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1. INTRODUCTION AND STATEMENT OF RESULTS

A basic result in the theory of Diophantine approximations of irrational numbers by rationals,
where certain additional congruence relations are satisfied, is given by the following theorem of
Uchiyama [8]:

For any irrational number &, any s> 1, and integers a and b, there are infinitely many

integers u and v # 0 satisfying

u| s?
3l a.n
and
u=amods, v=>bmods (1.2)

provided that a and b are not both divisible by s.

Theorems of the same type with greater constants on the right-hand side of (1.1) were
proved by Hartman [3] and Koksma [6]. Recently, the author has shown [1] that the theorem of
Uchiyama no longer holds if the constant s*/4 is replaced by any smaller number. Assuming
weaker arithmetical restrictions in (1.2) on numerators and denominators of the approximants, the
constant in (1.1) can be diminished. For prime moduli p, the author has shown (see [2]):

Let 0<&<1, and let p be a prime with p>(2/¢)*; h denotes any integer that is not
divisible by p. Then, for any real irrational number &, there are infinitely many integers u
and v > 0 satisfying

u (1+6)p*?
—— | < 1.3
l§ \4 J§v2 ( )
and
u=hv#0 modp. (1.4)

The object of this paper is to show that almost all irrational numbers (in the sense of the
Lebesgue-measure) are better approximated by fractions #/ v satisfying (1.4).

Theorem 1.1: Let £>0, and let p be any prime. Then there is a set &l < (0, 1) of measure 1
depending at most on & and p, such that every real number &£ from o satisfies the following con-
ditions:

If 4 denotes any integer that is not divisible by p, there are infinitely many integers # and
v >0 with
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ul ¢
’cf——v— <z (1.5)
and
u=hv#0 modp. (1.6)

The main tool used in proving this theorem is a certain generalization of the famous average-
theorem of Gauss-Kusmin-Lévy concerning the elements of continued fractions (see Satz 35 in
[4]), which is stated in Lemma 2.1 below. It follows from [5] or [7].

The set o given in Theorem 1.1 depends on ¢ and p. One may ask whether there are
irrationals, where (1.5) and (1.6) hold for every £ > 0 and for every prime p.

Theorem 1.2: There is an uncountable subset % of (0, 1) such that, for every real number £ from
9B, for every € >0, every prime p and any integer /4 that is not divisible by p, the inequality (1.5)
and the congruences (1.6) hold for infinitely many integers » and v> 0.

2. PROOF OF THE THEOREMS

Lemma 2.1: Let 1, 1,,..., 1, (k =1) be positive integers. Then the successive elements 7,7, ..., 7
occur infinitely often in the sequence a,,a,, a;, ... of the continued fraction expansion (0; a,, a,,
a,, ...) of almost all real numbers from (0, 1).

Proof of Theorem 1.1: Let £>0 and p be any prime. Moreover, let s> 0 be some integer
with
1

EE<8' (21)

By Lemma 2.1, there is a subset o < (0, 1) of measure 1 such that the finite sequence

sp+1,sp,sp+1Lsp,...,sp+1sp 2.2)
2p

occurs infinitely often among the elements of the continued fraction expansion of every number
from {. Obviously, & depends on £ and p.

Now we fix some number & from A; by £=(0;a,a,,a,,...) we denote its continued
fraction expansion. There are infinitely many integers j>1 such that, for all integers n with
1<n<2p, we have

sp+1, ifn=1mod2, @3)
a. = .
AT ep, ifn=0 mod2.
Let j be such an index, and put
Wy = Pjin _hqj+m (24)
where A # 0 mod p denotes some integer. The integers p,, and g,, are given by
Pai=L pyi=0, Puni=a,0Dn P, (m2-1), (2.5)

qg.1-= O’ 9o = L D2 - = Oy T m (m 2 _1)

It follows easily from (2.5) that w,, w,,,, and w,, satisfy
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Wyip = aj+n+2wn+1 + w, (1 =n=< 2P) (26)

We shall show by mathematical induction that the following congruences hold for all odd
integers n with 1<n<2p-1:

W, =w, modp and w,,, Ewl+£;—1w2 mod p. 2.7

For n=1 we have, by (2.3) and (2.6),

_ _ 1+1
W3 =d, W, W =wl+—2———w2 mod p.

