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1. INTRODUCTION

The following theorem arose from my correspondence with Dr. Peter Neumann of Queen's
College, Oxford, concerning the number of ways of writing an integer of the form F, F;, ... F, as
a sum of two squares.

Theorem 1.1: If m>3, then with the exception of m=6 and m=12, F,, is divisible by some
prime p which does not divide any F;, k <m.

Theorem 1.1 is similar to a theorem proved by K. Zsigmondy in 1892 (see [4]), which states
that, for any natural number a and any m, there is a prime that divides a” —1 but does not divide
a* —1 for k <m with a small number of explicitly stated exceptions. A summary of Zsigmondy's
article can be found in [2, Vol. 1, p. 195]. Since the arithmetic behavior of the sequence of Fibo-
nacci numbers F, is very similar to that of the sequences a” —b" (for fixed a and b), Theorem 1.1
can be regarded as an analog of Zsigmondy's theorem for the Fibonacci sequence.

2. PRELIMINARY LEMMAS

This section includes a few lemmas that are required for the proof of Theorem 1.1.

Lemma 2.1: Let m, n be positive integers and let (a, b) denote the highest common factor of a

and 5. Then
an

Proof: First, we prove by induction on m that

T < m(Fy )™ (mod ).

n

m.

The result holds for m=1. Suppose the result holds for m=k. Then

Yo k() (mod Fy)
Now
Fm+n+l = FmF;, +Fm+lF;:+1 (see [1] or [3]): (1)

SO sz+l)ll - Fkn+(n—l)+l = Flan-l +F/WH'IF;I Therefore,

E
wim _Finp LB R(F Y+ Fyy (mod F)
F F n-1 kn+l 1 n-1

n

= k(F,)* +Fypyy (mod )
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Using (1) again,
Fnr = Flempyuls + Fppyniifnir = Fpeypirfn  (mod F)
= Fp-ppnfy (mod Fy).
Similarly, #1541 = Fig-gyns1fp1 (mod F)) giving us

Froi1 = FppypiFrpa = F(k-2)n+1(E;—1)2 =---=(F, -1)k (mod F)).
Therefore,

Ek;)n =k(E,_ ) +(F,_)F =(k+1)(F,_)* (modFE).

n

This completes the inductive step.
Let us define

a= (2., | nts 418, ),

where 7 is some integer. Then we have d|F, and d|m(F,_)™". However, (F,, F, )=1,sod
divides m and the lemma is proved. O

Lemma 2.2:
PPyt Py
Db, ---b;
(+4 _ kodd i i
Pl pi T
keven pilpiz"'pik

where the numerator is the product of all numbers of the form p{" p;?...p%» divided by an odd
number of distinct primes and the denominator is the product of all numbers of the form p{1p5? ...
pJ» divided by an even nonzero number of distinct primes.

Proof: The exponent of p, on the left-hand side is «,. The exponent of p, in the numerator

of the right-hand side is
n n-1
5 (o))
kodd

as there are () ways of choosing i, ..., i, and, if i, =r for some s, there are (}_}) ways of choos-
ing the other ;. Similarly, the exponent of p, in the denominator of the right-hand side is

Z(-)
so the exponent of p, on the right-hand side is
ol (G )75 )
=a,(1-1-))-1-D)""=gq,
as required. O

Lemma 2.3: If 0<a <1, then [T (1-a") > (1 —~a),
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Proof: Equivalently, we must prove that

Zln(l a)y>———=~ ln(l a)

If |x| <1, then the Taylor series expansion for Inx about x =1is In(1+x) =x—%- 4-1‘i —--+, Thus,

2n 3n
1n(1—a")=—(a"+a2 +a3 +)

Therefore,

0

> In(1-a") = —Z%(a" +a* +a* +...)
n=1

i) B

=1

Lemma 2.4: If a = (J/5-1)/ (/5 +1), then

H(1 a") [ []a-a"<2.

