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0. INTRODUCTION 

Let sb(f) denote the base 10 sum of the digits in the base b representation of the nonnegative 
integer i and 4 ( 0 denote the number of large digits ([~*/2] or more) in the base b representation 
of the nonnegative integer i. For example, $l0(4567) = 22, ^(7079) = 17 since 7079 = 264327, 
and ^( 1 9 ) = 3 s i n c e 19 = 100112. In addition, 40(4567) = 3, 4(7079) = 2; and 4(19) = 3. The 
mathematical literature has many instances of sums involving sb and 4 - Bush [1] showed that 

Here, logx denotes the natural logarithm of x. Mrsky [7], and later Cheo and Yien [2], proved 
that 

iZ;.(»)=^io8"0(i). 

Trollope [9] discovered the following result. Let g(x) be periodic of period one and defined on 
[0,1] by 

Ux, 0<x<\, 
[ l ( l - x ) , 1 < * < 1 , 

and let 

•/(*) = I y*<2'x). 
1=0 

Now, if n = 2m(l + x), 0 < x < 1, then 

where 
^ ( / ) = 21oi2 nl°S"-E2(n), 

V * - U I * Y „ \ , n , ̂ log( l + *) E2(n) = 2 ^ 2 / ( s ) + (l + s) - y g 2 ~> -2x 

In addition, it was shown in [6] that 

f Ao(2f) = 2 
S 2' 9-

We will discuss some other sums involving sb and 4 - In particular, we will give formulas for 
bn-l % bn-\ 

±±(h(j)T and ±±(sb(i)T, 
" r=0 ^ J=0 

where m and n are positive integers. Then, we will find a formula for 
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° 7=0 

We define Cb(x; y) to be the sum of the carries when the positive integer x is multiplied by y, 
using the normal multiplication algorithm in base b arithmetic. That is, we convert x and y to base 
b and then multiply in base b. In this algorithm, we consider the carries above the numbers as 
well as in the columns. We will prove that 

fCb(a;d)_sb(a) 
£ (Sb(a)y b-y 

We will conclude the paper with some open questions. 

1. FIRST SUM 

To compute 

° 7=0 

we begin with the function 

[b/2~\ times lb/2 J times 

The motivation for this function comes from the fact that in the base b representation of i -in ... 
i2it, the 7th digit of i, J ., is either small or large and thus contributes 0 or 1 to the number of large 
digits in i. Expanding the product, we see that there is a 1-1 correspondence between the num-
bers 0 < i < bn -1 and the bn terms 1 • eLbi°x. Therefore, 

bn-\ 
f(x) = (\b 121 + |ft / 2y)n = J 1 • eL^i)x. 

/=o 
Thus, 

/W(x)=X(4(0r^(0x, 
and so we have that 

/ ( m ) ( 0 ) = I 1 ( 4 ( 0 ) m 

7=0 

To continue our discussion, we need the idea of Stirling numbers of the first and second kinds. A 
discourse on this subject can be found in [3]. A Stirling number of the second kind, denoted by 
{^}, symbolizes the number of ways to partition a set of n things into k nonempty subsets. A 
Stirling number of the first kind, denoted by [JO, counts the number of ways to arrange n objects 
into k cycles. These cycles are cyclic arrangements of the objects. We will use the notation 
[A, B, Q D] to denote a clockwise arrangement of the four objects A, B, C, and D in a circle. For 
example, there are eleven different ways to make two cycles from four elements: 

[1,2,3][4], [1,2,4][3], [1,3,4][2] [2,3,4][1], 
[1,3,2][4], [1,4,2][3], [1,4,3][2], [2,4,3][1], 
[1,2][3,4] [1,3][2,4], [1,4][2,3]. 
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Hence, [|] = 11. Now it can be shown, by induction on m, that 

where nL - n{n -1) • • • (n - j +1). The last quantity is known as the 7th falling factorial of n. A 
discussion of this idea can be found in [3]. Thus, 

Since nJ- = j\("), we have proved the following theorem. 

