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1. INTRODUCTION 

As an application of Lagrange inversion, Riordan [9] gave the following expansions 

\k-i 
exp(bz) = fj

b(ak^)~(zexp(-aZ)f; (1.1) 
k=0 Kl 

^ ^ { a k ^ { z e M _ a z ) ) k . ( 1 2 ) 

L-az k=0 Kl 

^b4Mak"l^rl (L3) 

(l±z£_^(ak+b\_^_l ( 1 4 ) 
1 -S *=oV K A(l+z)a 

Starting from these identities, Gould ([3], [4]) obtained various convolution identities. 
The multivariate case of (1.2) and (1.4) was obtained by Carlitz [1] using MacMahon's "master 
theorem." 

Using other methods, Cohen and Hudson [2] gave bivariate generalizations of (1.1) and (1.2) 
that are different from those of Carlitz. 

Krattenthaler [5] showed that the preceding formulas are a consequence of his bivariate 
version of Lagrange inversion; furthermore, he has generalized (1.3) and (1.4). 

One must note that we do not need to use Lagrange inversion in two variables to prove these 
types of identities, as Krattenthaler did, but need only use Lagrange interpolation, which is a much 
simpler tool. 

Lagrange interpolation must be considered as describing the properties of a linear operator 
sending a function of one variable to a symmetric function. It can be written as a summation on a 
set or as a product of divided differences; it is this latter version that we shall use here. In fact, in 
Section 2 we give the four Lagrange interpolation formulas, (2.1)-(2-4), that contain many of 
Krattenthaler's identities as special cases. In Section 3 we show how our Lagrange interpolation 
formulas can even be used to derive ^-analogs of these identities. 

2. MULTIPLE INTERPOLATION 

Let A = {aua2, <%, „..} and B = {hx, b2, ^,.. .} be two alphabets and let tc, <j), and C, be three 
bivariate functions of x andj. For all positive integers m and n, put 
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Kx(m, n, x, y) = K(X, yXftx, y))m{£{x, y))", 
K2(m, n, x, y) = K(X, y)(<f>(x, j))m«"(x, y))„, 

K3(m, n, x, y) = K(X, y)(</>(x, y))m(C(x, y)\, 
K4(m, n, x, y) = K(X, y)(<f>(x, y))m(£(x, y))\ 

where (a) In = a(a - l)(a - 2) • • • (a - n +1). 
Lagrange interpolation generally stated that, for any function of one variable x, and "inter-

polation points" b,c,d, ... 
f(x) f(b) / ( c ) 

(x-b)(x-c)(x-d)---~ (x-b)(b-c)(b-d)--- + (x-c)(c-b)(c-d)---

-j z—K-—I \- remainder. 
(x - d)(d - b)(d - c) • - • 

We shall only need the Lagrange interpolation formula, but written in a symmetrical manner. It is 
more satisfactory to consider the set A = {x, hv c,..., d) and write 

V —J v /— - remainder, 

where R(a, A \a) is the product Ha,^a(a - af). 
In other words, Lagrange interpolation amounts to considering properties of the linear opera-

tor / ->*ZaeAf(a)/R(a, A\a). This operator sends a polynomial of degree & to a symmetric 
polynomial in A of degree k-n, with card(^l) = n + l. In particular, it annihilates polynomials of 
degree < n, and maps fix) - xn to the constant 1. 

These properties suffice to characterize the Lagrange operator. 
If ^ (x , j , z,...) is a polynomial, the difference ^(x, y, z, ...)-$(y, x, z,...) is divisible by 

x - y. Following Newton, for any pair of variables (x, y), one defines a divided difference opera-
tor, d acting on the ring of polynomials as 

^ ( x , j ; , . . . ) - > ^ ( x , j ; , . . . ) ^ r v ?^? '^™, 

It is clear that the product (now we need to order An+l: = {al9 a2,..., an+l}) 
M 4 w + l ) : = da„,an+l °dan_x,an

 dax,a2 

also satisfies the same properties and, therefore, coincides with the Lagrange operator (see [7]). 
Thus, we have 

One can note that divided differences are also the main ingredient in the Newton interpolation 
formula, and by relating their properties to the symmetric group one can extend Newton interpo-
lation to multivariable functions (see [6] and [8]). 

