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1. INTRODUCTION

The problem set in [3] is: What is the probability that initial digits of n™ Lucas and Fibonacci
numbers have the same parity? We answer the problem and demonstrate a simple technique that
provides answers on similar questions regarding relative frequency ("probability") of initial digits
in almost any linear recurrence sequence.

The probability that a random number from the sequence X, belongs to the set A (which has
a certain property) is defined as the value of the limit (if it exists):

. ln—l
= (X
lﬂng A( 1)’

where 1, denotes the characteristic function of the set 4: 1,(x)=1ifx e 4, 1,(x)=0if x ¢ 4.
The main tool in the proofs will be the well-known Weyl-Sierpinski equidistribution theorem
[1] in its simplest form.

Theorem: Let q be an irrational number, 7, = p+nq be a sequence and 7, = {7} its fractional
part. Then the probability that 7, is in the interval [a,b), 0<a <b <1, is b—a. (The fractional
part of irrational translation is uniformly distributed on [0, 1).)

2. CALCULATION OF PROBABILITIES

The following two lemmas prove that anything that is close enough to irrational translation is
uniformly distributed on [0, 1). We will apply it to the logarithms of linear recursive sequences.

Lemma 1: Let T = p+nq, q irrational, T, = {T} its fractional part, and X,, X, = {X,} another
sequence such that lim, | X,~7 |=0. Then the probability that some X, falls in the interval
A=[a,b),0<a<b<lisb-a.

Proof: Given & >0, there exists 7, such that, for each m>mn,, | X, — T, |<%. If

Agz[a+£, b—ﬁ),

ENEY

47 4

this means that, for each m>n,, T, € 4, implies X,, €4. Equivalently, for each m>n, 1,(X,,) >
14,(T,).

There exist 1, > n, such that, for each n>n,, L1

meo 14,(1,,) <5 (the sum is constant, so we

choose #, large enough).
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For each n > n,, we calculate

_ZlA(X )>—ZIA(X )>—Zl (Z)

m—O m—nl m=n,
n]—l
2 Zu @)+~ ZlA AR )
m—nl

==31,()-%.
n mgo Ag( m) 2
Applying the equidistribution theorem, we get

lim inf — ZIA(X)>l1m ZIA (T)——: -a-¢.

=0

Since it is valid for each &, liminf "11,(X,)>b—a. We apply the same reasoning

n—»eo n m=0

for intervals [0, @) and [5,1). Since Ijg ,,(x)+1i, 5 (X) +1 1y(x) = 1, we get

n—l

n—-l
lim sup— Z 1 5)(X,,) <1+1im sup( Z 1, a)(X )]+hm sup( N l)(Xm))
n—>c n—ow n—»o0 n.2o
2
=1-lim _jgf;%llo, o(X,,) = lim Jgf;’nzﬂjl[b, p(X,)<b-a.
n—-1

Now we have liminf, 137 %1,(X,)=limsup, . 137 1,(X,)=>b-a, so it converges and
the lemma is proved.

The following lemma is a simple generalization that can be proved using the same technique
(the proof is omitted).

Lemma 2: Let T, = p+nq, and let X!, X2, .. X* be k sequences such that, for each i, we have
lim, . |X:~T|=0. Let q be irrational, and let X!, .., X* T be the fractional parts of the

sequences. Then the probability that, for random n, X} €[a,, b)), ..., X* €[a,, b,) is b—a, where
ﬂ[ ,5) =1a,b).

Example 1: Probability that the first digit of F, and that of Z, have the same parity is log;, $28.

Proof: Let X, =log,,F,—log,,p, ¥, =log,, L,, X,, Y, their fractional parts, p =1/+/5, and
g=(/5+1)/2. As an example, we calculate the probability that, for given n, F, begins with 1
and L, begins with 3.

