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INTRODUCTION

Let a, be a sequence of complex numbers satisfying the dif-

ference equation

(1) an+2=aan+1—ﬁan for n=0,1,... ,

where a and P are fixed complex numbers, for such a sequence

we define

ak ak ak |
n n+l n+k
k Kk Kk B
(2) Ak(an) = C a i Cen a ikt for n=0,1,...
k k k
atk  Zntk+l 70 P2k

It is the purpose of this note to prove

nk(k+1)/2

(3) Ala ) =B Alag)

and give examples of the result.

k
A DIFFERENCE EQUATION FOR f{a ] :

Let (1- olx)(l- Ozx) =l-ax + BXZ, so that 01 + 02 = o and

= i d that
81 92 B, and assume 91 £ 92. Carlitz [3] has prove a
)
(4) bl / ay ) = D ak
k k n
n=0
where
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k
(5) e )= T (1-08 o5y
. k 1 2
i=0

and pk(x) is a polynomial of degree less than the degree of qk(x).
Letting

k
(6) )= 1= Y a0
i=1

(the constants aj(k) are polynomials symmetricin 6. and 0, de-

1
termined by (5)) we see after multiplying through (4) with qk(x) (as
given in (6)) and equating coefficients of <

bers that

in the right and left mem-

k k

k
(7 2kl = Y1 (B 2 T a

k
k-1 T Pl

for n=0,1,... We also know from (5) and (6) that

(8) oy (k) = (_1-)k+1( 0, 02)1+2+. .. +k or

o, (k) = (_”k+2 pk(k+1)/2

Now let k be a fixed natural number and consider for n > 0,

k. k+2 _k(k+l)/2 _ k
(9) (-1)" (-1) p Ala)=(-1)"a;(k) A (a )

k k k k

antl dn+2 “tr %4k 4 (k) %n
Kk k k k _

= | 2p+2  2n+43 apikrl B a2 | T ALy

k k k

a k ... a a, (k) a
n+k+1 2 ik+2 n+2k ‘l n+k_

The second equé.lity in (9) follows since we have interchanged k col-
umns and multiplied the last column by al(k). The last equality fol-

lows since appropriate multiples of the first columns can be added to
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the last column to make it the last column of Ak(an+l); the "'appro-
priate multiples'' are the aj(k) given in (7).

Thus, we have shown

k+2 _k(k+1)/2

(-1)F (-1 g Afa ) = g2 4

k(n

so that (3) can be proved by induction on n.

an) = Ak(anH) ,

As a corollary to (3) we note that if {an} satisfies (1), then

!a. ) , where and are non-negative integers, is a second
1%qn + pj 4 P g &

order sequence as well; in fact,

- q q _ p4
(10) 2am+2) +p - 01 0 Aty +p T P Ay
for n=0,1,... Hence we can rewrite (3) to obtain

_ an(k+l)/2

EXAMPLES INVOLVING THE FIBONACCI SEQUENCES

When a, is the Fibonacci sequence {Fn} = {O, 1,1,2,... } s
B = -1 in (3) so that we have

Fn Fn+1 n 0 1 n+1
(12) - = (-1) = ™,
n+l n+2
2 2 2
Fn Fn+l n+2 o 1 1
, 2 2 2 . 3n _ il
(13) Fotl Fniz Fnesz| =61 11 o4 D2
2 2 2
Fo+2 Fh+3 n+4| 1 4 9
i
L3 3 3 3
Fooo Fonn Forz Foss 01 1 8
3 3 3 3
F F F F
+1 +2 +3 6
(14) ;1 1; 1; nt+4 = (-1) n 11 8 27 - 36
3
Fotz Fnez Foea Fois 18 27 125
3 3 3 3 ‘
nt3 Fnia Foes Foie 8 27 125 512




182 . DETERMINANTS INVOLVING Kth POWERS April

The result in (12) is well known, Brother Alfred proposed (13)
as a problem in the very first issue of the Fibonacci Quarterly [_'13,
and Erbacker, Fuchs and Parker proposed (14) in a later issue [5—‘.

0 1 1 2 ]
the standard notation; fixing q =2 and p=1 in (11) we obtain for
k=1 and 2,

If we redefine a, = F_, a =F_,, ... we have f;ané = "ung in

Yon+l

(16) A,(u =-18

2n+1) = A2(0)
respectively; on the other hand if we fix q =2 and p =0 in (11) we

have for k=1 and 2,
(17) Ajle, )= Aw) =1,
(18) Az(uzn) = AZ(uO) =18 ,

respectively., Together (16)and (18) imply

2 uZ 2
Yn nt2 “n+4
2 2 2 o+l
(19) Unt2z Yn+4  Yn+é = (-1) 18
2 2 2
Ynt4 “n+6 Un+8

which has also been proposed as a problem by Brother Alfred [2]

AN EXAMPLE INVOLVING A SEQUENCE OF POLYNOMIALS

Lorch and Moser [8] proposed that one prove

n n+l
(20) . v = x for n=20,1,2,...
Yntl nt2
where Vg = 1 and
n
n+v v
(21) v, o= E (n_v)x for n=1,2,...
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(22)
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In proving (2), Carlitz [4] proved

Vn+2 = (X+Z) Vn+1 - Vn for n = O, 1, 2, PR

hence, we canprove (20) and obtain generalizations by using (3). For

k=1 and 2 we have respectively,

(23)

(24)

[6].

-

Aplv) = Avg) = x

Ay(v ) = Aylv,) = 25 (x42)%

o)

A second generalization of this problem was also given by Gould

REFERENCES

Brother U. Alfred, Problem H-8, Fibonacci Quarterly, Feb.,
1963, p. 48.

Brother U. Alfred, Problem H-52, Fibonacci Quarterly, Feb.,
1965, p. 44.

L. Carlitz, '""Generating Functions For Powers of Certain Se-
quences of Numbers', Duke Mathematical Journal, wvol. 29,
(1962) No. 4, pp. 521-538.

L. Carlitz, Solution to P-33, Canadian Mathematical Bulletin,
vol. 4, (1961) No. 3, pp. 310-11.

J. Erbacker, J. A. Fuchs, F. D. Parker, Problem H-25, Fib-
onacci Quarterly, Dec., 1963, p. 47.

H. W. Gould, "A Generalization of A Problem of L. Lorch and
L. Moser', Canadian Mathematical Bulletin, vol. 4, (1961)
No. 3, pp. 303-5.

D. A. Klarner, Chapters 3 and 4, '""On Linear Difference Equa-
tions'' (Master's Thesis), University of Alberta, Edmonton,
Alberta, Canada, pp. 30-49.

I.. Lorch and L. Moser, Problem 33, Canadian Mathematical
Bulletin, vol. 4, (1961), No. 1, p. 310.

XXX XK KKK KKK KKK



