
POWERS OF THE GOLDEN SECTION I 
Robert S. Beard 
Berkeley, Cal i f . 

2 The Golden Section is the posit ive root k of the equation x + x = l , 

k = ( N/~5 - l ) / 2 = 0.618034. 

The negative root, (- v/lf - l ) / 2 , is -1 /k , the negative r e c i p r o c a l of 
k. F r o m the above equation, 

, n . n+1 . ., n+2 , n - Z , n - l k = k + k = k - k , 

That i s , any power of k is the sum of the next two higher powers or 
the difference between the next two lower powers . 

If the powers of k a r e l is ted se r i a l ly as in the box tabulation 
with the accompanying d iag ram, the ascending and descending ra t ios 
of the success ive powers a r e k and 1/k respec t ive ly . 

Each power of k can be exp re s sed in t e r m s of i ts f i r s t power 
and a Fibonacci number as indicated in the r ight column of the box 
tabulation. Start ing with the success ive powers k and k , this 
column can be completed by repea ted applicat ion of the k formula . 
It is evident from this tabulat ion and the k formula that the powers 
of k form a Fibonacci s e r i e s which can be separa ted into two com-
ponent Fibonacci s e r i e s . 

Continuing fur ther , a l l power of k can be e x p r e s s e d in t e r m s of 
any other power and a number as shown on the accompanying t r a n s -
format ion t ab les . The box tabulat ion on the d iagram can be used to 
de t e rmine the values given in the t r ans fo rmat ion table . For example , 
the value k = -5- k - -5- is obtained from k = 5 - 8k. This value for 

0 8 
k, coupled with the value k = 0 + «•, can be used to de te rmine al l of 
the values l is ted in the ve r t i ca l k" column with the aid of the k 
fo rmulas . 

It is interesting to note the recurrence of the Fibonacci sequence 
in the n u m e r a t o r s in the ve r t i ca l columns and in the denominators in 
the hor izonta l co lumns. Both the Fibonacci and Lucas s e r i e s appear 
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164 POWERS OF THE GOLDEN SECTION Apr i l 

in the k ve r t i ca l column., Complex expres s ions involving var ious 
powers of k can be ve ry much simplified by re fe rence to these t ab le s . 
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.. // 
(Continued from page 152.) 

In genera l we may t r ans fo rm equation (1). by wri t ing 

(3) u k = F(Vk) . 

Suppose that f u r the rmore we r equ i r e that F satisfy the functional equa-
tion 

(4) F 2 (s ) - bF(s) + b = F(2s) . 

Then our equation becomes F(V ) = F(2V ), a solution of which is 
j^. K + l K 

given by V = A2 . Hence we have 
(5) u k = F(A2k) . 

We now consider the functional equation (4). Let 

F(s) - £ = 2L(s) . 

Then equation (4) becomes 

(6) L 2 < S > = I 
h 2 K 

% - | ) + M2s) 

(Continued on page 169. ) 
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