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The generalized Fibonacci and Lucas numbers are defined by 

an -Bn 

^ ^ z f - > K = ""+fin (i) 

where a = P+^P
2 ~4q , (3 = P~^P

2 ~4q , p > 0, q^O, and p2 -4q > 0. It is obvious that {£/„} and 
{VJ are the usual Fibonacci and Lucas sequences {FJ and {LJ when p = -q = l. Recently, for 
the Fibonacci numbers, Zhang established the following identities in [2]: 

lF a F 6 = i ( (» - l )F ,+2nF B _ I ) , «*1 , (2) 

Z F
aFbFc = ^:((5»2 - 9n - 2)F„_, + (5«2 - 3/i - 2)F„_2), « > 2, (3) 

and when n> 3, 

X FaFiFcJFd=-l-((4n3-12n2-4n + 12)Fn_2+(3«3-6»2-3n + 6)F„_3). (4) 
a+h+c+d=n 1 3 U 

In this paper, we extend the above conclusions. We establish some identities related to {Un} and 
{VJ. The equalities (2)-(4) emerge as special cases of our results. 

Consider the generating function of {Unk}: Gk(x) = E^L0 Unit*"* where k is a positive integer. 
Clearly, by (1) and the geometric formula, 

fcV ' l-Vkx + qkx2 ' 

LetFfc(x) = ^ . Then 

«=i 1-r^x + f x 

For i^(x), we have the following lemma. 

Lemma: If Fk(x) is defined by (5), then Fk(x) satisfies 

Fi(A=•z&rriF&xWk - %r~x) - V^(*)X (6) 

F&) = ̂  * j ^ W * - V*)2 - ^Fi^Wk ~ tf*) + 32q2kFk(x)), (7) Uf 

and 
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F*{X) = 6{V^qkf{mxWk ~ ̂ ^ ~ 30qkFk"(xW« ~ 2qkx)2
 ( 8 ) 

+ 22Sq2kFk%x)(Vk - 2qkx) - 3Mq*Fk(x)). 

Proof: Noticing that 

^ . x Uk(Vk-2qkx) _(Vk-2qkx)Fk(x) 
A ) (l-Vkx + qkx2)2 l-Vkx + qkx2 ' 

we have 

l-Vkx + qkx2 Ut 

and hence (6) holds. Differentiating in (6), we get 

2Fk{x)Fk\x) = Ut-T(Fk%xWt ~ V * ) - 6qkFkXx)). 

Therefore, 

2Fk(x)Fk'(x)(Vk - 2qkx) = -^—(Fk"(x)(Vk - 2qkx)2 - 6qkFk\x)(Vk - 2qkx)). 

Using (6), we have 
fl/2 AJc 

2Fk{x)[YM_^F2{X) + 4qkFM = Uj^_(mxWk _2qkxf _6^'(x)(^ -2qkx)). 

Using (6) again, we can prove that (7) holds. Similarly, differentiating in (6) and applying (6) and 
(7), we can obtain identity (8). • 

From the above lemma, we have the main results of this paper. 

Theorem: Suppose that k and n are positive integers. Then 

Z UakUbk=-fi^{{n-\)UnkVk-2qknU{n_l)k\ n>\, (9) 

u2 
UakUbkUck ~ ^ / 

a+b+c=n 
„2 

Z UakUbkUck = 2(V2_4qk)2 ( ("-1)("-m2Un k -qkVk(4n2 -6n-4)U(n_l)k 

+ {An2 - 28w + 28(» - 3)Vk + 80)[/(„_2),), n > 2, 

and 

Z UakUbkUckUdk = ̂ . ^ (Vk\n -1)(» - 2)(» - 3)Unk 
a+b+c+d=n °Vk ^H ) 

-6q%2(n-2)(n-3)(n + l)U(n_l)k ( 1 1 ) 

+ l2q2%(n-3)(n2+n-l)U{n_2)k 

-Sq3kn(n2-4)Uin_3)kln>3. 

Proof: To show that this theorem is valid, comparing the coefficients of xn~2, x"~3, and xn~4 

on both sides of the Lemma, we have identities (9)-(l 1). • 
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Corollary. Assume that k and n are positive integers. Then 

I FakFbk= F* ((n-\)FnkLk-2(-l)knF(n_l)kl n>\, (12) 

I FakFbkFck = F' ((n-l)(n-2)LlF„k-(-l?Lk(4n2-6n--4)F(n_l)k 
a+b+c=n 2kLk-*\-1) ) (13) 

+ (4«2-28« + 28(«-3)4+80)^„_2)A), n>2, 
and 

I FakFbkFckFdk= Fl . ((/i-l)(W-2)(/i-3)4FBt 
a+b+c+d=n °(Afc-4(_1) J 

- 6(-l)fc(» - 2)(/i - 3)(» + l)ZjF((_1)k (14) 
+ 124(«-3)(»2 + »-l)F(„_2)fc -8(-l)*"(»2 -4)F(„_3)i), n > 3. 

From the Corollary, it is very easy to obtain (2)-(4). If k = 1 in (14), then 

+ 12(«-3)(«2 +w-l)Fw_2 +8w(w2 -4)i^_3). 

750 

By using JF„ = Fn_l+F„_2 (n > 2), we can obtain (4). Similarly, from (12), (13), and Fn = Fn_x + 
Fn_2, we have identities (2) and (3). In addition, we can work out other sums from the Corollary. 
For example, when k = 2 and q = -l in (13), we have 

Z F2aF2bF2c = ±-(?(n - IX* - 2)F2n - 3(4^2 -6n~ 4)F2n_2 + (4«2 + 56n -112)F2n_4). 
a+b+c=n D U 

Applying F„ = Fn_l + Frl_2 (n > 2) again and again, we get 

Z f
2 A 4 = ̂ ( C * ! 2 -63« + 66)F2n_3 -f (10/i2 +20/1- 124)F2„_4). 

When p~2 and # = -1 in (10), we obtain 

I MA = ̂  1 n̂ ft" -1)(w ~ 2)a2/>»* - ( " ^ a C ^ - 6» - 4)P(„_1)t a +6+ c=„ 2 (g f c -4 ( - l ) ) 
+ (4w2 - 28* + 28(» - 3)Qk + 80)J»(I1_2)jt), » > 2, 

where i^ and Qk denote the A:* Pell and Pell-Lucas numbers (see [1]). 
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