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Recently the (2, F) generalized Fibonacci sequences were derived (see [1], [4], [5], [6]). The 
purpose of this paper is to derive formulas for all (3, F) generalized Fibonacci sequences as 
functions of the terms of seven sixth-order recursive sequences. 

Let S = {a, h, c} and Sc be the group of permutations on S. Let i be the identity; and 
a-{ah),p-{ac), y = (b c) be the two cycles; and 8 - (a b c), s = (a c b) be the three cycles. 
Finally, let (j) and r be arbitrary permutations of Sc and Yx = {af, bt,c,}. Atanassov [2] considered 
the 36 possible systems of three second-order difference equations: 

tfn+2=K+i + rYn, n>0, (1) 

with initial conditions Y0 - {a0, b0, c0} and Yx = {au bu c j , where a0yb0yc0:)aubu and cx are real 
numbers. Since the permutation in the left member of (1) is always the identity (z), these systems 
can be represented by the ordered pair (^3 r), where #)and r are the permutations of the right 
member. Spickerman et al. [7] proved that the 36 systems are members of the eleven equivalence 
classes. The solutions of one of these classes is three generalized Fibonacci sequences. The solu-
tions to three other classes consist of one generalized Fibonacci sequence and one (2, F) general-
ized Fibonacci sequence. The solutions to the other seven systems are the (3, F) generalized 
Fibonacci sequences. Atanassov [3] denoted each of these seven sequences by a number, as 
shown in Table 1. A notation in terms of ordered pairs of permutations of Sc is also given. 

Considering each equivalence class, it follows that when the solution to one system in a class 
is known, the solutions to the other systems are permutations of the known solution. Atanassov 
et al. [3] proved 

iYn
s
+2 = <t>Y:+i + rY„'9 S e {1,2,3,4,5, 6,7}, (2) 

with initial conditions 

YJ={alX,cso}, Y1={a{,bl,c{}, 

can be replaced with seven sixth-order difference systems: 

i * X + 6 _ , = 0 , t ^Z»„V,=0 , i > / < + 6 - , = 0 , »>0, (3) 
z=0 z=0 j=0 

with initial conditions {a*f0, {b?}5
0, {c"f0, respectively. The values for k- for 1 < s < 1 are given 

in Table 2. 
Let ps(x) = 1^=0 kfx* and let {̂ /}7=o be the recursive numbers (of order six) determined by 

1/ ps(x). Then the seven recursion relations and first terms of the sequences are given in Table 3. 
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TABLE 1 

Permutation 
Notation 

K M ) ] 
[(«,«)] 
[(».«)] 
[(«,')] 
[1,5] 
[8,i] 
\5,5\ 
[S,e] 
ia,P\ 
[a, S\ 
[S,a] 

Equivalence 
Class 

{(«,')) 
{(a,a),(0,fi),(y,r)} 
{{i,a),(i.P),iur)} 
{(a,i),(P,i)Ar,i)} 

{{i,$),U,e)} 
{(8,i),{e,i)} 
{{S,S),(s,s)} 
{(5,S),(e,5)} 

{(«, p), {a, y), (ft, a), (ft, y), (y, a), (y, /J)} 
{(a, S), (a, e), (ft, 8), (ft, e), (y, 8), (y, s)} 
{(S, a), (e, a), (S, p), (e, p), (S, y\ (s, y)} 

Atanassov's 
Number 

none* 
none** 
none* * 
none** 

1 
2 
3 
4 
5 
6 
7 

* Solution is three generalized Fibonacci sequences. 
**Solution is one generalized Fibonacci sequence and one (2, F) generalized Fibonacci 
sequence. 

TABLE 2 

s 
1 
2 
3 
4 
5 
6 
7 

0 
1 
1 
1 
1 
1 
1 
1 

Values of kf 
i 

1 2 3 4 
-3 3 - 1 0 
0 - 3 - 1 3 
0 0 - 1 - 3 
0 0 - 4 0 

-1 -2 2 -1 
- 1 - 1 0 1 
0 -1 -2 -2 

5 6 
0 -1 
0 -1 

-3 -1 
0 - 1 
0 1 

-1 -1 
1 1 

TABLE 3 

s 

1 
2 
3 
4 
5 
6 
7 

Recursive Relation 

^ 6 = 3 / ^ 5 - 3 / ^ 4 + ^ 3 + ^ 
*n+6 = 3/J,+4 + Ki+3 ~ 3/^+ 2 + /« 
/,„+6 = ^ + 3 + 3/i+ 2+3P„+,+/3„ 