Theorem 1: Let m and w be nonnegative integers. Then 

To illustrate this theorem, if b - 5, JW = 3, and n is a nonnegative integer, then 

2. SECOND SUM 

Let m and w be positive integers. The determination of the sum 
1 io"-i 

1 U /=o 

was an open question in [4]. In [10], David Zeitlin presented the following answer to the problem 
in base 10. He stated that if B\n^ denotes Bernoulli numbers of order n, where 

(vj-'H--/]-
then 

To compute 

we make use of the function (g(x))n, where g(x) =1 + ex + e2* + • • • + e(6-1)x. The motivation for 
this function comes from the fact that in the base b representation of i - in ... i2iiP the 7th digit of 1, 
?y, contributes ij to the digital sum of J. Expanding the product, we see that there is a 1-1 corre-
spondence between the numbers 0 < 1 < bn - 1 and the 6W terms 1 • eSb^x. Therefore, 

/=0 
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Thus, for m > 1, we have 

and so we have that 

bn-\ 

dxr ;(g(x))n=T(sMmeSb(i)x, 
1=0 

b"-\ 

dxl r(^(0))M = l U ( 0 ) m 

i=0 

Now we need Faa di Bruno's formula [8]. This formula states that if f(x) and g(x) are func-
tions for which all the necessary derivatives are defined and m is a positive integer, then 

*1 
dx' :/(*<*)) = 

m\ [ d*+-+n-
«! +2M2 + • • • +mnm=m 

â )T" fjP 

nl\...nm\dx">+-+n» f GK*)) 

1! 

where «!, w^,..., »m are nonnegative integers. 
It follows that 

d" 

m\ 
v J 

\«m 

dx' :(g(x)Y = n-»\+"2+-+"m (T(V\»-"\ ~"2 nm »-g(x) 
«1 +2«2 "̂  ^mnm=m 

•(gv\x)r(g(2)(x)r -(gw(x)y°; (l!)"'«1!(2!)"2n2!--.(»i!)"»-nm! 

where m is a positive integer and nh 1%,..., nm are nonnegative integers. Thus, 

Equating the two expressions for ^{g{®))n and simplifying gives the following theorem. 

Theorem 2: Let n and m be positive integers and nt, z^,..., nm be nonnegative integers. Then 
hn~\ 

ht(*w= I m\ 
j = 0 n i + 2„2 +. . .+ m n„=m(l!)"1»1!(2!)"2«2!-( '«!)" '"»m! 

where g«(0) = tf +1' + ••• + (* -1) ' . 
It might be noted that, in [4], formulas for the sums 

10"-1 J_ 
10" i I MO)* 1=0 

were given for m - 0,1,..., 8. Using the formulas we just derived, we have the new formula for 
7if = 9, thatis, 
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1 1!srV r\\9 387420489 9 , 1420541793 8 

, 12153524229 7 , 7215728751 6 

+ 777 « + 777 " 
256 160 

30325460319 5 2286016425 4 

512 " 128 " 
, 30058716303 3 2699999973 2 

640 160 

3. THIRD SUM 

T7 X 3.(0-4(0-

We next try to tackle the sum 

The base 10 result is 
1 10"_1 9 5 

From the previous two sections, we have established the formulas 

and 

Now, consider the function 
h(x) = (1 + ex + e2x + • • • + e(r6/21"1)x + e(r6/2_l+1)x + — + e6x)w. 

The motivation for this function comes from the fact that, in the base b representation of i = in ... 
i2iu the j * digit of i, /,-, contributes either ij or /y + 1, depending upon whether or not the i^ 
digit is small or large, respectively. That is, the h(x) function considers both the digital sum and 
the number of large digits, compared to the g(x) function, where we were only concerned with 
the digital sum. Expanding the product, we see that there is a 1-1 correspondence between the 
numbers 0 < i < bn -1 and the V terms 1 • ̂ (0+^(0)* _ Therefore, 

h(x) = (1 + ex + e2x + • • • + e^ l - i )* + e(r*/2l+1)x +.. . + ebx) 

/=o 

Thus, 
bn-i 

h'f(x) = X (%(0 + 4(0)2*(*( 0 + i*( 0 ) x , 
i=0 

and so we have that 
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fc"(0) = *zW)+4(0)2. 
i=0 

Computing h"(0) and dividing by bn, we obtain 

±%M+W-+-sr{®p-\$+**{">+t?l+t>-

2b 
vv 

2b3 + 3b2+b-6\bl?} 
6b 

a\ b2+b-2\b!2~] 
2b n. 

12 

But, 

bn-i 

D /=0 D /=0 Z 

1 1 b
n-l bn-l bn-l 

2li ti^o+moy—ti^o?—S(4(o)2 
*\° i=0 D i=Q V /=0 ) 

Substituting our three formulas in the above expression, we have 

b" 
1 V1 ^ T r\ l(b2+b-2\bl2-\f 2 

4 
r/2b3 + 3b2+h-6\'b/2']2) (b2+b-2\bl2~}^ 

6b 
vv 

2b 

tfi A l(b2-2b + l 2 , b2-\ 
2 1 4 12 

f 

m^ 
J 

2 ir\bll\\ n&/2jYV 

Collecting like terms, we have the following theorem. 

