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1. INTRODUCTION

The well-known identity

F;12+1+E12 :Fén+1 (1-1)
has as its Lucas counterpart
L+ fo =5F04- (1.2)
Indeed, since L,,,=F, ,+F,=F,,+2F, and L, =F,  +F, =2F,  —F, (12) follows from
(1.1).
As analogs of (1.1) and (1.2) we have
Fu+F-F=F, (see[7]p.11), (13)
and
B +L-L_ =51, (see[4],p.165). (1.4

One aim of this paper is to generalize (1.1)-(1.4). These identities belong to a family of
similar identities that involve sums of m™ powers (meZ, m > 2) of Fibonacci (Lucas) numbers.
As usual, Z denotes the set of integers. Our second aim is to state a conjecture that proposes a
generalization of this family of identities. We state our conjecture in Section 4.

2. PRELIMINARY RESULTS

We require some preliminary results. For m,neZ,

E,=(C)"™F, 2.1)
L,=(-D"L, (22)

Foini1 = BB + B F (2.3)
L...=F.L.,+F,L, 2.4
Fynaz) = 4Fy iy + B3, 2.5)
Fy=3F};+6F,,-3F), - F,. (2.6

Identities (2.1)-(2.4) can be found on pages 28 and 59 in Hoggatt [3]. Identity (2.5) is a
special case of (2.3) in Shannon and Horadam [5], and (2.6) occurs as (40) in Long [4]. The
recurrences in (2.5) and (2.6) are also satisfied by the Lucas numbers.

We also require the following lemmas.

Lemma 1: 3Fy,,3) + 6F3m40) = 3F3m11) = B3 = Fyia), meZ.
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Proof: By (2.5) we have
3F0ne3) + 6F30ma2y = 3F30me1y — Fa

=3Fy 3y + 63042y = 3F50nen) — (Fs(m+2) - 4F3(m+1))
=3F5m13) + 5F30ma) + By
=3Fy 3y + 5F30me2y + Fyomesy — 4F50me2)

=4F, 3y + Bgnizy = Bygmeay O
Lemma 2: Let k,neZ with 0<n<3. Then
3
By aFoin + FaaFrs = Froe s = By FagaaFan. 2.7

Proof: We give the proof only for n =3, since the proofs of the remaining cases are similar.
For the case n =3, identity (2.1) shows that we need to prove

BB+ BpaaFies + By~ 38F Fyp = 0. (2.8)
This is easily proved by using a powerful technique developed recently by Dresel [1]. Following
Dresel, we see that (2.8) is a homogeneous equation of degree 6 in the variable k. Therefore, to
prove its validity for all integers £, it suffices to verify its validity for seven different values of £,
say 0 < k < 6. But (2.8) is easily verified for these values, and so it is true for all integers £. []
3. THE MAIN RESULTS

Our generalizations of (1.1) and (1.2) are contained in the following theorem.

Theorem 1: For k,ncZ,

Fnz+k+1 + Fz—k = FypiFonn 3.1
and
L§+k+1 + Li-k = 5F2k+1F2n+1 . (3-2)

Proof: Using (2.1) and (2.3), we obtain F, ., = FF +F F,, and F_, =F,_ .., =
(_l)k(F Fies1— Frafy), so that

2 2 22 2 2 2 2 2 12
E1+k+l+Ex—k _EcF;w +EcF+l+Ec+lE1 +Fk+1F;:+1

n

= (B + B FL +FD = By

To prove (3.2), we use (2.4) to show that L., =L F + L, Fyand L, =L ;.0 =
(-D¥(L,F,,, — L,.1F3.), and proceed similarly. O
When k =0, (3.1) and (3.2) reduce to (1.1) and (1.2), respectively. For our next theorem,

we use a "traditional" approach to prove the first part and, in contrast, the method of Dresel to
prove the second part.

Theorem 2: For k,neZ,
FyiFoen + BpoFok = F ai = FyaFapaaFs, (3.3)

n n

and
Fualoern+ Fpsaloei = Dy aiey = SFynFaaa s, B34
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Proof: We proceed by induction on n. Suppose identity (3.3) holds for n=m, m+1, m+2,
and m+3. Then
~(FeniFsion + B = F i) = ~Fap P ia P
—3(Ek+11*23n+1)+k+1 + Fak+2F3n+1)+k - ()3n+1)—2k—1) = 3 b B50me
6(F:;k+11:(?n+2)+k+1 +P§k+2F(3n+2)+k - P3n+2)—2k—1) =65y 1 B Fyminy
3(F;k+1pgn+3)+k+l + ‘F:'ik+2F(vr3n+3)+k - an+3)—2k~1) = 3F§k+lE&k+2Ei(m+3)-
Adding, and making use of (2.6), we obtain

FpniFmayrent + FesaFonayee = Fomeay-2i-1
= BeF3a2 [3Fsmey + OF3maz) = 3F3(meny ~ 3]
= BpufapaFamesy (by Lemma 1),

and so (3.3) is true for n=m+4. But Lemma 2 shows that (3.3) holds for n=0,1,2, and 3, and
so it holds for n =4 and, by induction, for all integers > 0.

