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PROBLEMS PROPOSED IN THIS ISSUE 

B-572 Proposed by Paul S* Bruckman, Berkeley\ CA 
Prove the following, where <p - a~l: 

£ {<p5n+ll (5/i +1) + <p5n+3/ (5n + 2) - tp5n+41 (5n + 3) - <p5n+4/ (5/i + 4)} = (x/25)(50-l0j5)y2. 

H-573 Proposed by N. Gauthier, Royal Military College of Canada 
"By definition, a magic matrix is a square matrix whose lines, columns, and two main diag-

onals all add up to the same sum. Consider a 3 x 3 magic matrix O whose elements are the 
following combinations of the rfi1 and (w + l)* Fibonacci numbers: 

Oll = 3Fn+l+Fn; %2 = Fn+h ®l3 = 2Fn+l+2F„; 
* 2 1 = Fn+1 + 2Fn> ^ 2 2 = 2FW + 1 + F„; d>23 = 3Fn+h 

*3i=2/Wi; ^32 = 3Fn+l + 2Fn; <D33 - Fn+l+Fn. 

Find a closed-form expression for <PW, where m is a positive Integer, and determine all the values 
of m for which it too is a magic matrix." 

SOLUTIONS 
Geometric? 

H-561 Proposed by K Gauthier, Dept of Physics, Royal Military College of Canada 
(Vol 38, no. 2, May 2000) 

Let n be an integer and set sn+l = an + an~lfi+ — + a$n~l+fin
y where a + $ = a, a$ = b, 

with a & 0, b * o two arbitrary parameters. Then prove that: 

(b) ffa = £(-l){ 'M^W+pr+n, 

(C) Sip+qSqr+n= 2^\£r P Sp+qS{2p+q)t-pr+m 

where r > 0, w, p(* 0), and q(* 0,±p) are arbitrary integers. 
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Solution by Paul S. Bruckman^ Berkeley9 CA 
Let the sums indicated in the right-hand members of parts (a), (b), and (c) be denoted by 

$& = <9&(p,q,r,ri), <3b = (3b(p,q,r,n), %-%{p,q,r,n), respectively, We distinguish two possi-
bilities: Case 1, where a2 ^4b, i.e., a^jB; Case 2, where a2 = 4b, i.e., a-(i. For Case 1, the 
Binet formula holds: sn - (an- j3n)/(a-/J); for Case 2, we have: sn = nan~l

P in either case for all 
integers n. We first deal with Case 1; we also make the substitution 0-a-p. The sums may be 
evaluated by application of the appropriate formula for sn and the Binomial theorem. We will also 
employ some auxiliary results, given in the form of lemmas. 

Lemma 1: hqsp_q + apsq = aqsp; bqsp_q +/?% = /?%. 
Proof: 

bq$p_q+apsq = {{ap)q{ap-q ~ pp~q) + ap{aq - fi*)}/0=ap(aq -fiq)/0^aqsp; 
also, 

bqsp_q+@p$q = {(a/3)q(ap-q-pp-q)+@p(aq- • 

Lemma 2: sp+q - aqsp = @psq; sp+q -pqsp = apsq. 

Proof: In Lemma 1, replace/? by p + q, then divide by aq (or J3q). D 

Lemma 3: 0p+% + apsp+q = ap+qsp +/Jpsp+q = s,^. 

Proof: Replace q by p + q in Lemma 2. • 

We may now proceed to the proof of the problem, at least for Case 1. 

(a) si = £ rCkb^-k\sq)k(sp_qyk(apk+"-j3pk+")/0 
k=0 

= (a"/0WSp_q + aPSqY-(P"/0)(b%_q+^sqy 

= (a* /6)(aqsp)r - {fi" 16)(fiqsp)r (using Lemma 1) 

= (spna"r+"-p^")l0 = (spYsqr+n. D 

(t) % = £(-i)fcrCk(Sp)k(Sp+qy-k(agk+pr+"-^k+pr+n)/e 

= (apr+"/0)(sp+q - a%)r - (fipr+"/0)(sp+q - P"spy 

= apr+" 10)ppr{sq)r -(J3pr+n 10)apr(sq)r (usingLemma2) 

