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1. INTRODUCTION

In a recent article, André-Jeannin [1] introduced a generalization of the Morgan-Voyce poly-
nomials by defining the sequence of polynomials {P{(x)} by the relation

B =(x+2)RN(x) - H(x) (n22), (1)
with
P(x)=1 and BO(x)—x+r+1. (1b)
Subsequently, Horadam [2] defined a closely related sequence of polynomials {O”(x)} by the
relation

07(x) = (x +200(*) = 00 (x)  (n=2), (2a)

with
O(x)=1 and Q(x)=x+r+2. (2b)

They also established that

PO(x)=b,(x), (3a)
FO(x) = B,(x), (3b)

and
0:(x) = C,(x), (3o

where b,(x) and B,(x) are the classical Morgan-Voyce polynomials defined in [6] and C,(x) =
2¢,(x), where c,(x) is the polynomial introduced by Swamy and Bhattacharyya [7] in the analysis
of ladder networks. It has also been established in [1] and [2] that, if

B (x)= ) af}x* (4a)
k=0
and
O (x) = D bIx", (4b)
k20
then, forany n>0, k>0,
r +k +k
=i oo (B24) -
and
n _n(n-1+k n+k
bmk“k(zk-l)“(zkﬂ : (5b)

The purpose of this short article is to introduce two new sequences of polynomials {p{”(x)}
and {g\”(x)}, and then relate them to Jacobsthal polynomials (see [3] and [5]).
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2. THE NEW POLYNOMIALS {p{”(x)} AND {g{”(x)}

Let us define the following two sequences of polynomials:

P;(zr)(x) = P(r-)l(x) + xP;(,r—)z x (=2

with
p7(x)=1 and p(x)=r,
and
q,(zr)(x) = q;(zr—)l(x) + xqr(lr—)z(x) (n>2)
with

g(x)=2 and ¢P(x)=r+1,

where 7 is a real number.
If we now express p{”(x) and ¢(”(x) by
PO =D cxt
>0
and

k
gy (x) = Y diix",
k20

(6a)
(6b)
(7b)

(7b)

(82)

(8b)

we can obtain recurrence relations for (), and d{),, and derive expressions for ¢}, and d{)

using the procedures adopted in [1] and [2]. However, we will use the properties of the sequence
w,(a, b, p, q) defined by Horadam [4] to obtain a direct expression for p{”(x) and ¢\”(x). From

[4], we know that the solution w,(a, b; x) of the equation

w,(x)=w,_(x)+xw,_,(x) (n=2)

with
wo(x)=a and w(x)=b
is given by
W, (X) = wy (), (x) + 2wy (), (%),
where

1, (x) = w,(1, 1, x).
Hence, from (6), (7), (9), and (10), we have

D) =11,y (X) + x4, (%) = u,(x) + (7 = Doty (x)
and

4 (x) = (7 + Dty (%) + 21, 5 (x) = 4, (X) + xt4, (%) + 720, (%).
3. p(x), ¢)(x) AND JACOBSTHAL POLYNOMIALS

We now observe that

un (x) = Jn+l (x)
and
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(11a)
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Va(%) = Jn (%), (12b)
where J,(x) and j,(x) are the Jacobsthal polynomials (see [3]). It is to be noted that we have
used x instead of (2x) in the definitions of J,(x) and j,(x); that is, J,(x) and j, (x) are defined by

Ju(x) =T (¥) +xJ, 5, (x), J(x)=0, J(x)=1, (132)
and
.jn(x) = jn—l(x) + Xjn__2(JC), jo(x) = 2, jo(x) = 1 (13b)
Hence, from (11), (12), and (13), we get
) = S () +(r = 1)J, (%) (14a)
and
g (x) = j, () +1J,(%), (14b)

where we have used the relation
Jn () = () +xJ,_,(x). (15)

Using the closed-form expressions for J,(x) and j,(x) derived in [3], we can derive polyno-
mial expressions for p{”(x) and ¢¢’(x) and, thus, expressions for ¢{’), and d"},. Also, the inter-
relationship between ¢}, and d{), may be expressed in terms of the following relation, which is a
consequence of (14a) and (14b):

gy (x) = PV (x) + J,(0) +xJ,,; (x). (16)
Of course, we have the following particular cases:
P (x) = xJ, (%), (172)
() = Jp (), (17b)
g (x) = ju(%), (17¢)
40 (x) = 2J,,1(%). (17d)

We may derive other relations between p{”(x) and ¢¢’(x) by utilizing the properties of J,(x)
and j,(x). However, we will not pursue them here.

4. THE POLYNOMIALS P (x) AND Q¢ (x)

As was done in Section 2, by using the results of Horadam [4] concerning the generalized
Fibonacci sequence, we may show that

PO(x) = U,y (¥) +(r = DU,(x) (18a)
and
O (x) =V,(x) +rU,(x), (18b)
where
U,(x)=w,(0, 1, x), (19a)
V,(x)=w,(2,x+2; x), (19b)
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and w,(a, b; x) is now the solution of the equation
W,,(x) = (x + 2)W —l(x) - wn—Z(x) (n 2 2) (203)
with
wo(x)=a and w(x)=>. (20b)

From the properties of the polynomials B,(x) and C,(x) given in [6] and [7], we can relate B,(x)
and C,(x) directly to U, (x) and V,(x) by

Bn(x) = Un+1(x) (213)
and
C,(¥) =V, (). 21b)
Thus, we have the following relations for n>1:
E{P(x) = B,(x) +(r =B, (%), (22a)
0(x) = C,(x) +7B,4(x), (22b)
and
O (x) = KD (x) +b,4(%), (22¢)
where we have used the relations (see [7])
b,(x) = B,(x¥) - B,,(x) (239)
and
Ca(x) = B,(x) = B, ,(%). (23b)

It can be observed that relations (3a), (3b), and (3¢) directly follow from (22a) and (22b).
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