F, begins with 1 if and only if, for some k¥ e N, F, €[10%,2-10*), which is equivalent to

logyo F, € [k,l0g,,2+k)
< X, =log, F,~log,p € [k+logp/5, k +log,2+/5) 3)
o X, ={X} e[log,+/5,log,,2V5).
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L, begins with 3 if and only if
Y, ={log,, L,} € [log,,3,log;,4). )
Since X, and ¥ asymptotically converge to T, =nlog,,q, log,,q irrational, we can apply
Lemma 2. The probability is log;,4 /3.

In the following table, we calculated all nonzero probabilities that, for random »n, F, begins
with 7 and Z,, begins with j (probability is log,, x).

E |4 |5|/6(7|8 |8 |91 |1|1|2|2|2]3]3]|3 4
L |1t |1|1|1{1|2 (2|2 (3|4|4|5/6|6 (78] 819
x | L6285 |25 (1035 4|5 |L 65|58 [5[25 1

2 ist4171 212 191 5 3121215102 115 171212 19

Summing the probabilities from the appropriate columns, we prove the formula. This proba-
bility (approximately 0.42241) is in accordance with the numerical test from [3]—4232 out of
10000.

In this example, we can avoid using Lemma 2, noting the fact that the initial digits of F, and
L, are the same as the initial digits of p-g”, q". However, using the described technique, we can
answer the same question about, e.g., 5 leftmost digits of F, and L,.

It can easily be proved (checking that [(1—+/5)/2]" is small enough for large n) that the
entries in the table are the only possible ones (and not only with positive probability) [2].

Example 2: We will call a linear recurrence sequence Y, random enough if the root g, of the
characteristic polynomial that has the largest absolute value is real, positive, not a rational power
of 10, unique and has multiplicity 1, and Z, in equation (5) is positive.

The probability that a random enough recursive sequence begins with the digits 1997 is
logy(1+1057).

Proof: We can then write the sequence in explicit form [4]:

Y, = Rqi + B,(mq; + -+ + B (g, ®)

where F, is a real number and B, ..., B, are polynomials. ¥, begins with 1997 if and only if, for

some k €N,
Y, €[1997-10% 1998-10%) & 6)

n
< {log,, ¥} €[log,,1997,log,,1998). @
Since lim,,_, |log,, ¥, — (log,, B +7-log;q;)|=0, we can apply Lemma 1. The probability is the
length of the interval in (7).

We can prove the following formula in the same way.

Example 3: The probability that the i/ leftmost digit of a random enough recursive sequence is j
obeys the generalized Benford's law (see [3] and [5]):

10711 1
P=log, [] (1+10k+j)

k=102

fori>2, and P =log,o(1+%) fori=1.
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Lemma 1 implies as well that the fractional part of the logarithm of the random enough recur-
sive sequence is uniformly distributed on [0, 1).
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EXEXE X4

APPLICATIONS OF FIBONACCI NUMBERS

VOLUME 7

New Publication
Proceedings of The Seventh International Research Conference
on Fibonacci Numbers and Their Applications,
Technische Universitit, Graz, Austria, July 15-19, 1996
Edited by G.E. Bergum, A.N. Philippou, and A.F. Horadam

This volume contains a selection of papers presented at the Seventh International Research Conference on
Fibonacci Numbers and Their Applications. The topics covered include number patterns, linear recurrences,
and the application of the Fibonacci Numbers to probability, statistics, differential equations, cryptography,
computer science, and elementary number theory. Many of the papers included contain suggestions for other
avenues of research.

For those interested in applications of number theory, statistics and probability, and numerical analysis in
science and engineering:
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Hardbound Dfl. 395.00 / £135.00 / US$214.00

AMS members are eligible for a 25% discount on this volume providing they order directly from the
publisher. However, the bill must be prepaid by. credit card, registered money order, or check. A letter must
also be enclosed saying: “I am a member of the American Mathematical Society and am ordering the book
for personal use.”
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P.O. Box 322, 3300 AH Dordrecht P.O. Box 358, Accord Station
The Netherlands Hingham, MA 02018-0358, U.S.A.

Volumes 1-6 can also be purchased by wﬁting to the same addresses.
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