TheoremS: Let n be a positive integer. Then 

"2 

i 2 -

Z>2 +b-2[b/Z] T ft2-2ft 
2ft 7 -̂m 

A 
n 

2b3 + 3b2+b-6[b/2f) (ft2 +b-2[b/Z] 

2\\ 

6b 2b 

Furthermore, we have the following corollary. 

n. 
J) 
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Corollary: Let n be a positive integer and b be a positive even integer. Then 
bn-l 

^(0-4(0 = ^ W * 
i=0 

We next determine the sum 

4. FOURTH SUM 

y Q(«y> 

where Q(x; y) denotes the sum of the carries when the positive integer x is multiplied by y, using 
the normal multiplication algorithm in base b arithmetic. 

Noting that ^(l1) - C10(2; 2'), this sum is a generalization of the sum 

z=l 2l 

which was a problem considered in [6]. 
To compute this sum, we need the following lemma. 

Lemma 1: Let <f be a digit in base b andj> be any positive integer. Then 

CM,y)=jrl(d-sb(y)-sb(dy)\ 

Proof: The proof of Lemma 1 relies on Legendre's theorem, 

*e.)=.-P-i>Zl£j. 
where n is a positive integer. Legendre's theorem and its proof can be found in [5]. 

To prove Lemma 1, we note that 
dy 

sb{y) = y-Q>-\m^\ and sb(dy) = dy-Q>-l)'Z 
bf 

Multiplying the first equality by d and subtracting the second equality from the first yields 

.v. d.sb(y)-sb(dy) = (b-l)Y 
t>l 

Dividing by b -1 and observing that the sum is C(d; y) gives us the result. 

Armed with Lemma 1, we have the next lemma. 

Lemma 2: Let sb(n) denote the base b digital sum of the positive integer n and Cb(a; a1) denote 
the base b carries in the normal multiplication algorithm of multiplying a and a1. Let x and y be 
positive integers. Then sh (x-y) = sb (x) • sb (y)-(b- T)Cb(x; y). 

Proof: Consider x = £JL0 xtb\ the base b representation of x. Then, counting the top carries 
from the multiplication using Lemma 1 and counting the bottom carries from the addition, we 
have 
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1 n 

Cb(x; y) = j~7^(xisb(y) ~ %0w)) + X 
D l /=0 t>\ 

V -E 
;=0 

= T-;Sb(x)h(y) - i r r Z ^ ( * y ) + I ? - Z E 5-1 ft-1 1=0 f21L ;=0 t>l b' 
1 \ n 1 

= j zy ^ H O O ~ A ^ T ^ %(x^+~b^l to ~ Sbto^ 

-iTzrWy-stWy)) 
=j—[(sb(x)sb(y)-sb(xy))' 

Next, applying Lemma 2, we obtain sb(al+l) = sb{a)• sb{d)-(b-l)Cb(a; a1). Thus, if n is a 
positive integer, 

f Q(q;a')= 1 ^ f 5fc(a«) ^ i ) 
ti sb(ay b-\^X{sb{a)y-1 (sb(a)y 

1 . , 1 5,(a"+1) 
4-1 . * w A- l (%(a))"' 

Therefore, we have the following theorem. 

Theorem 4: Let.%(«) denote the base b digital sum of the positive integer n and Q(a; a1) denote 
the base b carries in the normal multiplication algorithm of multiplying a and a1. Then 

& {sb(a)y b-r 
To illustrate this theorem, if ft = 3 and a - 14, then 

£C3(14;14') = 2 

1=1 ^ 

That is, if we count the carries in multiplying 14 = 1123 by powers of 14, using the usual base 3 
multiplication algorithm, and divide by the appropriate power of 4, the result is 2. In fact, the 
infinite series begins with 

i + JL + i i + JL + . . , 
4 16 64 256 

5. QUESTIONS 

Some open questions remain. Can a formula be found for 

JriWor-(4(or, 
?=0 

where w, #%, and Wj are positive integers? Can a formula be found for 
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Also, can a formula be found for 
1 h"~1 

where ^ = AJ1 ? What about a formula for 
hn—1 

° J=0 

Finally, find the sum 
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