= bpr(sqy{a"-pn)i0 = bpr{SqySn. • 

(c) ^tc^^'^'^^^/tafW^"-/;^)^")/^ 
k=Q 

= (a~pr+"/0)(bp+qsp + a2p+qsp+qy-(p-pr+"/0)(bp+'1sp + p2p+q
Sp+qy 

= (a-pr+n+pr+qr 10)(fip+qsp + apsp+q)r - (fi-pr^pr^r / ff)^^ + Ppsp+q)r; 

hence, using Lemma 3, ^ = (aqr+"/0)(s2p+qy-(fiqr+"/0)(s2p+qy =(s2p+qYsqr+„. D 
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It remains to prove (a), (b), and (c) for Case 2. We first show that Lemmas 1, 2, and 3 are 
valid for this case as well; the modified versions of these lemmas are denoted by a "prime" punctu-
ation. 

Lemma 1f: bqsp_q + apsq = aqsp. 

Proof: bqsp_q + apsq = (p- q)a2q (ap-q~l) + qap(aq~l) = pap+q~l = pap~laq = aqsp. D 

Lemma 2f: sp+q - aqsp = apsq. 

Proof: Replace p by p + q in Lemma V and divide by aq. D 

Lemma 3f: ap+qsp + apsp+q = &lp¥q. 

Proof: Replace qby p + q'mLemma T. 

= PrZ r-iCkb^-x-k\sqr\sp_J-x-ka^^"-x
+nt rCkb^-k\sqf(sp_qy-kapk+"-1 

k=0 k=0 

- pr$qap+n~l{bq$p_q + apsqY~l +nan~l{hqsp_q + apsq}r 

= prap+n-l+q{r-l)s(sj-1 +nan-l+qr(sj (usingLemma 1') q\»p, """ \ p/ 

/?/ qr+n' = a^"-2+ir(sY-l(pqr + np) = pap~\qr + n)a*r+»-\spTl = (sJSqr+„. D 

(*>)' ®=T(-i)krCk(Sp)k(sp+qy-k(qk + pr+n)a<>k+rr+"-1 

+ 0 ' / -+ / i ) a^ - , X ( - l ) k rC t ( ^ )* (* p + , r t a» t 

= -qrspa"+pr+"-\sp+q - a*spTx + {pr + n)apr+"-\sp+q - a«spJ 

= -qrspaq+pr+"-\apsqy-1 + {pr+ ri)apr+"-\apsq)r (using Lemma 2') 

= { - r a ^ a ^ " + (pr + n)sqapr+n-1+p}(apsqy-1 

= {-rapa2pr+n-;' + (pr + «)a2pr+"-!}(s?)r = {-pra2^"-' + (pr + n)a2pr+"~l}(sqy 

= na2pr+"-\sqy = a2pr(sqys„ = S ^ ) ' * , , . • 

(c)': % = 2 r Q ^ + ^ - t ) ( 5 ; , ) r - * ( V g ) i {(2p + ?)* - pr+n) CPP+IV-P""-* 
k=0 

= (2/? + ?)m2^-^+"- V , Z r-iQ A ^ ^ ' - ^ ^ r 1 - * ^ ) * ^ 2 ^ ^ + 
ifc=0 
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+ {-pr + n)a'pr+n~lY, rCkb(p+^r-k\spJ-k(sp+q)kai2p+q)k 

k=0 

= (2p + q)ra2p+q-pr+"'\+q(bp+% + a2p+%+qy~l 

+ (-pr + n)a-pr+H-1(bp**sp + a2p+qsp+q)r 

= (2p + q)ra2p+q-pr+n-la(p^r-X)sp+q(ap+qsp + apsp+q)r-1 

+ (-pr + n)a-pr+"-la(p+'l)r(ap+'}sp+apsp+qy 

= (2p + qyao-^s^i^j-1 + (-pr+n)a^^\s2pHiy 

= r a ^ ^ - ^ ^ s ^ i ^ J + (-pr+nW^i^J 

= r(p + q)a-p+qr+"-q+p+q-\s2p+qY + (-pr+^a^'X^J 

= r(p + q)aqr+'-\S2p+qy+(-pr +r,)aqr+"-l(s2p+qy 

= (qr + n)a^"-l(s2p+qy = (^Jsqr+n. • 

This completes the proof of the problem. 
Also solved by H. Kwong, H.-J. Seiffert, and the proposer. 

