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In [4], using the method of Carlitz and Ferns [1], some identities involving generalized
second-order integer sequences were given. The purpose of this paper is to obtain the more
general results.

In the notation of Horadam [2], write W, = W, (a,b; p,q) so that

W{‘l:pu/n—l_qwfn—la W):a,VVlzb, nx2. (1)
If o and B, assumed distinct, are the roots of A% — pA + g = 0, we have the Binet form (see [2])

W,=Aa" +Bf", )
where 4 = %‘;‘% and B =222,

Using this notation, define U, =W, (0,1, p,q) and V, =W,(2, p; p,q). The Binet forms for U,
and V, are given by U, =(a"-")/(a—-p) and V,=a"+ ", where {U,} and {V,} are the
fundamental and primordial sequences, respectively. They have been studied extensively, particu-
larly by Lucas [3].

Throughout this paper, the symbol (") is defined by (") = 77—

To extend the results of [4], we need the following lemma.

Lemma: Let u=ca or f, then

_ qm+l +p qmu + u2(m+l) - Vmum+2 . (3)

Proof: Since aand S are roots of 2>~ pl+q=0, we have a® = pa—q and £ =pB—q.

Hence,
2(m+1)

_qm+1 +pqmu+u2(m+1) — qm(pu_q)+u2(m+l) - qmul +u
— um+2(qmu—m +um) — (am +ﬁ»m)um+2 — Vmum+2.
This completes the proof of the Lemma.

Theorem 1: m m
—q"" W, + pq" Wy + Weraomity = Vel emsa- “)

Proof: By the Lemma, we have
__qm+1 +pqma + a2(m+1) — Vmam+2 and _qm+l +pqmﬂ+ﬂ2(m+l) — Vmﬂm+2'

Theorem 1 follows if we multiply both sides of the previous two identities by a* and B*, respec-
tively, and use the Binet form (2).

Theorem 2: o~ n § by
W =(Pq"™) Z (i J)("l) q SVme+2)i+2(m+l)j+k- %)

i+j+s=n\"’
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=] n S 7 i 1)s
mm+2)"+k = an Z ( ) (_ l) p quj+(m+) I/V2(m+l)i+j+k'

i+j+s=n LJ (6)
n i J o (mL)s+myyri
I/V2("ﬁ*‘1)"+k = z (i, j)(_l)jqu( s ijI/V(m+2)i+j+k- (7)

i+j+s=n
Proof: By using the Lemma and the multinomial theorem, we have

(pqm)nun — Z (.n ) (_ l)jq(m+l)sViu(m+2)i+2(m+l)j
1, ] m >

i+j+s=n \’

V,,’,’u(’”+2)" — Z (’n ) (_1)squmj+(m+l)su2(m+l)i+j
1] ’

i+j+s=n

2 Dn _ n -y 1 i 2)i+j
u (m+)n _ Z (I, j)(_l)jplq("ﬂ' )S+mer;u(m+ )1+j.

i+j+s=n

If we multiply both sides in the preceding identities by #* and use the Binet form (2), we obtain
(5), (6), and (7), respectively. This completes the proof of Theorem 2.

Theorem 3: n (o _ _
Pa W= 31V G W, 0120 (mod 1), ®
j=0
Wometynsr — (-1"q"" Wy =0 (mod ). ©)

Proof: From (5) and (7), by using the decomposition X, ., = 2y jssmn im0 + 2t jsmn, i%0
and Theorem 2.1 of [4], we get Theorem 3.
Remark: When we take m=2,4, and 8, the results of this paper become those of [4].
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