
(4, 1) (12, 12)3

(3, 12)6 (11, 2)2 (4, D2 (12, 12)3
|
(12, 3)3 (6, 6)2

l
(1, 4)2

The double bar edges leading to nodes without a superscript indicate that none
of the above theorems apply. In these cases the nodes were found using (4).
Note that there are only 3 such instances. On the other hand, the 16 super-
scripted nodes were found easily using the theorems indicated by the super-
script as in Example 4.

As we have noted, there is just one solution to (19). We used this solu-
tion in conjunction with Theorem 6 to find 3 nodes. If the tree contained any
missing nodes, then by Theorem 5 equations (19) would have another solution.
Since that is not the case, the tree is complete.
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