neven
nZl n22

Proof: Note that 1-x? <1 and so, for x <1, we have 1+x <(1-x)™!. Thus,

[Ta-a) /T] a-a)<a+a) [Ta-a"
neven n=2
nz1 n22

=(1-ad? ﬁ(l-—a”) <(1-ad)(1-a)Fs <2,
n=1

where the penultimate inequality follows from Lemma 2.3, and the final inequality holds for the
value of a given. [0

Lemma 2.5: If m= p{' p;* ... p%», then the only solutions m, m > 3, to the inequality

Fomy= (1+J—)(n‘ P (B =)

are m=3,4,5,6,10,12,14, and 30.
We first prove the following three easy facts:
@) If f(m)>Cg(m), C>1, and m’ is formed from m by replacing p, in the prime factorization
of m by g;, where g, > p, and g, # p, for any £, then f(m’) > Cg(m’).
(i) If f(m)> g(m) and p is an odd prime, then f(pm) > g(pm).
(i) If f(m)> g(m) and m is even, then f(2m)> g(2m). If f(m)>2g(m) and m is odd, then
f(2m)> g(2m).
Proof of (i): f(m)>Cg(m)=4C so, in particular, f(m)> exp(l). Now
g-1 S

$>P=>9%P - P>9P 9= P,‘l I

<2p,...p, = g(m) @

SO
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i

Fw) 2 fmyT > fm) = £ (m)(f ()™ >f<m>exp(i" )

Since exp(x—1) > x for x> 1, we have

) >'(%§)/(m) > C[%)g(m) - Cg(m).

Proof of (ii): Note that p>2 and g(m) >4 so

S(pm) 2 f ()P~ > g(m)P™ 2 472 g(m) > pg(m) = g(pm).
Proof of (iii): If m is even and f(m)> g(m), then f(2m)> f(m)> g(m)=g(2m). X m is
odd and f(m) > 2g(m), then f(2m) = f(m) > 2g(m) = g(2m).

Proof of Lemma 2.5: We call m "good" if f(m)>2g(m) or if m is even and f(m) > g(m).
Note that, by (ii) and (iii), if m is good, then no multiple of m may satisfy inequality (2).

Standard calculations show that m=11 is good. It then follows from (i) that every prime
greater than 11 is good, so any solution m of (2) must only have 2, 3, 5, and 7 as prime divisors.

It is easy to show that m=3% and m= (3)(7) are good. So, by (i), except for m=(3)(5),
m=p? and m=p,p ,; are good for odd primes p,, p;. Hence, the only odd numbers whose multi-
ples may satisfy inequality (2) are 3, 5, 7, and 15.

Now m=2% is good, as is m=2%(5). Thus, m=2%(p,) is good for odd primes p,, p, >5.
Therefore, the only possible solutions to inequality (2) are 2, 3, 5, 7, 3X(5), (2)(3), (2)(5), (2)(7),
2)(3)(5), 22 and 22(3). Of these, 7 and (3)(5) are not solutions and 2 <3, so we obtain the list
as stated in the lemma. O

3. PROOF OF THE MAIN THEOREM

Suppose we choose a Fibonacci number F,,, with m>3 and m= p{' p3* ... p», such that all
prime factors of F,, divide some previous Fibonacci number.

Then every prime dividing F,, must divide one of Fy;, Foua), .- Frypnp, Where m[ij=m/p;,
making use of the well-known fact that (K, F,) = F, ,- Now F, < pip, ... p.FFoay - Fopmps
for the left-hand side divides the right-hand side, using Lemma 2.1. However, some of the factors
of F,, are being double counted, such as Fz-1,a-1_ e, Which divides both £, and F,5).

To remove repeats, the same Inclusion—Exclusxon Principle idea of Lemma 2.2 can be used.

This gives
H mliy, iy, .