To establish (3.3) for all integers n <0, it suffices to replace n by —n, and to prove that the
resulting identity holds for all integers n > 0. That is, it suffices to prove that

Fn3+2k+1 +(= l)kI%IHZE?— +(- 1)k+11%k+1F;13—k—1 = FypFopealsn (3.5)

holds for all integers n>0. After making use of (2.1) to simplify (3.5) for 0 <7 <3, the equiva-
lent of Lemma 2 is established as before, and the proof proceeds as above.

Following Dresel, we see that (3.4) is a homogeneous equation of degree 3 in the variable 7.
Therefore, to prove its validity for all integers n, it suffices to verify its validity for four different
values of n, say 0<n<3. For n=3, (3.4) becomes

Fypulisa+Fpalis— Dy o= 380K 42 [by (2.2)] (3.6)

But (3.6) is a homogeneous equation of degree 6 in the variable k. Therefore, to prove its validity
for all integers £, it suffices to verify its validity for seven different values of &, say 0 < k£ <6. This
is easy to verify. We proceed similarly for the other three values of », and this completes the
proof of Theorem 2. O

When k =0, (3.3) and (3.4) reduce to (1.3) and (1.4), respectively.

4. A CONJECTURE FOR HIGHER POWERS
The identity

j+3)
2

Z’"o - l)jo

is a special case of identity (5) of Torretto and Fuchs [6]. Here [;”] is the Fibonomial coefficient

m m _ »
[,-]FMZL, =B By (o) @1

defined for integers m>0 by

0 Jj<0orj>m,
m .
[ .]: 1 Jj=0,m,
J FmFm-l"'Fm—jH O .
“RELF, <j<m
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For an excellent discussion on generalized binomial coefficients, and a comprehensive list of refer-
ences, see Gould [2].

In identity (4.1), m=1 yields (1.1) and m=2 yields an identity equivalent to (1.3). For
m=3 and m= 4, identity (4.1) becomes, respectively,

Fy+2F) = 2F, — F} =2F,,, 4.2)
and
FRy+3F —6F) = 3F3 + Fy = 6F5,. (4.3)

Our generalizations in Theorems 1 and 2 prompted us to search for similar generalizations of
(4.2) and (4.3) and their Lucas counterparts. We accomplished this by introducing the parameter
k, assuming the existence of an identity of the required shape, and solving systems of simultaneous
equations to find the coefficients. Indeed, after employing this constructive approach on several
more instances of (4.1), we were led to a conjecture on a generalization of (4.1). First, we need
some notation. Write, for example, (5)4) = FsF5F, and (F)e) = FlsFF L F ;. In general,
we take (F,)(») to be the "falling" factorial, which begins at F, for n+ 0, and is the product of m
Fibonacci numbers excluding F,. Define (Fy)qy =1 and, for m>1, (Fy)imy = F,...F,,. We now
state our conjecture in two parts.

Conjecture: Let k, mneZ with m>1. Then:

m-1 Fmil o mmey ]
ntk+m—j ‘n—mk _
+(-D)T ——mmke
(a) Z;) (F —1—j)(m—1)Em+l)k+m—-j ( ) . F (m+1)(n+7).
H (m+D)k+j
J=1

(b) To obtain the Lucas counterpart of (a), we first replace each occurrence of ' in the numer-
ators on the left by L. Then, if m is even, we replace the right side by
52 L(m+l) (n+3)
If m is odd, we replace the right side by

ST E

(m+1)(n+3)

When m =1 our conjecture yields (3.1) and (3.2), and when m =2 it yields (3.3) and (3.4).
For k =0 we claim that part (a) of our conjecture reduces to (4.1), but this is not obvious. It is
useful to consider an example. If we take m = 4, part (a) becomes

5 5 5 5 5
En+k+4 + E1+k+3 _ E1+k+2 _ F;+k+1 + E1—4k =F (4 4)
2F, F, F, 2F, F, F, S0 '
Sk+4 5k+3 Sk+2 Sk+1 Sk+1°°"* 5k+4

Now putting k£ = 0 we see that (4.4) reduces to (4.3). Indeed, we have performed similar verifica-
tions for 1 <m <9. With these values of m we have verified that our conjecture is true for a wide
selection of the parameters & and »n.
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