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1. INTRODUCTION 

In this note we define two sequences {Jn,m(x)}—the generalized Jacobsthal polynomials, and 
Un,m(x)}—the generalized Jacobsthal-Lucas polynomials, by the following recurrence relations: 

JnAX) = Jn-\,m(X) + 2xJn-mAX)> n^m> 0-1) 

with starting polynomials \m(x) = 0, J„tm(x) = 1, n = 1,2, ...,m-1, and 

A»W = M » W + 2 9 ^ » ( 4 n^m> 0.2) 
with starting polynomials y0,m(x) = 2, jrWjOT(x) = 1, « = 1,2,..., m-1. 

For m = 2, these polynomials are studied in [1], [2], and [3]. 
From (1.1) and (1.2), using the standard method, we find that the polynomials {Jn,m{x)} and 

{jn,m(x)} have, respectively, the following generating functions: 

F(x, 0 = 0 - / - 2xry1 = £ J„, „(*)*-i (i.3) 
and 

G(x' °=l-t-ixl=P--m(x)/n_i • ° -4) 
From (1.3) and (1.4), we find the following explicit representations for the polynomials 

{JnAx)) a n d (A «(*)}: 

^ ^ ) = T 1 ("" 1 ~ i W ~ 1 ) * ) (2^ (1-5) 
and 

Differentiating (1.5) and (1.6) with respect to x, we get 

• « * ) = I 2*("-1-<w"1>*)(2*)" (1.7) 
and 

•#-<*>='g^^ff (w_("~ 1)")(2x)"' (L8) 

with 
4JI(x) = A%(x) = 0, n = 0,1,..., m - 1 (1.9) 

For x = l in (1.5), (1.6), (1.7), and (1.8), we have, respectively: {/WjOT(l)}—the general-
ized Jacobsthal numbers, {jw,w(l)}—the generalized Jacobsthal-Lucas numbers, {J^%(1)}—the 
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generalized Jacobsthal derivative sequence, and {j$m(l)}—the generalized Jacobsthal-Lucas 
derivative sequence. 

The aim of this note is to study some characteristic properties of the sequences of numbers 
{JfPmQ)} a n d UfPmQ)}- W e s h a l i u s e t h e notations H\ m instead of J<Pm(l) and K\ m instead of 

mi)-
The first few members of the sequences {Jn,m(x)}, {Jjt%(x)}9 and {Hl

nm} are presented in 
Table 1, and the first few members of the sequences {/w,w(x)}, {/$«(*)}> a n d iKim} a r e g i v e n m 

Table 2. 
TABLE 1 

n 

0 
1 
2 

m-l 
m 

m + l 
m + 2 
m + 3 

2m-1 
2m 

2m + l 
2m + 2 

^.«W 
0 
i 
i 

i 
i 

l + 2x 
l + 4x 
l + 6x 

l + 2(m-l)x 
l + 2mx 

l + 2(m + l)x + 4x2 

l + 2(m + 2)x + l2x2 

n,m\ J 

0 
0 
0 

0 
0 
2 
4 
6 

2(m-l) 
2m 

2(m + l) + Sx 
2(m + 2) + 24x 

Hn m 

0 
0 
0 

0 
0 
2 
4 
6 

2(fw-l) 
2m 

2m + l0 
2m + 2S 

TABLE 2 

n 
0 
1 
2 

m - l 
m 

m + l 
m + 2 
m + 3 

2/«- l 
2m 

2m + l 

4.W 
2 
1 
1 

1 
1 + 4* 
l + 6x 
l + 8x 
l + 10x 

l + 2(m + l)x 
l + 2(m + 2)x + 8x2 

l + 2(m + 3)x + 20x2 

;£.(*) 
0 
0 
0 

0 
4 
6 
8 
10 

2(m + l) 
2(m + 2) + 16x 
2(m + 3) + 40x 

Kn,m 1 
0 
0 
0 

0 
0 
0 
0 
0 

2(m + l) 
2m+ 20 
2m + 46 
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From Table 1 and Table 2, we can prove by induction and (1.1) the following relation: 

= 4 1 ) m W + 24+l_m)W(4 [by (1.1)]. ( • 

Observe that the first equation in (1.10) is a direct consequence of (1.3) and (1.4). 

2. SOME PROPERTIES OF H^ m AND JE* m 

Differentiating (1.3) and (1.4) with respect to x, we get the following generating functions, 
respectively: 

ls"(xy=«^f <21) 
and 

Y .-(1) (xyn = 2tm(2-t) (2 . 

Hence, for x = l in (2.1) and (2.2), we get the generating functions for Hl
nm and Kl

nm, 
respectively: 

2 X . / , = (1_,_2/»)2 (2-3) 
and 

h - {\-t-itmf K > 
If we substitute x = 1 in (1.1) and (1.2), we get the sequences of numbers {/„,„} and {j^m}, 

which satisfy the following relations: 

Jn,m = Jn,m+*Jn+l-m,m = ̂ n+l,m^^n+l-m,m tbY ( 1 1 0 ) L (2-5) 

Jn+l, m ~*~ Jn, m 
= 3J„+1,m + 4J„+ 2_m > m-J„j m [by (2.5), (1.1)], (2.6) 

