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1. INTRODUCTION 

Let / be a complex number with \t\ < f and let the Euler numbers E2n (w = 0,1, 2,...) be 
defined by the coefficients in the expansion of 

00 t2n 

sect = YiE2 „-— 
n=0 (2«)! 

That is, E0 = 1, E2 = 1, E4 = 5,E6 = 6l,E8 = 1385, E10 = 50521, ... . 
We denote 

where the summation is over all ^-dimensional nonnegative integer coordinates (aha2,...,ak) 
such that ax + a2 + • • • + ak - n and k is any positive integer. Recently, several researchers have 
studied the numbers E(n,k). In [3], Wenpeng Zhang obtained an expression for E(n,2m + l) 
(m > 1) as a linear combination of Euler numbers and obtained some interesting congruence ex-
pressions for Euler numbers. The main purpose of this paper is to express E(n, 2m) as a linear 
combination of second-order Euler numbers, so that some congruence expressions are obtained 
correspondingly. The two identities, 

±i-iy (j)^> = P"±(-iy (j)#> (2) 
and 

Ic-iy ffl^co)=/>"i(-iy ("W^o), (3) 
which were obtained by David Zeitlin (see [2], p. 238) are deduced, and some more common 
results than (2) and (3) are achieved. 

2. DEFINITIONS AND LEMMAS 

Definition 1: If (AJ is any sequence with AQ = 1 and if f(t) = Z*=0 Ajnln\ is its generating 
function, then the "umbral" sequence A{k) of order k and the associated Appel sequence of 
polynomials A^k\x) of order k are defined, respectively, by 

00 

/W* = £^"/«! (4) 
and oo 

e*'/(0*=I4*)(*K/»l. (5) 
«=0 
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where k is any Integer. Clearly, A^k\G) = A^k) and A^p = An. It is also easy to see that 

4k)(x) = Y,(n^Af)xn~J and that ^~4k\x) = n4k_\(x). 

Remark 1: (a) When f(t) - sec t, \t| < n/2, (4) becomes 

( secO*= |>fV7w! 3 (6) 

where 2 ^ are called Euler numbers of order k; 
(b) Whmf(t) = t/(ei-lX \t\ < In, (4)becomes 

(t/(et-l)f = f^Bik¥/n\, (7) 
n=0 

where Bj,k) are called Bernoulli numbers of order k (cf. [1], [2]); 
(c) When /(*) - 2 / (er +1), | /1 < n, (5) becomes 

£xr(2/(er + 1))* = f]£j*>(jc)/,,/7f!, (8) 
»=o 

where Eff\x) are called Euler polynomials of order A: (cf. [1], [2]); 
frfj When /(f) = 11 (ef -1), 11 \ < In, (5) becomes 

e*(f / (ef -1))* = £ ^ ( x ) * " /w!, (9) 

where B$f\x) are called Bernoulli polynomials of order A (cf. [1], [2]). 

Clearly, the usual Euler numbers En = Ejp, Bernoulli numbers Bn = B^l\ Euler polynomials 
E„(x) = Eil)(x), and Bernoulli polynomials Bn(x) = B®(x). Using (6), (7), (8), and (9), we have 
E£U = 0 (it > 1), Eft = (-l)"22"^)(f) , and 2#> = Z£*>(0). 

Definition 2: Uj{xh JC2, ..., x j (/ = 0,1,2,..., w) are defined as the coefficients of the polynomial 
n 

(x + x,)(x + x2) • • • (x + x„) = Xo-y(^, *a. • • •, ̂ ,)«""y• 

Le«,mal: £ W = _ _ l - _ £ ( ^ ) + ^ £ ( ^ ( * > 2 ) ( 1 0 ) 

Proof: By (6), we have 
Y | I „F(k-2)>k~2 F(k-2) | *2W 

= i V ir(*-2)_J , * ~ 2 V r(t-2) J 
(*- l ) (*-2)£< 2" (2»-2)! * - l £ 2" (2»)! 