Now assume that (2.7) holds for some odd integer » with 1<n<2p—3. Since n+3 is some even
integer and since 3 <n+3 <2p+2, we conclude from (2.3), (2.6), and the induction hypothesis
that

Wpt3 = QpiiWpi W EWp =W, mod p. (2.8)

Similarly, since 7+4 is some odd integer with 3<n+4 <2p+2,

Witd = AjinsaWniz T Wpig EWpi3 W00

@ne®) n+1 n+3
= w,+|w +TW2 =w +Tw2 mod p.

Hence, (2.7) holds for all odd integers 1 <n<2p—1.
In what follows, we distinguish two cases:
Case 1. w, =0 mod p.
This means, by (2.4),
Pjs2=hq;,, modp. (2.9)

Case 2. w,#0 mod p.
Since p is a prime, we even have (p, w,) =1. We write down the right-hand congruences in
(2.7) for all odd integers 1<n<2p-1:

Wy, =W+ W,
ws =w + 2w,
w, =w + 3w
7 1 2
>
Wy =w + 4w, mod p.
Waps1 = Wi + PW; |

By (p,w,) =1, the p integers w3, w5, ;,..., W, ,,, represent p distinct residue classes with

respect to the modulus p. Hence, there is some odd integer k¥ with 3<k<2p+1 and w, =0
mod p, which means
Pyox =hg;u mod p. (2.10)

Collecting together from (2.9) and (2.10), we have proved the existence of an integer k with
2<k<2p+1and
Pjsk=hq; #0 mod p. (2.11)
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Since 4 is not divisible by the prime p, the assumption p;,, =kq,,, =0 mod p would imply that
(Pj+x> 9;+) > 1, which is well known to be impossible. Finally we get, by (2.1), (2.3), and (2.5),

f_pj+k < 1 < 1 < 1 < &

< < ; (2.12)
qj+kqj+k+1 aj+k+1q§+k Spq12'+k q}+k

vk

note that 3<k+1<2p+2. The integers j from (2.3) are not bounded, hence, by (2.11) and
(2.12), there are infinitely many integers u: = p;,, and v:=g;,, > 0 satisfying the conditions (1.5)
and (1.6) of the theorem. Thus, the proof is complete.

Examples:
1.) Let £=1; (2.1) holds for every prime p with s =1. Hence, the number

- 2+4 —
gi=(oTpy=YE PP

2
belongs to the corresponding set &{ in Theorem 1.1.
2.) Ttis well known that
1435 _ Fpy <« (n=1).
2 F | FFa

Since F, and F,,,, are coprime integers, and because any prime p divides infinitely many Fibonacci
numbers F,_, =F, , —F,, for every prime p the congruence F,=F,,, #0 mod p is satisfied for
infinitely many pairs of Fibonacci numbers F, and F, ..

Proof of Theorem 1.2: Let B (0,1) be the subset of those numbers £=(0;a;,a,,a;,...),
where the elements a,, a,, a;, ... of the continued fraction expansions are given by the following

scheme:
a, a,
Gs g G A Gy _

Qg Gig Gy Gyy Gy Uyg Uz G3g U3

a;-1:2 1.2
@22 22 2.3 2.3 2.3

a;-3-2 32 33 3.3 3.3 3.4 3.4 3.4 3.4

@42 4.2 43 4.3 4.3 4.4 4.4 44 4.4 4.5 4.5 4.5 4.5 4.5
as-5-2 52 .-

In the first row, the integers ,, ,, a5, ... are arbitrary numbers from the set {1,2}. Let the
~ elements a,, with odd indices m be given by

a,=1+a,,; (m=1mod2, m>1).

Obviously, % is an uncountable set of numbers, since the set of sequences with elements from
{1, 2} is not countable.

If £ belongs to R and if p is some prime, there are infinitely many finite sequences 7,7,
1, ..., I, among the elements of the continued fraction expansion of &, where

5.
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7,=1 modp (v=1 mod?2),
and 7,=0 modp (¥=0mod2).

Moreover, we can choose all the integers 1,7,,7, ..., 7;, as large as possible for infinitely many
such finite sequences.

Now infinitely many integers # and v > 0 satisfying (1.5) and (1.6) can be found in the same

way as was shown in the proof of Theorem 1.1.
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