
THE EIGENVECTORS OF A CERTAIN MATRIX 
OF BINOMIAL COEFFICIENTS 

R. S. Melham 
School of Mathematical Sciences, University of Technology, Sydney 

PO Box 123, Broadway, NSW 2007 Australia 

Curtis Cooper 
Department of Mathematics, Central Missouri State University, Warrensburg, MO 64093 

(Submitted May 1998-Final Revision August 1998) 

1. INTRODUCTION 

Define the sequences {Un} and {Vn} for all integers n by 
U„ = pU^-qU^2, C/0 = 0 , ^ = 1, 
Vn = pV„_l-qV„_2, V0 = 2, V^p, 

where p and q are real numbers with q(p2-4q) * 0. These sequences were studied originally by 
Lucas [4], and have subsequently been the subject of much attention. 

The Binet forms of Un and Vn are 
u"=^=f and F"=a"+ '̂ 

where 

a nJHR and p=EzJHR 
2 ^ 2 

are the roots, assumed distinct, of x2 - px + q = 0. We assume further that a IJ3 is not an 12th root 
of unity for any n. 

For n greater than or equal to 1, let S{n) be the n x n matrix defined by 

S(n) = 

0 0 0 

0 0 (IW 
0 -®q -(DPI 

(S) (DP (DP2 

n-l/n-l\„n-l\ Hr'izftr 

("DP-Y 
-{"-?)p"-2q 

The element in its Ith row and j * column is 

The matrix S(n) is the general term in a sequence of matrices {S(n)}^=h where the first few 
terms are 
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5(1) = (1), S(2) = 
1 P 

(0 0 a2 } 
, and S(3) = 0 -q 

1 P 
2pq 

It can be proved by induction that 

s"H"uu:' t: 
and 

S"(3) = 
<izuu <?Un_xUn 

-2qUn_xUn -q{Ul+Un_xUn+l) 
Ul u„u„+1 

Jul 
-2qUnU„+l 

w+1 

with similar results for the higher-order matrices in the sequence {S(n)}™=l. When p--q-\, 
S(2) becomes essentially the ^-Matrix for the Fibonacci numbers. For applications of £(3) and 
S(4) to the derivation of certain infinite series, and for more background information on these 
matrices, see [6] and [7]. 

Carlitz [1] considered the matrix S(n)T for the special case p--q-\. Among other things, 
he found its eigenvalues and its characteristic polynomial, and stated that its eigenvectors were 
not evident. 

Mahon and Horadam [5] worked with the matrix £(/?) for the case q = - 1 and put forward a 
conjecture stating its characteristic polynomial. This conjecture was later proved by Duvall and 
Vaughan [3]. 

More recently, Cooper and Kennedy [2] considered the matrix S(n)T and proved a result of 
Jarden by generalizing the work of Carlitz [1]. If we translate their results to our matrix S(ri), 
they proved, among other things: 

(i) The eigenvalues of S(n) are an~\ an~% a^p2,..., aJ3n~\ J3n~l. 
(ii) The characteristic equation of S(ri) is 

k=0 

where 

K k) = 1 
1, 

nr-it// 
{uLu^u^uy 

for k = 0, n, 

for 0 < k < n. 

There remains the question of the eigenvectors of S{n). The purpose of this paper is to 
answer that question. 

2. EIGENVECTORS OF S{n) 

Let 0<k <n-lhe& fixed integer, 

f(x) = (x-a)\x-py 
n-l 

and 
v = (v0,v1,.. . ,v^1)7 
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Lemma 1: Let m>0. Then 

Proof: We will use Leibniz's formula for the m^ derivative of a product, i.e., 

-^g(x)h(x) = £ (JJ^-'W^*). 
Using the notation xn to denote the falling factorial, it follows that 

f»(x) = £ W k"^(x - a)k-m+J{n - 1 - k)J-(x - py-l~k-J 

m
{x-ay{x-py^Xm-JA J A n P) • 

Lemma 2: Let 0</w<«-lbeafixed integer. Then 

and 
n-\ (5(/i)vwm=|;(-^rfM/^"vr. 
r=m ^ ' 

Proof: The first result follows by computing the coefficient of x" 1 m in f(x) by multiplying 
(x - df times (x - p)"~l~k. The second result follows by computing the product of S(ri) and v. 

Theorem: S(n)\ = «"-'-*/?*¥. 

(^(»)v)„-1_m=Z(-?)mfcl/-mvr 

- (~?) V v rmvr-m _ \~H) W/w)/ \ 

/If! 

. * /« o\n-\-k (-iy(a-py (p-ay(p-py 
m\ (p-a)m(p-P) m 

m 

= a""1"W-irI(w* 7)(" "}" *)/? V"' 

= a-'-^X(-!)"(„* _,•)(""}" kym-]PJ 

= a"~x~kBkv , . 
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Author and Title Index 
T h e AUTHOR, TITLE, KEY-WORD, ELEMENTARY PROBLEMS, a n d ADVANCED PROBLEMS ind ices for t h e first 
30 volumes of The Fibonacci Quarterly have been completed by Dr. Charles K. Cook. Publication of 
the completed indices is on a 3.5-inch, high density disk. The price for a copyrighted version of the disk 
will be $40.00 plus postage for non-subscribers, while subscribers to The Fibonacci Quarterly need only 
pay $20.00 plus postage. For additional information, or to order a disk copy of the indices, write to: 

PROFESSOR CHARLES K. COOK 
DEPARTMENT OF MATHEMATICS 
UNIVERSITY OF SOUTH CAROLINA AT SUMTER 
1 LOUISE CIRCLE 
SUMTER, SC 29150 

The indices have been compiled using WORDPERFECT. Should you wish to order a copy of the indices for 
another wordprocessor or for a non-compatible IBM machine, please explain your situation to Dr. Cook 
when you place your order and he will try to accommodate you. DO NOT SEND PAYMENT WITH 
YOUR ORDER. You will be billed for the indices and postage by Dr. Cook when he sends you the 
disk. A star is used in the indices to indicate unsolved problems. Furthermore, Dr. Cook is working on 
a SUBJECT index and will also be classifying all articles by use of the AMS Classification Scheme. 
Those who purchase the indices will be given one free update of all indices when the SUBJECT index and 
the AMS Classification of all articles published in The Fibonacci Quarterly are completed. 
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