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INTRODUCTION 

In 1770, Edward Waring, in a work entitled "Meditationes Algebraicae," announced without 
proof the following result, which he attributed to his student, John Wilson: 

lip is prime, then (p -1)! = -1 (mod p). 

This statement, now known as Wilson's Theorem, was first proved by Lagrange in 1771, and may 
have been known earlier by Leibniz. 

In this note, we present a new proof of Wilson's Theorem, based on properties of Eulerian 
numbers, which are defined below. Consider the following triangular array, which is somewhat 
reminiscent of Pascal's triangle. 

1 
1 1 

1 4 1 
1 11 11 1 

1 26 66 26 1 
1 57 302 302 57 1 

The numbers that appear in this array were first discovered by Euler [1] and are known 
as Eulerian numbers. Following Knuth [2], we denote the k^ entry in row n by Q), where 
l<k<n. 

Eulerian numbers may be defined recursively via: 

("HUH {l)-An^n+i-<-1^ *"**»-L w 
(See [2], p. 35, eq. (2).) 

They enjoy a symmetry property: 

( £ ) = L + 1- k) for a11 * such that* - k - " @) 
Adding all the Eulerian numbers in a given row, we get 

Furthermore, 

(Ihii-M-jni'j*)- <4> 
Remarks: (2) follows easily from (1), (3) follows from (1), using induction on n, and (4) is 
equation (13) on page 37 in [2]. 
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We will also need 
Definition 1: Ifrn and n are integers larger than 1 and k is a nonnegative integer, we say that 
On(m) = k if nk\m but nM\m. 

Ifp is prime, p\a, j < m, and 0 < a < pm~J, then 0 J ? y = m - j . (5) 

Remark: (5) is Theorem 4 in [3]. 

THE MAIN RESULTS 

Lemma 1: Ifp is prime, m > 1, and 1 < k < pm - 1 , then (p™) = 0 (mod/?). 

Proof: This follows from the hypothesis and (5). 

Theorem 1: Ifp is prime, m > 1, and 1 < & < /?w - 1 , then 

Proof: (4) implies 

Now Lemma 1 implies 

If k = 0 (mod/?), then 

^ _ l \ fO (mod/?) if A: = 0 (mod/?), 
A: / 1l (mod/?) i f ^ # 0 (mod/?). 

^^yO^-'.O (mod/,). 

If £ # 0 (mod/?), then, by Fermat's Little Theorem, 

/ Z ^ - A * (k?-1)^ = 1 ^ * 1 (mod /?). 

Theorem 2 (Wilson's Theorem): Ifp is prime, then (p-1)! s -1 (mod/?). 

/Voo/- (3) implies^ -1)! = !£:{(V)• Theorem 1 implies ( V ) s ! ( m o d /?) for 1 < /t < /? - 1 . 
Therefore, (/> -1)! s E £ j 1 = p -1 = -1 (mod />). 
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