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1. INTRODUCTION 

In [5], Hongquan Yu and Chuanguang Liang considered the partial derivative sequences of 
the bivariate Fibonacci polynomials Un(x9 y) and the bivariate Lucas polynomials V„(x, y). Some 
properties involving second-order derivative sequences of the Fibonacci polynomials Un(x) and 
Lucas polynomials Vn(x) are established in [1] and [2]. These results may be extended to the k^ 
derivative case (see [4]). 

In this paper we shall consider the partial derivative sequences of the generalized bivariate 
Fibonacci polynomials C/„ m(x, y) and the generalized bivariate Lucas polynomials V„9 m(x, y). We 
shall use the notation U„tm and VntM instead of U„tm(x, y) and Vn^m{x9y), respectively. These 
polynomials are defined by 

Un,m = xUn_lm-hyUn_m^ n>m, (1.1) 

with U0tm = 09 Unm = xn~\ w = 1,2,..., m - l , and 

K,m = xK-l,m+yK-m,m, ***», (1 -2) 

withF0jW = 2, Vn^ = x\ n = l,2,...,rn-l. 
For p = 0 and q = -y, the polynomials Un%m are the known polynomials ^w(0, -y; x) [3]. 
From (1.1) and (1.2), we find some first members of the sequences U^m and Vnm, respec-

tively. These polynomials are given in the following table. 

TABLE 1 
n 

0 ~~ 

1 
2 
3 

m - l 

m 

m + l 

2m-I 

2m 

0 
1 
X 

x2 

xm~2 

xm~x 

xm + 

unm 

y 

x2m~2+(m-
x2m-\ + mxm' 

l)xm 

~ly 
~2y 

V 
n,m _ 

X 

x2 

x3 

xm~l 

xm+2y 

xm+1 + 3xy 

x2m-l+(m + l)xm-ly 

x2m+(m + 2)xmy + 2y2 
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The partial derivatives of Un^m and Vn>m are defined by 

Also, we find that Unm and Vrum possess the following generating functions: 

F=(i-xt-yn-l = tunJn~l (i.3) 
and 

G={2-xtm-l)(i-xt-yryl = fynjn. (i.4) 
n=0 

From (1.3) and (1.4), we get the following representations ofUnm and V^my respectively: 

un,m=(T\n-l-t-l)kYl-mv (i.5) 
and 

F _1Y n-(m- 2)k (n-(m- \)k\ n-mk k n ^ 
n'm~ h n-(m~l)k\ k ) x y • W 

Ifm = 2, then polynomials Unm and Vn^m are the known polynomials Un and Vn ([5]), respec-
tively. 

From Table 1, using induction on n, we can prove that 

K,m = U»*hm+yUn*.l-m,m> n>m~l. (1.7) 

2. SOME PROPERTIES OF C/^> AND Vgip 

We shall consider the partial derivatives U^'mj) and V^J). Namely, we shall prove the fol-
lowing theorem. 

Theorem 2.1: The polynomials Uf^ and V^j) (n>0,k>0J>0) satisfy the following iden-
tities: 

y(k,j) _ rr(*,y) , jTjikJ-l) , V [K^ / ) • /o 1) 

^V m ~ ̂ n-l, m + X^n-\, m + j^n-m, m + y^n-m, m ? (2.2) 

^V"} - w^J*+xv££ +jv2%-» +yv^m, (2.3) 
p(*./) = "~ym (n-(m-2)i) (n-(m-l)f)1 jf-k-mi i-j / 2 4y 

Proof: Differentiating (1.7), (1.1), and (1.2), first Mimes with respect to x, theny-times with 
respect to y, we get (2.1), (2.2), and (2.3), respectively. 

Also, if we differentiate (1.6) with respect to x, then with respect t o j , we get (2.4). 

Remark 2.1: Ifm = 2, then identities (2.1)-(2.4) become identities (i)-(iv) in [5]. 
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Theorem 2.2: Let k > 0, j > 0. Then, we have: 

Z /7(*. J)jr - l r/(*+i, /) • /o *\ 
i=0 / C i - J i - I 

2XW-°^ = (<*+./+1) (* }7')) '(2 - jO*(2r» - *-3 +y~') t^/>; (2.6) 

I t ^ 1 ^ = ((/+*) p ) ! 1 iyfv&r>; (2.7) 

Proof: Differentiating (1.3) &-times with respect to x, thenj-times with respect toy, we get 

/r(*.j) = <?k+J
 F = (k + j)\tk+mj y JJ{Kj)n.x ... 

axkayj (\-xt-ytm)k+j+l t i >m ' 
From (i), we have 

F(o, o)F{k9 j) _ (& + ./)i^+; /w _ y y r7(*f y)r/ /W-2 
yi-xi-yi ) n=l /=0 

Hence, we conclude that 

flfrftU (k + .j)\tk+l+jm 

£& Km "~''m (l-xt-ytm)k+J+2 

= (k+j + l)\tk+1+»» = 1 u(M,n 

(k + j + l)(l-xt-ytm)k+J+2 k+j + l "'m ' 

By the last equalities, we get (2.5) 
In a similar way, we can obtain (2.6), (2.7), and (2.8). 

Corollary 2.1: If k = I, j = p, from (2.8) we get 

Furthermore, we are going to prove the following general result. 

Theorem 23: Let k >0, j > 0 , s > 0 . Then 

Proof: From (i), i.e., 

h+h+:.+is=n (Sk+Sj + S~l)\ 

f(k, j) _ ( ^ + j ) ! ^ + m - /
 = Y Tj{k, j)tn-\ 

(l-xt-ytmf+J+l t i , m ' 
we find: 
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(l-xt-ytmyk+SJ+s 

E V TT(k,j)n(k,J) Tj{k,j)fn-s 

»=1 l1+/2 + -"+7J=W 

Hence, we get 

La La i\,m ^i2,m '"uiSfm /% _ f _ ,,fm\sk+sj+s 
n=l il+i2+---+is=n \ l Xl J1 ) 

- ((k+jyy TT(sk+s-i, sj) 
(sk + sj + s-l)\ ">m 

The equality (2.10) follows from the last equalities. 

Remark 2.2: We can prove that 

, (sk + sj + s-l)\ ,=2, 

where a = k + j +1. So (2.10) takes the following form, 

s ^x^.-.^=nf(to-i)fa:i2)T1w*-i-*), 
/'j +/2 +•••+/,= « 7=2 V V / / 

where a = k+j + l. 
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