= ( ^ I ^ ^ ( - 0 - H | 5 f ( s e c 0 - = ( s e c 0 ^ | ^ ^ , (11) 

and comparing the coefficient of t2n on both sides of (11), we immediately obtain (10). D 
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Lemma 2: Eg = ( 1} 2 J] l±B2n+2. (12) 

Proof: By (6) and (7), we have 

» 2 t2" °° 2 t2n~2 

S ^ n ( 2 " 1)52"+2Mi=§«(22""l)B2nw^y-
= 4Y (2/i -1)(22" -1) &_ 4-— = 4 4 Y (22n -1)&„ 4-— ^1 • 2"(2«)! dt^ ' 2"(2n)\ 

d (.-!<& o (2t)2" ._,<£ D fJ" ^ Ad f^f 2t , . ̂  ^i( t , . 1 _ * (2r)2" _ ^ /2" ̂  
dt{ ^[ 2" (2n)\ £i2"(2n)\) dt{ {e2t-I J W-1 2 

- ^' f ^V v F ( 2 )M"-YV_ n»_LF(2)j!" ~(e' + l)2'~rC2j " J ^ (2/i)! _ § ( 1)"2
2"JE2")(2«)!' ° 3 ) 

and comparing the coefTicient of t2n on both sides of (13), we immediately obtain (12). D 

Remark 2: By (12), we have £$2> = 1, Eg* = 2, £j2> = 16, E^ = 272, £8
(2) = 7936, E$ = 353792, 

£ff> = 22368256,.... 

3. MAIN RESULTS 

Theorem 1: Eg^ =-^^Y,amJEg\2m_2_2J, (14) 

where <r . = cr.(22,42
3 62,..., (2/n™2)2)? and m is a positive integer. 

Proof: We prove Theorem 1 using mathematical induction. 
(a) When m - 1, (14) is clearly true. 
(S) Suppose (14) is true for some natural number m. By the supposition and (10), we have 

17(2^+2) _ 1 F{2m) , 2/11 F(2m) 

**" ~(2m + l)(2m)^+2 + 2m^l2n 

(2w+1)! Zf^+tn-V + (2m +1)! Zja^2*+2m-2y-2 

1 m_1 Om)2 m~l 

{2m+\)^0
amjE2"+2m-2i + (2m+ 1)! JfxJ-V^&^V 

' £ g k * + E K ; +(2^)Vw0„1))£f22w_2/ H2mfam(m_l)E^ 
(2/w + l)! 

1 f m-l 

^2n+2m + 2^ a(m+l)j^2n+2m-2j + a(m+l)m^2n (2m+ 1)! 
1 m 

— I — y , 
(2m + l)! £S 

7=1 y 

7(m+l)j^2n+2m~2j* v * "V 
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and (15) shows that (14) is also true for the natural number wi + 1. From (a) and (b), we know 
that (14) Is true. D 

1 m-\ 
Corollary 1: E(n, 2m) = ( 2 w _ 1 ) | ( 2 | g ) ! X ̂ Allim-i-ij• (16) 

Proof: From formulas (1) and (6), we have 
oo ( oo f2n \2m °o fin 

YE{n,2m)?"= I X ^ = (sec 02" = I 2 ^ 7 ^ - (17) 

Comparing the coefficients of t2n on both sides of (17), we have 

E(n,2m) = -^Eiy. (18) 

By (14) and (18), we immediately obtain (16). • 

Corollary 2: For any odd prime p, we have the congruence 

£(2) = fl (mod p) if p s 1 (mod 4), 
P " 1 "{-1 (mod/?) if/? = 3 (mod 4). 

Proof: Taking n- 0 and 2m-l = p in Corollary 1, and noting that JE"0 = £^2) = 1, (p-1)! = 
-1 (mod/?), we can get 

;=0 2 7 2 2 

= ^ > 1 + 22-42-62.82. .-(^-l)2
s£^>1+(-l) iT1 (mod/?), 

where we have used the congruence 

0 - ^ = 0 (mod/?), 7 = 1,2,...,^^-. 

Therefore, 

£(2) = j 1 (mod ^) i f P = * (mod 4) ' 
P " 1 "{-1 (mod/?) if/? = 3 (mod 4). 

This completes the proof. D 

Corollary 3: For any odd prime/?, we have the congruence 

p + l
 }Bp^l{mo&p). 