7^i,m-7„,m = 4/„+2-m,m + ^ , m - ^ + i , m [by (2.5), (1.1)], (2.7) 

jn+i,m-2j„,m = 4Jn+2-m,m + 2J„,m-3J„+lm [by (2.5), (1.1)], (2.8) 

For m = 2, relations (2.5)-(2.9) yield the following relations: 
jn = Jn+x+2Jn_x ((2.10) in [2]), 

7n+i+7„ = 3(/„+1 + J„) ((2.12) in [2]), 

Jn+l ~ Jn~ ^n ~~ J «+!> 

Jn+l-2j„ = X2J„-J„+l) ((2.14) in [2]), 

J„+j„ = 2Jn+l ((2.20) in [2]), 

where J„t2 = J„ and j„,2 = j„. 
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Differentiating (1.1) and (1.2) with respect to x, and substituting x = 1. we get the following 
recurrence relations: 

Km = Hllm+2Hl^m+2Jn__mtn}, n>m, (2.10) 

with H\m = 0, n = 0,1,..., m-1 and 

K,m = K-l,m+%K-m,m+yn-m,m, * * »*, (2.11) 

with K\m = 0, w = 0,1,..., m-1. 
In a similar way, from (1.10), we get 

< « = <«+4fi2+i-WfWI+4Jr
wfl.OTflfl, w > w - l . (2.12) 

For wi = 2, relations (2.10)-(2.12) become 

Hl2 = Hlx + 2Hl
n+2Jn ((3.3) in [1]), 

^ = ̂  + 2 ^ + 2 ^ ((3.4) in [1]), 

Kl
n+l=Hl

n+l+4Hl
n + 4Jn. 

From (2.10) and (2.12), we get K\m + < m = 2 ^ + l w . 
For m = 2, the last equality yields the known relation (3.8) in [1]. 
Again, from (2.10) and (2.12), we find 

K„t m — "n9 m = 2Hn+l^ m - ^H^ m . (2.13) 

For m = 2, (2.13) becomes (3.9) in [1]. 

Theorem 2.1: The polynomials {J„tm(x)} and {j„ifn(x)} satisfy the following relations, respec-
tively, 

n I (x\-\ 
•//,,»(*) = — ^ — . (2-14) 

/=0 Z X 

and 

Proof: From (1.1) and (1.2), by induction on n, we can prove (2.14) and (2.15). 

Corollary 2.1: For m = 2 in (2.14) and (2.15), we get the known relations (2.7) and (2.8) in [2]. 

Theorem 12: The numbers i ^ m and Kl
n^m satisfy the following relations, respectively, 

M « = l / 2 ( ^ « - ^ « . - , + l) (2.16) 
j=0 

and 

£ ^ f f l = l /2(Cm > m-;„+ m,m + l). (217) 
i=0 

Proof: Differentiating (2.14) and (2.15), respectively, with respect to x, and substituting 
x = 1, we get (2.16) and (2.17). 
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Corollary 2.2: For m = 2, from (2.16) and (2.17), we have 

1 ^ = 1 / 2 ( ^ 2 - ^ + 1) and ±K} = l/2(Kl
n+2-jn+2 + l). 

Furthermore, from (1.7), we get 

C + 2 ( » - l ) < 1 . - H r (2-18) 
For m = 2 in (2.18), we have ((3.6') in [1]), Hx

n+2 + 2Hx
n = 2nJ„. 

In a similar way, from (1.8), we get 

< m = 2{n + 2 - m)J„+l^m - 2{m - 2)#*+1_m> m. (2.19) 

For m = 2 in (2.19), we obtain ((2.4) in [1]), Kl„ = 2nJn_l. 

GENERALIZATION 

Differentiating (1.1), (1.2), and (1.10) A: times with respect to x, we get 

4%(x) = 4i{m(x) + 2kJtJU^^4kl,m(x), k>\, n>m, 

^ W = ̂ l J ^ ) + 2^rm:)
n,(x) + 2x^Jffl,m(x), k>\, n>m, 

A*iW = ^ l m ( x ) + 4*JJ*^m(x) + 4 x e U m ( « ) , k>\, n>m, 
respectively. 

From the last equalities, using the notations J^f^(l) = Hk
m and j^m(l) = K^m, we can prove 

the following relations: 

Km = HLlm + 2kH^m+2HLm9m9 k>l,n>m, 

< m = ^ u » + 2 ^ i * + 2 ^ « » k>l,n>m-l, 

Klm = Hk
n_x,m + 4*HJtiUm + 4#£fi-m,m, * > 1," > "* - 1 . 

The sequences {Hk
 m} and { ^ w} have the following generating functions: 

f k 2*k\r°*+l
 d fRk n^2kk\(2-t)f 

h ' ( i - / - 2 r ) * + 1
 wfo ' ( 1 - / - 2 H * -

REFERENCES 
1. A. F. Horadam & P. Filipponi. "Derivative Sequences of Jacobsthal and Jacobsthal-Lucas 

Polynomials." The Fibonacci Quarterly 35.4 (1997):352-58. 
2. A.F. Horadam. "Jacobsthal Representation Numbers." The Fibonacci Quarterly 34.1 (1996): 

40-54. 
3. A.F. Horadam. "Jacobsthal Representation Polynomials." The Fibonacci Quarterly 35.2 

(1997): 137-48. 
AMS Classification Numbers: 11B39, 26A24, 11B83 

338 [AUG. 