Fm < Dby ..-Py M“L———- (3)
H mliy, iy, ..

where mliy, iy, ..., i ]=m/ p, p, ... p, and the i, are all distinct. In fact, the lefi-hand side divides
the right-hand side, but the inequality is sufficient for our purposes.
It is now necessary to simplify (3) to obtain a weaker inequality that is easier to handle.
Multiplying by the denominator in (3),
H miy,ip, . ig] —P1P2 -Pn H miiy, g, i P (4)

k even

where we have absorbed F,, into the product on the left-hand side.
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Let us define F, to equal

#5
L2 )0
By Binet's formula,
1 [(1+45Y (1=45Y 1-45
F=— - ~l<—=
,,\/g((z)(z))and 1<2<O,

S0, as n— o, I, — F,. Furthermore, F, > F, for n odd and F, < F, for n even.

All the Fibonacci numbers on the left-hand side of (4) are of the form F,,, , k a product of an
even number of distinct primes, and they are all distinct since, if F,,, = F, ., then k =k’ or m/k
and m/k' are 1 and 2 in some order, contradicting the fact that £ and %’ are both products of an
even number of distinct primes. Let us define 7, to equal

neven n

where the product is taken over all even integers n. The left-hand side of (4) would therefore be
made even smaller if all the F, in it were replaced by F, and the result were multiplied by y,.
Similarly, the right-hand side of (4) would be made even larger if all the F, in it were replaced by
F; and the result were multiplied by y,, where ¥, is equal to

(%)
nodd F;:

Thus, if we define € =y, /y,, we obtain from (4) the weaker inequality,

Fr:l[i,,iz,...,i,,] <ép\p,...D, HFnlt[il,iz,...,i,‘]' ()

0 K odd

k even, 2
The number of terms in the product on the left-hand side of (5) is 1+(3)+(})+:-- and on the
right-hand side is (7) + (3) + () +--+, and these numbers are equal as their difference is (1-1)" =0.

Therefore, the 1/+/5 factors of F! will cancel on both sides, leaving

[(H ‘B)m]o-%)a—g-)---u-ﬁ)

> <EpD; ... Dy
on rearranging. Since m = p{!p3? ... pZ», this simplifies to give

(l;_J—é)(”"‘-ﬂ"‘_l)"'(P: =) SEPD; - Pn ©

Now, setting a = (v/5-1)/(/5+1),
- F_ A+5)"-(1-~5)") _ e
n=I1(7)- () oo

neven neven neven

Similarly,

- B [ Q+V5)-0a-5)_ _n
V2= H(—F;';)_ H( (1+_‘/§)n )-nlo—ldd(l a )

nodd nodd
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Therefore, by Lemma 2.4,
e=y,ly, <2

Now Lemma 2.5 gives us a list of possible 7 which may satisfy inequality (6). Thus, it only
remains for us to check which of these m give rise to F,,, all of whose prime factors divide some
previous Fibonacci number. The possible solutions, m, to (6), with m>3, are 3, 4, 5, 6, 10, 12,
14, and 30.

Note that 2|F;, 3|F,, 5|F;, 11|F,, 29|F,, and 31|F,, and the respective primes do not
divide any previous Fibonacci numbers. Thus, the only exceptions to the result are F; =8 and
F, =144. Therefore, Theorem 1.1 is proved. O

A similar result can also be proved for the Lucas numbers.

Corollary 3.1: If m>2, then, with the exception of m=3 and m=6, L, is divisible by some
prime p that does not divide any Z,, 0< k& <m.

Proof: Suppose m=>2 and m does not equal 3 or 6. Then, since 2m >3 and 2m does not
equal 6 or 12, Theorem 1.1 implies the existence of a prime p such that p divides F,,,, but does
not divide any smaller Fibonacci number. Now F,,, = F, L (see [3]), so p must divide L,. We
claim that p does not divide any L, for k <m, for p|L, would imply p|F,,, and since 2k <2m,
this contradicts our choice of p. Hence, the corollary. O

We end with the following conjecture for the general Fibonacci-type sequence.

Conjecture 3.2: Suppose that K| and K, are positive integers and that K, is defined recursively
forn>3by K,=K,_,+K, ,. Then, for all sufficiently large m, there exists a prime p that divides
K, but does not divide any K,, r<m.
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