Greatest ProbSem 

H-562 Proposed by H.-J. Seiffert, Berlin, Germany 
(Vol 38, no. 2, May 2000)-corrected 

Show that, for all nonnegative integers n, 

where [•] denotes the greatest integer function. 

Solution by the proposer 
Define the Fibonacci polynomials by F0(x) - 0, Fx(x) - 1, and F„+2(x) = xFn+l(x) + Fn(x), for 

n GN0 (natural numbers). 
Let An: = in~lFn(ia)9 neN0, where i = ^/(-l). Writing n = 5m + r, where meNQ and re 

{0,1,2,3,4}, a simple induction proof on m yields 

A, 

0 ifn = 0(mod5), 
1 if w = 1 (mod 5), 
-a ifn = 2 (mod 5), (1) 
a ifn = 3 (mod 5), 

[-1 if« = 4(mod5). 

From H-518 [identity (8)], we know that, for all complex numbers x and all nonnegative 
integers n, 

t c -^W-^ 
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With x = / a , this gives 

Since 1 / (4 - a2) = a IJ5 ,. we have 
; ? 0 U 2 - J 4 2 - ^ •cr 

•ax 
(2) 

n _ „2n 4 " - a 1 
A-a2 S (4"a-a2n+1). 

or, by ar = (Lr + j5Fr)/2, r eZ, 

4 - a 2 10 

On the other hand, from (1), it follows that 

[¥] 

4 " _ a2n /c i 

- — - = £ (4" - ̂ i ) 4 ( 4 " ~ ̂ i ) - (3) 

[?], 

j=o \ Jy 4=0v y fc=o v 

Us inga 2 = (3 + V5)/2, we then obtain 

J=0 ±U?,)4-
[fV In \W( In 
L{n-5k-2)+^o{n-5k- + *,, 

where qn is a rational number. Since V5 is irrational, (2), (3), and the latter equation imply that 

XL-5^-2)+XL-5i-3)"5( 4"~^+i> 
fc=0 V J k=Q V y J 

w-2' 
This proves the desired identity, because 

{n-5k-2y{n~5k-3) = {n-%-2J> °-k~ 

where we set (2/) = 0 for j < G. 

^4/so solved by H. Kwong and P. Bruckmait 

A Stirling Problem 

H-563 Proposed by N. Gauthier, Dept of Physics, Royal Military College of Canada 
(Vol 38, mo. 2, May 2000) 

Let /w>0, n>0, p&Q, q*-p,0, and s be integers and, for \<k<n, let {ri)k :=n(n~l) 
... (n - k +1) and S^ be a Stirling number of the second kind. 

Prove the following identity for Fibonacci numbers: 

r=0 
I(-l)r ; ^[F/Fp+JrF9r+^(-ir[^/Fp+J"X(-l)^fc(«)fc^>[Fp/FJfeV^ •np+s-

k=\ 
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Solution hy the proposer 
For x an arbitrary variable, consider the binomial expansion identity 

z(;V=o-x)-, 
r = 0 V / 

and apply the operator D := x~ to it m times (m > 0) to get 

^rm(n
f\xr=Dm(l + x)n. 

r=0 

By a well-known result, 

where {8^ : 1 < k < m; \<m} are the Stirling numbers of the second kind. Consequently, 

Next, for integers p (^ 0), q(^09-p), solve the following for w and w: 

1 + tfa^vc"^; l + ufiq=w/Tp. 

One readily finds 

« = -lFp/Fp+q]; w = (-\y[FqIFp,ql (**) 

Inserting x = i/ag, 1 + x = wa~p in (*) and multipying the resulting equation by as then gives 
n f \ m 

X r U )uraqr+s = £S%\n)k i ta#+^kcf i>-n p . 

Finally, replace a and /? in this result, subtract from the above, and divide by V5 to get 
n f \ m 

I ' " r « r / V" = l^\n)kukw"-%+q)k_np+s. 
r=0 V / lc=l 

Inserting the values for u and w from (**) then establishes the result claimed in the problem 
statement. 

The case m = 0 is readily dealt with, and one gets 

r=0 A y F Qr+S K ' \ F -pn+s-
\Jp+gJ VP+QJ 
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