C * = ^ + 2P„+i -2P„+3 + P„+2 - P„ 
K+6 — K+5 + Ki+4 ~ K+2 + Ki+\ + /« 
/«+6 = *n+4 +2/^+3 +2 /^ + 2 — /J+1 — /^ 

First 7 Terms 

1,3,6,10,15,21,29 
1,0,3,1,6,6,11 
1,0,0,1,3, 3,2 
1,0,0,4,0,0,17 
1,1,3,3,8,9,21 
1,1,2,3,4,7,11 
1,0,1,2, 3, 3, 8 

Let fs(x), gs(x\ and hs(x) be the three solutions to the seven systems, and let 

f\x) = ^asjx\ gs(x) = ^bjxi, h'(x) = ZcJxJ' 
j=0 ;=0 ;=0 

First, it follows that 
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f 6 \ (6 V oo ^ oo 

v=o J v=o Jyj=o J j=o 
! > / « ; -
./=o 

cy |w = 7 for/<5, 
In = 6 otherwise, 

=1 
;=0 

rZ + S 
;=6 

!*, '«;-, 
_/=o 

In view of the difference systems (3), the last term is zero. Therefore, 

or 

Let 

then 

f 6 \ 5 

I *,'**/'(*) = £ 7=0 

J 

I 
m=0 

J 

Itf 
J / - v A - i s O / ' ( * ) 

r 5 ^^ i ^ 
p ' ( x ) V/=o y \P'(x); 

Consequently, 

v=o A-/'=0 

where P? are from the sequences in Table 2. Expanding and collecting terms gives 

/ ' ( * ) = ! 
;=o 

I^w 
./=0 

(Vw = j when j < 5, 
•J J 

m-5 otherwise, 

4 ( J \ 

;=0V/=0 ) ;=0 /=0 

for the generating function for {af}%. The terms of the sequence are given by 

j 

I 
/=o 

«;=i^=i 2l» ̂ mai-n 
m=0 

P/w fory<5, 

and 
5 

s 
1=0 

z=o Lw=o 
«/ = Etf^ = I I*W-» k-- forj > 5. 

The values of a*, 2 < i < 5, are computed in terms of a^a^b^b^ c^, C^ by use of equations (2). 
The sequences {b-}^ and {c*}% have the same form. 

1995] U 



ON THE (3, F) GENERALIZATIONS OF THE FIBONACCI SEQUENCE 

REFERENCES 
1. K. T. Atanassov. "On a Second New Generalization of the Fibonacci Sequence." The Fibo-

nacci Quarterly 24.4 (1986):362-65. 
2. K. T. Atanassov. "On a Generalization of the Fibonacci Sequence in the Case of Three 

Sequences." The Fibonacci Quarterly 27.1 (1989):7-10. 
3. K. T. Atanassov, J. Fflebarska, & S. Mihov. "Recurrent Formulas of the Generalized Fibo-

nacci and Tribonacci Sequences." The Fibonacci Quarterly 30.1 (1992):77-79. 
4. K. T. Atanassov, L. C. Atanassova, & D. D. Sasselov. "A New perspective to the Generali-

zation of the Fibonacci Sequence." The Fibonacci Quarterly 23.1 (1985):21-28. 
5. J. Lee & J. Lee. "Some Properties of the Generalization of the Fibonacci Sequence." The 

Fibonacci Quarterly 25.2 (1987): 111-17. 
6. W. R. Spickerman, R. N. Joyner, & R. L. Creech. "On the (2, F) Generalizations of the 

Fibonacci Sequence." The Fibonacci Quarterly 30.4 (1992):310-14. 
7. W. R. Spickerman, R. L. Creech, & R. N. Joyner. "On the Structure of the Set of Difference 

Systems Defining (3, F) Generalized Fibonacci Sequences." The Fibonacci Quarterly 31.4 
(1993):333-37. 

AMS Classification Numbers: 39A10, 11B39 

GENERALIZED PASCAL TRIANGLES AND PYRAMIDS: 
T H E I R FRACTALS, G R A P H S , A N D A P P L I C A T I O N S 

by Dr. Boris A. Bondarenko 
Associate member of the Academy of Sciences of the Republic of Uzbekistan, Tashkent 

Translated by Professor Richard C. Bollinger 
Penn State at Erie, The Behrend College 

This monograph was first published in Russia in 1990 and consists of seven chapters, a list of 406 references, 
an appendix with another 126 references, many illustrations and specific examples. Fundamental results in the 
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Canada, $9.00 by surface mail or $16,00 by airmail elsewhere. A copy of the book can be purchased by 
sending a check make out to T H E FIBONACCI ASSOCIATION for the appropriate amount along with a 
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