For our purpose, we shall use Lagrange interpolation for two independent alphabets and 
functions of two variables: 
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k=Q p=0KKak+l> Ai+l \ak+l)K\bp+n Bn+l \bp+l) 

We deduce, without difficulties, the following theorem. 

Theorem: Let A = {a1? a2, a^,...} and B = {bh b2,h3,...} be two infinite alphabets. Then we have: 

^A(4+1)A(5„+1)I1(m,»,a1,A1)/V 
m>0,n>0 

- y K(a b ^ ^ v ^ ^ w y ^ , 2 n 
k>0,p>0 K(ak+U Ak)K(bp+l> Bp) 

x y (M+i,Vi)r(^+i,Vi))" ^_„. 
m>0,«>0 ^\ak+l> An+k+l * A+l)^(^/?+l? ^n+p+l ^^p+l) 

m>0,n>0 

_ y , , v (#**+!, Vl))*(£K+l, Vl))p A: p r ? 9 . 
k>0,p>0 KKak+h Ak)K\dp+h Bp) 

v V (<Kg*+l> Vl ) ) W (^+l> bp+l))n n. 
m>0,n>0 R\ak+1> An+k+l * 4fc+l)^(*/?+l> ^n+p+l \Bp+l) 

m>0,n>0 

_ y r . , (^ + i , Vi))"(a^+i? V i ) ) P , , r . 
k>o,P>o Kiak+i> 4 w V h tip) 

y (<Kak+\> bp+l))m(C(ak+l> Vl))» tmzn. 
m>0,n>0 R\ak+l> Ai+it+l * A+l)^("/?+l> -"/H-/M-1 ^ p + l ) 

X A(4,+I)A(4+1)^4(/«,», a„ ^ / V 
m>0,n>0 

y (0(g*+i> Vi))iii(^fa+i> Vl ) )" ^ 
w>0,w>0 R\ak+1> An+k+l * A+l)^(^/?+l5 tin+p+1 \ Bp+l) 

We shall use the above theorem in the case of different specializations K9 (j>, and £ for which 
the divided difference is easily calculable. The simple fact that the operator A(Am+1) decreases 
the total degree in A by m implies the following identities. 
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^ !+/*!* A2+M2y Lemma (2.5): If we specialize K(X, y)-*lJ-> fa(x9 y) = ̂ ^ and Q -> ^(x, y) = ̂ ^ r , we 
obtain 

A(4,+i)A(^+1)^i(w, w, a1? ^) = A(Am+l)A(Bn+l)K2(rn, w, ^ , ^ ) 

(-5-^—)" if/» = 0, 
0 otherwise. 

Lemma (2.6): If we put K(X, y) -> XT^X, j ) = I ^ , ^ -> ^(x, j>) = j £ f £ , and £ -> £2(x, j>) = 

x ^ K + Z V O , we obtain 
.&2+W ' 

Ai+^,x 

A(4*.I)A(5,H.I)*I(»», », «i, M = A(4«+i)AC#«+i)^2(™>«, «i, *L) 
= HA,+i)HB„+i)K3(m, n, a,, ^ ) 

0 otherwise. 

/l9a, 
L e m m f l # 7>* I f w e P u t <x> y"> -* K2(x> ?> = ( i ,W)(«2 + i 2 , ) ' (VwO(ST+7.x7 («>A*X«t+/^) > 

^(4n+i)MBr,+i)Ki(m, "> «i, M = A(.A,+i)MB„+1)K2(m, n, au ^ ) 

^(a^fy) ifm = » = 0, 
0 otherwise. 

Lemmffl (2.5): If we put K(X, y) -> *c3(x, j ) = W I + | I I I XA 2 + / ^) -

and £ -> £j(x, y) = 4 ^ F ( « I +A*) > w e o b t a i n 

MA,+i)MBn+i)Ki(m, «> "l. bi) 

*->*2(.x,y) = 4&£;(<*2+fi2y), A2+M2y V 2 

0 

\ - l / 

17=o ; V /=o Vy=o V-/ 
if m - n, 

otherwise. 