Proof: By Corollary 2 and (12). D 

Remark 3: For p = 3, the preceding congruence says that 60B4 = 1 (mod 3) while, for /?>3, 
using Fermat's little theorem, i.e., 2^ = 2 (mod/?), the congruence says that \2Bp+l == 1 (mod/?). 
These facts can be derived directly from the standard recursion for Bernoulli numbers. 
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Theorem 2: Ifp is any integer, then 

£ ( - i y ( j j ^ O ) = n\{-x-pAx)\ (19) 

where A^k\x) are defined as in Definition 1. 

Proof: We use the notation [f]h(t) to denote the coefficient of f in the power series expan-
sion at 0 of hit). Then, by the definition of A^k\x) and the binomial expansion, 

Z(-iy (j)4py)c/*)=n\[ni(-iy {^yx/(tr 
=n\[n(i-e'*f(tyy. 

If g(t) = l-e*f(ty, then #(0) = 0 and g'(t) = -ete(x/(0" + />/(0p~7'(0), so that #'(0) = 
-(x + pAx). Thus, g-(0 = -(x + pAx)t + 0(t2) and g(t)" = (-x - pAx)ntn + 0(t"+l). 

Corollary 4: lip is any integer, then 

(a) Z(-iy(5)^(^) = »!(f-*J; (20) 

(b) i(-iy(j)^o)=»!(f-*J. (2i) 
Proof: By formula (19), we immediately obtain (20) and (21), since in the Euler case 

f(t) = 21 (et +1) and in the Bernoulli case f(t) = / / (e' -1). In both cases, AQ = / (0) = 1 and 
4 = / ' ( 0 ) = - l / 2 . D 

Corollary 5: Ifp is any integer, then 

& iyy{$B^=P"-§, 

Proof: Taking x = 0 in Corollary 4, we immediately obtain Corollary 5. D 

Remark 4: By Corollary 5, we immediately obtain (2) and (3) (see [2], p. 238). 

Corollary 6: £ ( - 1 ) ' f 2 w W } - 0. (23) 

Proof: Taking x = p/2 in Corollary 4(a) and noting that Etfp = ( - I f 22nE^J){f), we 
immediately obtain (23). D 

2001] 283 



IDENTITIES AND CONGRUENCES INVOLVING HIGHER-ORDER EULER-BERNOULLINUMERS AND POLYNOMIALS 

ACKNOWLEDGMENT 

The author would like to thank the referee for valuable comments, including the statement 
and proof of Theorem 2, which improved the presentation of the original paper. 

REFERENCES 

1. Leetsch C. Hsu. "Finding Some Strange Identities via Faa di Bruno's Formula." J. Math. 
Research & Exposition 13 (1993): 159-65. 

2. David Zeitlin. "The w* Derivative of a Class of Functions." Duke Math J. 30 (1963):229-
38. 

3. Wenpeng Zhang. "Some Identities Involving the Euler and the Central Factorial Numbers." 
The Fibonacci Quarterly 36.2 (1998): 154-57. 

AMS Classification Numbers: 11B37, 11B39, 11B68 
• > • • 

NEW PROBLEM WEB SITE 
Readers of The Fibonacci Quarterly will be pleased to know that many of its problems can now 

be searched electronically (at no charge) on the World Wide Web at 

http://problems.math.umr.edu 

Over 20,000 problems from 38 journals and 21 contests are referenced by the site, which was 
developed by Stanley Rabinowitz's MathPro Press. Ample hosting space for the site was gener-
ously provided by the Department of Mathematics and Statistics at the University of Missouri-
Rolla, through Leon M. Hall, Chair. 

Problem statements are included in most cases, along with proposers, solvers (whose solutions 
were published), and other relevant bibliographic information. Difficulty and subject matter vary 
widely; almost any mathematical topic can be found. 

The site is being operated on a volunteer basis. Anyone who can donate journal issues or their 
time is encouraged to do so. For further information, write to: 

Mr. Mark Bowron 
Director of Operations, MathPro Press 
P.O. Box 713 
Westford, MA 01886 USA 
bowron@my~dej a. com 
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