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1. INTRODUCTION
In the notation of Horadam [1], let W, = W, (a,b; p,q), where

W,=pW,s—qW,, (n22), Wy=a, W;=b. (1.1)
If @ and B are assumed distinct, then the roots of A% — pA +¢ = 0 have the Binet form
w, = A = BB (1.2)
a-p
inwhich A=b—afand B=b-aa.
The n terms of the Fibonacci and Lucas sequences are:
F=w,011-1); L =W(2151-1. (13)
As usual, we write
an _ﬂn . n n
U,=W,0,5; p,q)= V,=W.2,p;p.9=a"+p", (1.4)

a-4°
where {U,} and {/,} are the fundamental and primordial sequences, respectively, generated by
(1.3). These sequences have been studied extensively, particularly by Lucas [3] and Horadam [1].
Throughout this paper, d is a natural number.
Define the Aitken transformation by

A(x, x', x") = (ee” = x'%) [ (x - 2x" +x"), (1.5)

where the denominator is assumed to be nonzero.
In 1984, Phillips discovered the following relation between ratios of Fibonacci numbers and
the Aitken transformation,

A(r ~t> rmrn+t) =r2n’ (16)

where r, = F,,, / F,. An account of this work is also given by Vajda in [3]. McCabe and Phillips
[5] generalized this to show that (1.6) holds when 7, =U,,,/U,, and Muskat [7] showed that
(1.6) holds for r, =U,,;,/ U,. Jamieson [6] obtained the generalization

W, 2k < p,
A, WO,y =" an
Wik=p) 2k > p,

The purpose of this paper is to establish a further generalization of these results.
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2. THE MAIN RESULTS

First we introduce a new class of more general sequences that has not appeared previously in
the literature.

Definition: The generalized Fibonacci sequence (GF-Sequence) is defined by
Akank+d _ Bkﬂnk+d

a-p
Thus, we have F,=W(0,1;1,-1), U, =W(0,1; p,q), and W, =W )(a,b; p,q), and the GF-

sequence W,,(,'j,)(a,b; P.4q) is seen to be an extension of these sequences.

w8 (a,b, p,q) =

@2.1)

We write Wn(’f} for W,,(,’f,,) (a,b; p,q) and note that this sequence satisfies the recurrence relation
k k. phkyppk k gy
Wn(+1),d =(@"+p )Wn(,d)—a B Wn(—l),d»
which has characteristic equation with roots a* and #* and generating function
) k 1277403
Ara? — B*pY — (4ka?B* — B*at gyt Wod —q" Wit

kysm _
,;,W’(’dt  (a-pA-(F + N+t ) 1=Vt +gf

Introducing such a class of generalized Fibonacci sequences Wn(’j,) , we can find a nice property
between the appropriate ratios involving this sequence and Aitken acceleration.
If W,Z%) # 0, we define the ratio

R® =w® 1w (2.2)
and state the main result of this paper.
Theorem:
AGRE), R, RR)= RO ey
3. LEMMA

For the proof of the Theorem, we introduce the following lemma.

Lemma:
@ WR WL -9 = -4 B g (U, ), 3.1)
®) WOWE -WEwER = 4B 4" U, (32
© WEWR o~ W2 4 = A*B*q"U,U,, (3.3)
@ - q WY =UWP, (3.4
(@ WL o—q"WE = Uy (4a™ +B*B™). (3.5)

Proof: We prove only part (a) because the proofs of (b)-(e) are similar. Using the definition
of W%, we have

1998] 69



A CLASS OF SEQUENCES AND THE AITKEN TRANSFORMATION

k k k)2
NI ARPRICAYS:
Aka(n+t)k+d _ Bkﬁ(n+t)k+d Aka(n—t)k+d _ Bkﬂ(n-—t)k+d Akank+d _ Bkﬂnk+d 2
N a-p a- N a-p
2
- _Akqu(n—t)k+d(Ukt)2

=- oy

and the proof of (a) is complete.

_ Akqu(n—t)k+d(atk - ﬁ‘k j

4. PROOF OF THE THEOREM

Using (1.5) and (2.2), we may write

% k 0\2
O e (W
%) Tk 3
AR®, R®, R¥)y = RORE -(RPY _ WO W
—t> s Lot) = Tk % B = Tk T %
(—2—2R;§)+ (+3 Wn(—z),d_ Wn(,d)+Wf+?,d
% %
AP A A
k k k k
_ TP WE W 4= WENWE) Wi
= N2k T ARk % 27k %
WY WE) i) - 2 QWWE) W) o + VW) )
N2 ik k N2 N2 gk k N2
IR R = I = WD L ) o = )
= Tk 0] B % )1k B
WL (W =W E ) =W 8 (W s = WO )]
N2y gk pk (n=Dk+dNy T2 & kpk  (n-1)k
(T (—A* B g UL — (W (- A* B YU,
D) 1k pk =1k B Ak ok ik
m(,o)[m(ﬂ),o/l B q( 2 UkrUd‘Wn(—:),oA B*q"ULU,]
N2 N2
UL -4 D
WU =" W 1

by (3.1) and (3.2),

Ui’ by (3.3), (3.4), and (3.5)
= , .3}, (3.4), and (3.5),
WOU Uy (4™ + B %)
Wn(zk)
n0

This completes the proof of the Theorem.

5. REMARK

There is a major difference between the result of this paper and those of other papers on this
topic. In this paper, when the Aitken transformation is applied to the three numbers, R* ), R®),
and R%), we obtain a doubling of k, giving R, This contrasts with the results of all the other
authors quoted, such as the relation A(r,_,,7,,7,,,) =r,,, where it is » that is doubled.
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But, when k=1,a=0, and b=1, we have R? =U,, .,/ U, =r,,. Thus, the result of this

paper may be regarded as a further generalization of the former results.
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