The identities (2.1)-(2.10) and (3.16) of Krattenthaler [5] arise as different specializations of 
the functions K,$, and £ considered in Lemmas (2.5)-(2.8) above, and to the case in which 
A = B = {0,1,2,...}. For each of the four cases given in our Theorem, we give the formulas when 
A and B are general. We then specialize to the case where A and B are sequences of "^-integers." 
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3. APPLICATION OF IDENTITY (2.1) 

Formula (2.1) and the previous lemmas provide the following identities: 
I) In the case where A and B are general alphabets, we have 

Mi 
A.1+jula1A.2+ji2b1 

tz\\\ Mi 
A2 + //2^i 

1 — Mx 
Ax + //jflj 

(A(%n. M A ^ I - bP+i>y tkzp 

= z 
k>0, p>0 R(ak+1, Ak)R(bp+l, Bp) 

x y (</>M+i,bp+i)y(£M+i,bp+i))" 
m>0,n>0 R\ak+V An+k+1 ' "4fc+l)-^("p+l> "n+p+1 *•"/*-! ) 

- f V 

(3.1) 

1 = y 1 (&fa+l, Vl))*(C2(gfc+l. bp+l)Y tk. 
A:>0, /?>0 K + m+i ^(«*+i, A)R(b

P+i> B
P) 

< y (^ i (^ i .Vi ) )" (^ (^ i ,Vi ) ) ' ' 
m>0,n>0 ""(a£+l> An+k+l \ A+l)-^(*p+l» Bn+p+l ^Bp+V 

tmz", 

(3.2) 

£>0, />>0 -'H"fc+1> ^kt^Pp+l' np) 

w>o,»>o ̂ \ak+i> ^m+k+i \ Ak+l)R(bp+l, Bn+p+l \Bp+l) 

(3.3) 

-!-Z 
A / ^ ;=0 

/7 

vv Mi 
# 2 ^ 2 

-«2 ; 

\v v 
& n -

L+a, 
-o\Mi 

s+l 
(i-(k. 

n V-"2 >+l 

(M^k+u bp+i))k^2(ak+i, bp+i)Y 
k>0, p>0 0*1 + Mfik+lMl + ̂ 2Vl) ^ + 1 ' Ak)R(bp+l, Bp) 

w>0,«>0 R\ak+h An+k+l * 4fc+l)^(*p+l' ^n+p+l^^p+l) 

i-tfi-zY (3.4) 

(-0m(-z) 

i - i £ II) Let [»] = ̂ - , [»]! = [/!][»-1]-[1], exp,(x) = Z ^ 0 ^ r . Then in the case ^ = {0,[1], 
[2],...}, B = {0,[1],[2],...}, we obtain ^-analogs for Krattenthaler's identities (2.1), (2.4), (2.8), 
and (3.6) in [5]. For example, from (3.1), we obtain the following ^-analog of (2.1) in [5]. 

l_£L£lfc )l-JJLt 
A j A>2 "2 J kzo,Px> q L*J> q 

x«p,-M*3M ' expj - £([*],[/>]). 
(3.5) 
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4. APPLICATION OF IDENTITY (2.2) 

I) In the case where A and B are general alphabets, we have 

Jh_ Mi 

X^ + UPy %2+M2bl 
-tz 1— Mi 

&2+Mih 

\ - l 

t \ \ l - Mi 
X^JLl^ 

y (0Mk+h b
P+l))k(CMk+h b

P+l))P fkzp 

k>0, p>0 R(ak+1> A)R(bp+l> Bp) 

y (A(ak+h bp+l))m(Cl(ak+l> b
P+l))n 

m>0,n>0 R\ak+h Ai+k+l \ A+l)R\bp+h Bn+p+l ^Bp+l) 

(4.1) 

1 = y 1 (h(ak+l> Vl))fcfofofc+H V l ) ) p tk.p 

k>0, p>0 K+Mfik+i R(ak+h A)R(b
P+i, Bp) 

y (0Mk+h b
P+l))m(Cl(ak+h bp+l))n 

m>0,n>0 R\ak+h An+k+l ^ A+l)R(bp+l> Bn+p+l^Bp+V 
tmz\ 

(4.2) 

, , . V ( A \ (^(ak+V bp+l))k(£2(ak+l> bp+l))p .k p 
K{ak+i>A)R\Pp+hBp) k>0, p>0 

y (&(%H> Vl))ffl(C2(%b Vl))n 

w>0,«>0 R\ak+l? An+k+l ^ 4fc+l)^(*/?+l> Ai+/?+l ^Bp+l) 

(4.3) 

It) For example, in the case A = {0, [1], [2],...}, B = {0, [1], [2],...} we obtain from (4.2) the 

following ^-analog of (2.5) in [5]. 

1 = I 1 (M[kUp])\ ((C2([k],[p]))P tk_ 

x V ( p»»» (M*3> I>1) ~ *)» (&([*]» tefl - /On ^.» 

m>0, n>0 

(4.4) 

5e APPLICATION OF IDENTITY (23) 

I) In the case where A and B are general alphabets, we have 

Mi Mi 
Xx + /u^ X2 + fi2\ 

-tz 1- M\ 
X2 + jil2\ 

Mi 
Xl + ju^ 

- i 

y Qi(%+1> Vl ) ) f c ( ^ l (%b V l ) ) P ,fc,p 

k>0, p>0 R(ak+h A)R(bp+l> Bp) 

y (Afa+1, Vl)HCi(%+i, Vi))B 

m>0, »>0 R\ak+l? A+k+l ^ A+l)^("/H-l> Bn+p+l ^ ^ p + l ) 

( 5 . 1 ) 
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1 = y 1 (Mak+u bp+l))k{^2{ak+l, bp+J)p ^ 
k>0, p>0 h + Wk+i R(ak+u Ak)R(b

P+u Bp) 

y (&(%H, V l ) r « " 2 ( g * + 1 » bp+l))n {m_„ 
m>0,n>0 R(ak+1> An+k+l * A+l)R\bp+U B„+p+l \Bp+]) 

t>o, P>o R(ak+i > A )R(b
P+i>5p ) 

v v (&(a*+i>b
P+iT(C2(ak+u Vi))w „ „ 

(5.2) 

(5.3) 

m>0,»>0 R\ak+h ^-m+k+l * ^ + l ) ^ ( ^ / ? + b ^n+p+l \Bp+l) 

II) For example, in the case 4 = {0, [1], [2],...}, 5 = {0, [1]? [2],...} we obtain from (5.3) the 
following ^-analog of (2.10) in [5]. 

(MWAp])f (fo(M,[ri)) £.*M 

y (_«» — — *>T 
(5.4) 

6. APPLICATION OF IDENTITY (2.4) 

I) In the case where A and 5 are general alphabets, we have 

1 = y 1 (Mak+1, y i ))*(£t( a fc+l» V l ) ) P
 / t _ i , 

A:>0, p>0 K + MPk+i R(ak+u 4 )^ (Vi> B) 

y (Mak+l> bp+l))m(C2(ak+U bp+l)T tm_n 

m>0,n>0R\ak+l> A+k+l * A+UR(bp+U Bn+p+\\Bp+l) 

(6.1) 

II) For example, in the case A = {0, [1], [2], . . . } ,£ = {0, [1], [2],...} we obtain from (6.1) the 
following ^-analog of (2.7) in [5]. 

= v i (M[kup]))k ((^m,[pw fk_P 
£-> 3 ± „ m „*(*-i)/2rm „p(p-Wr„-\\ 

(6.2) 
xexn f £»([*], Id)).) y , i r (M* ] , [p ] ) - /0„ r 
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FIBONACCI ENTRY POINTS AND PERIODS FOR PRIMES 
100,003 THROUGH 415,993 

A Monograph 
by Daniel C* Fielder and Paul S. Brackman 

Members^ The Fibonacci Association 

In 1965, Brother Alfred Brousseau, under the auspices of The Fibonacci Association, compiled a two-
volume set of Fibonacci entry points and related data for the primes 2 through 99,907. This set is currently 
available from The Fibonacci Association as advertised on the back cover of The Fibonacci Quarterly. Thirty 
years later, this new monograph complements, extends, and triples the volume of Brother Alfred's work 
with 118 table pages of Fibonacci entry-points for the primes 100,003 through 415,993. 

In addition to the tables, the monograph includes 14 pages of theory and facts on entry points and their 
periods and a complete listing with explanations of the Mathematica programs use to generate the tables. As 
a bonus for people who must calculate Fibonacci and Lucas numbers of all sizes, instructions are available 
for "stand-alone" application of a fast and powerful Fibonacci number program which outclasses the stock 
Fibonacci programs found in Mathematica. The Fibonacci portion of this program appears through the kind-
ness of its originator, Dr. Roman Maeder, of ETH, Zurich, Switzerland. 

The price of the book is $20.00; it can be purchased from the Subscription Manager of The Fibonacci 
Quarterly whose address appears on the inside front cover of the journal. 
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